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PRODUCT MY PROBLENT

® Five products can be manufactured: o, 2 & 50 & £

page 2

® Fach product reqguires time on each of three machines:
MACHIMNE

ot

SIRFCITE LT
P TR
(rrriiit et d

™ oty

® |25 hours per week are available on each machine

® Any amounts which are produced may be sold at prices of
$5, 34, §5, §4, & 34 per pound, respectively

® Yariable labor costs are $4 per hour for machines 1 & 2, and §3
per hour for machine 3

® [Material costs for products A and C are $2 per pound, and for
products B, D, and E: $1 per pound

How rmuch of each product should be manufactured
per week, in order to maximize profits?
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Cefinition of

sion ¥Yariables

el

A = qguantity of product 4 to be produced (Ib/week)
B = guantity of product & to be produced (Ib/week]
C =guantity of product & to be produced (Ib/week]
D = quantity of product £ to be produced (1bh/week
E =guantity of product £ to be produced (Ib/week]

LINDO output |

LOOK ALL

Marx 1417 A+ 143B+185C+2183D0+1.7E
SUBJECT TO
2) 12ZA+7B+8C+10D+7E<= 7HE0
3] 8A+9B+4C+11E <= VHRED
4] SA+10B+7C+30+2E <= 7680
EMD

J 38 s y &0 rrirnites |
VR e

= oS rranies
oS
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0
OBJECTIVE FUNCTION VALUE

1) 181759985

YARIABLE WaALUE REDUCED COST

0000000 1. 379667
0000000 02453534
512.000000 0.000000
0.000000 0.07=334
S512.000000 0.000000

m O W =

EOW  SLACK OR SURPLUS  DUAL PRICES

0.000000 0225833
0.000000 0010833
4] 2072000000 0000000

LI I

page 4
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RAMGES IM WHICH THE BASIS 1S UNCHANGED

OBJ COEFFICIENT RANGES

YARIABLE CURREMNT ALLOWABLE ALLOWABLE
COEF INCREASE DECREASE
A, 1417000 1. 379667 IMFIMITY
E 1430000 0248334 IMFIMITY
C 1.850000 0.092857 0.041091
b 2183000 0072334 IMFIMITY
E 1700000 0113001 0051250

RIGHTHAND SIDE RANGES

R.OW CURREMNT ALLOWABLE ALLOWABLE
EHS IMCREASE DECREASE

2 FBE0.000 2671304199 27927275349

3 FEE0.000 4383571259 3840000000

4 FEE0.000 INFIMITY 3072000000

page 5
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REGUCED COST (NGO s gerimifond

The reduced cost of a NOMBASIC wariable 15 the rate of
"deterioration” of the objective function as the

variable is forced to increase by a small amount.

Becgise F e aund iragiil | of THe S0 Bhe Quasniil)
raporiad i the LINDC opiond shoud be nonnegsiival

Ina MAKIMIZATION problem, the "reduced cost” Qives the
rate of decregse inthe objective, while ina MINIMIZATION
problem, it gives the rate of arcregse in the objectivel

Frhe reguced cost of & BA5/C warighie s, of
Cose, Ferall

Exgmefe: Suppose that, in the product mix example,

it is necessary to produce ten pounds of product A for
use as a sample for customers. What will be the cost
(i.e., opportunity cost, or loss of profit) in doing this?

(Ainda fhgf i ihe andmsl solufron A=0 1o, grishie o
5 fronhasie S

WARIABLE YALUE REDUCED COST

A 0000000 [ 1370667 ) S|
B 0.000000 0248334

C 512.000000 0.000000 « Aasic
D 0.000000 0075334

F 512000000 0.000000 < &850

Fire g a38 Wiy pe regiced D)1 F 0 podands BT SG00 oy
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Cual ¥ariable (also known as "simplex multiplier”)

The dual variable m; forrowimay be considered as
the rate of change of the optimal objective value £+
with respect to the right-hand-side b;

dZ#¥ slope is 7T ;

=3 n;, =

FiRiE 15 frsie ond)le For oF5es
Wirens Le ctrrenrd sofEnon

LS SRR ener sl e e wise
2T ol itereniishie

FEFEREFELE Sare!

Cual ¥ariable T =

If a constraint is of type X @iX; < b

then as the right-hand-side b, increases, the
constraint becomes /ess restrictive, and so

the optimal value should zZmarove.
£* 7

iz
MAXIMIZATION

D;

page 7

MINIMIZATION
=0
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Cual ¥ariable L =

I
f a constraint is of type 2 &% 2 by

then as the right-hand-side b increases, the
constraint becomes mere restrictive, and so

the optimal wvalue should deferioraie.
Z%JE

MINIMIZATION
niz0

MAXIMIZATION

£* T#

FE FE

MINIMIZATION MAXIMIZATION
=
=
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d 7
d b

Srgn of Dual Variable | T =

Type of Constraint

Ly = =z
>

'-Ez

g E1<0 | ? | >0
o

o

=

s |20 | 7 | <0
:::.E

-

—

LINDO reports, instead of the dual wvariables,
a quantity called "dual price” defined as:

LDual Price of g consirainl. the rafe al
whirch the ofyjective valve will tmprove”
&5 the right -fhand-side of the constraint
15 increased by g small amount

increase in a MAX problem
decrease in a MIN problem

improve” ={

page 9

MAX problem:
"dual price” = "dual variable”

MIM problem:

"dual price” = -dual variable
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AT O oo sy exarminie, Bie aplnnsd sofution renort
Areended o LIEIG irc e s B Fafiowinng qiesl prices:

BOW  SLACK OR SURPLUS  DUAL PRICES

2] 0.000000 ( 0205833 ) <57
3) 0.000000 0010833
4y 3072000000 0.000000

Fiis wdiosies LA (since e currend onlimgd solulion 15 ol
GEGenarEie e, Ihers sie thres posiiive SEsic \WErishies L
£ gind SERE and Bhree consiraintsl e prolil will mcresse
SO ZERE T poy SQE EIong il e OF FVSHE0Ne ENTe O masiine

alal

i

Nofe Lhal iFm consingimd 15 ol ol pe, i ERe shack (or sunniust
75 ST \e WE LaEE conslrgind, e quial peice st Be seror

BOW  SLACK OR SURPLUS  DUAL PRICES

2) 0.000000 0225833 . .,

3) 0.000000 0.010833 f;j:’*f qﬁ;{;ﬁ is
— [y

4) 3072000000 (0000000 Je 7 ° oy

(705 03 7 Consequance oF The cormplamanian) SAs0kness thearem,
B 15 LEr S ERGEN S W AW OF TRE S iiie iRl enner el sl o

of fiae sl perces: 1P E resowree 15 ol cormpnlelel | wsed 51 LR
ST HTHRATE et SO Erong! quaniitias oF 1AsE resowrce will nol
FESLE i inoressed nrolit or decressed cosis [/
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If the right-hand-side b; isinthe interval [ b- &7, bi + 371,
where bY = current value of RHS inrow i

&. = allowable decrease
87 = allowable increase

then the current basis (B) remains optimal, and = :CEEAE]_1

slope is JT;

S

Five LG ol inciides Lhe Fofiowing KRR ranges

RIGHTHAND SIDE RANGES

RO CURREMT ALLOWABLE ALLOWABLE

EHS IMCREASE DECREASE
2 FE80.000 2671304199 27927275349
3 FEE0.000 43858571289 3840000000

4 FHE0.000 INFIMNITY 3072000000
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Substiivtron Kates

The coefficients in the optimal tableau may be interpreted
as "substitution rates" in the following sense:

suppose that the coefficient of anonbasic variable X;
N row il 1s O

Thenas »; increases, the basic variable inrow ) decreases
at the rate oy (perunit of ¥ ).
[If ¢44;< 0, then this means an increase in the basic variable!)

fiaml 15, ovre il oF Ry CSU0SIIEes Port Oy wiis of Lhe
SESIC WEEhie i e anlnnsd solulion

Five and sl fabiest for e Froaiic i =M xsmnie 15, SCoraing

for L AT
: TAELEAL
ROw  (BASIS) A B C D
1 ART 1.3380 0.245 0.00o0 0.075
& C 1.267 0.233 1.000 1.833
3 E 0267 0.733 0.000 -0.667
4 LK 4 -4.400 6.200 0.000 -3.500
RO E JLK 2 SLE 3 LK 4
1 0.00o0 0.226 0.011 0.00o0 1817.600
& -0.000 0.133 -0.117 0.00o0 21z.000
3 1.000 -0.0a7 0.133 0.000 212.000
4 0.000 -1.1350 0.550 1.000 307Z.000

page 12
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The comafefe safpfron can be written, according to the output
of the TABLEALl command in LINDO, as

FROFIT 1817.6 1.330 0.245 0.075 0226 0.011
C _ | 51Z.0 1.267 0.233 1.833 0.133 -0.117
E | 5120 | 0.267 A_ 0.733 B — [-0.687 D ~[-0.087 52_ 0.133 53
LK 4 3072.0 - 4.400 6.200 -5.500 -1.150 0.550

i we were fo prodiice Lo wimrls of procticd A fever St 1E 15 o
agminrsd Lo o soll whal will e ihe eftect o

L profit 7

Lie srmrowl of O Fo e prodiicedy

Lie srmowl of £ T B prodiiceds

L FFTOLTE OF Liised IS S8 IRECiTine A7

If the nonbasic variable A ncreases by 10 units,

FEOFIT 1817.6 1.380
c _ | 51z.0 1.267
E — | 51200 T | 0.267 A“
SLE 4 0720 -<.400

Profit will decrease by 10x 1380 (§)

Production of Cwill decrease by 10x 1.267

Production of E will decrease by 10x 0267

Slack time on machine#3 will increase by 10x 4400 (minutes)
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£ PO fods o Querd e S SWEIEHS o Sl imEciire oFf
Vo ofoice, @5 cost of JTGowr (Te, JO 788 Simmintel

& S50 i Be Lsed’

& 07 WO 1RECHIRS OF ECTInes S0l iF He tsedy

& GO WOLNT TS O E O ST ISR e P

RO
20
3]
4y

RO

Jau W D

SLACK OR SURPLUS DUAL PRICES restar tham the
0.000000 0.225833 &— .. .
0.000000 0.010833 fﬁ‘fﬁ’:ffﬁf”’:?i

3072.000000 0.000000 1 AES T e

RANGES IN WHICH THE BASIS 5 UNCHANGED
RIGHTHAND SIDE RANGES

CURRENT ALLOWABLE ALLOWABLE
RH3 HMCREASE DECREASE
FEE0.000 [ 2671.304199 :l 2792727539
FEE0.000 3905 /TZ59 3340.000000
FeE0.000 INFINITY ,E 3072.000000

MEE BAEn Fal Soies (5 i

Clagrdle moregsing the REE of row Z(7e, maciine *7 susiizhie
Furad B 280 il as will incresse 1he proiitl mrore 1R snough
fo ottsal the overime cost,

page 14
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o qeleryrine Ie ffoct o 1e procticEiaer p0me oF Icressieg
FFRFCHIRS T psgge b S mil e, we st decresse e
slack \wariable (trnsed Lme an machine £77 trom zere Fo
negFtive S0 miniiles

2] JEA+?B+5E+1DD+?E+LSLEE_J = 7620
(Tl SOl ron 7EAD 0 = {Ha0
S s SO o 7920 — 240 = {Ha0

(T sofulion we oblgier will of course HFve negFlive sischk
7 LA SRR FVFNELNL e Conslrgil o irsciiiie B sl
widtl B jateasibie i the origing! sisterment of Fhe probieniid

Tia “spghsiriution rates” for SEKE e, siack warishie 9,
e Fonrd i fve TASLEALS

ROW  (BASIS) A B C D
1 ART 1.380 0.243 0.000 0.075
2 C 1.267 0.233 1.000 1.833
3 E 0.267 0.733 0.000  -0667
4 6.900 0.000 -8.500
RO SLE 3 SLE 4
1 0.011 0.000 181760
2 -0117 0.000 512.00
3 0133 0.0010 512.00
4 0.550 1.000 3072.00
st s, PROFIT 1517.6 0.226
C _ | 5120 0183
E = | s1z.0] —|-0067|92
sLk 4]  [3072.0 -1.150
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FROFIT 1817.6 0.226
C | s1z0 0183
E = | sizo| —|-00e7|(—240)
SLE 4 z07z.0|  |-1.150

PROFIT = 18176+ 240(0226) = 18176+ 5224 = 1869.84

C = 512 + 240(0.183) = 3512 + 4392 = 355492
E = 512 - 24000067)= 3512 - 15 = 4494
SLk4 = 3072 - 240(1.15) = 3072-276 = 2796

From the profit above, we must subtract the cost of four hours’
overtime at $10/hour, 1.2, the net profit will be $182984

(Ade Lhal wilh the use of overinme e outoul of prodict £
FE Creases, Wi, 85 one mgid expect, el of O incressesis

Wio man now see hol the TALL WAL E IWOREASET
i1 ERE FES KEnge ouioul T8 conmpiiied)

FEOFIT 1817.6 0276
C _ | 5120 0163
E = | s1z0| —|-0087|59;
SLK 4 Z072.0 ~1.150

In order for the current basis to remain unchanged,

we must have
912

0<C=512-01835, = $,¢ w0== = 2792727
_ —912
0CE=512+ 00675, = S,2 —== =-767006]

0 <SLK 4 = 3072+ 11508, = 5,2 3072 = 07| 304 o , Erestes?

1150 Sorlse S
ALLOWABLE  ALLOWABLE g
INCREASE DECREASE {The sllowsbie gecresee In the
Sk VerTlle = sligwsdis Tncresse
2671.304 2792727 | T he EHan)
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In general, 1n the RHS of constraint #7115 changed by an amount &,

then the vector of basic variables HBIIEII 15 changed from its
current value of Ag to

.
¥(6) = (AB) '[b+4] where &= |0
ﬁ — roh 7
0
-I:I-
e R R T

Let [3 denote the element in row #1, column #) of the basis
mverae matrix. Then the basic varlable inrow #1, Kgyy, 13

}C}‘:EI'HI'[B:| = E:{1]| |31_1E

i order that the basis B remains oplimal, i must be
feasitrfe, gd so the basic varighles must e nornegsinve:

0 Hpeyl8) = Hgpy + Byyd

g - i
b = [3‘_3_{1} iF Bij} 0
~ 1
= Byd 2TRpg =S hJ
_}{ -
5 ¢ B g B ¢
h Bij
. _-I;‘E:E' P _HE'H:'
— PG T Al < B ¢ Mimim
ﬁij} 0 Eij |31j < 0 i

ALLERMPRELE DECREASE AL LGRS E SRERENSE
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7 Fron Fo RIGHT-RAAE-EEE BANGES, LG wildl /50
AR L Wi OEECTIVE COEFFICTENT BANGEES. For the
Arociicl =Sy axgmnie, [hese ane
RANGES |N WHICH THE BASIS 15 UNCHANGED
0B COEFFICIENT RANGES

YARIABLE CURREMNT ALLOWABLE ALLOWAELE
COEF INCREASE DECREASE
i 1.417000 1.379667 [NFINITY
B 1.430000 0.2453354 INFINITY
C 1.350000 0092857 o.0410M
b Z£.183000 0075334 INFINITY
E 1.700000 0113001 0.081250

fF S SIS COSITICISSE FETIEIS WILANT G0 rEge g e D)
fae AL LG E AVCREASE & AL LGS E TECREASE, Bhen e
CaTEnd BEsis (& e curvenl BEsie soluliont rermsins aolinsd

MeSFRAaG TArs SBE5SREs 15T 5
SAVEEE cosl Ficient 15 cishess,
Wiife Mhe Gifhers sre Fived

AW SE LRSS oo iiVe Cosfiicienl FEGes Corriniited’
Sppase sl B0 coolticient o varishie K ohsnges D)1 S
arroit B (wiicima)e be posiinve o negaiivald

':rk = Ck + E
JEnE G D0 085S T Coiisiaes
A SE SE S The warrahie ﬁr:i im ARG ST

CASE TWEh Fie variahie &, 15 SBA5C

SHCe e ORSGe Deling Consioerad #Es o aftect on the
FEFSILIL e aF Te cirrenl DEsie Solplion, we need Lo consiaer
O S TS OIS SFTECES I ol nrEil ) Coniiions, 1e,
rediiced cost 2 O GRF mriEing
FEAFEIE prariE b O (T X i

page 18
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CASE GVEE The wariahle X, 75 VOB S

This is the simpler case, since the change in ¢, effects on the
optimality condition for the nonbasic variable K.
The new reduced cost 15

¢, ~MAF =(c, +8)- nA¥= (g,-nA¥)+8 =oldreducedcost +§

and this remains nonnegative 1f § = - old relative profit

or, if we are maximizing, the relative profit remains nonpositive
1f
b < - old relative profit

For e Frodiect M probdiemr warisbies A, 8 and I se nonbasie

YARIABLE WaLUE RE [ COST A Pl meakiars Bee
A 0.000000 1. 379667 . rpﬁg;;‘yﬂfmﬂ;q r;n:-
E 0.000000 0.248334 ' ' - '
C 512.000000 0.000000 FAP ST e G TR
D 0.000000 0.075334 Fie pEfslive malils
E 512000000 Q.aoaoon

S P negslivas of
PARS FATRITEE SARTI

RANGES IN W HICH THE BASIS 15 UNCHANGED riere
0B.J COEFFICIENT RANGES re s
LT
YARIABLE CURRENT ALLOWABLE BLLOWABLE g 2ée
COEF WERE S DECREASE
oY
: 1.417000 1.379667 NFINITY ) SO EaSE
B 1.430000 0248354 INFINITY
C 1.850000 0.092857 0.041091
¥ 2.183000 0.075334 INFINITY
E 1.700000 0.113001 0.051250
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CASE TWOrE The variable Ny 15 SASC

This is the more difficult case to analyze, since a change in <,

will change the simplex multipliers, and therefore will effect
the reduced costs of all of the variables!

If ¢, = c,+8 andwvariable ¥, isbasicinrow #i, then the new
simplex multiplier vectoris

no= cp (AR = (cpt 4 )(AB] where 4 =000 .§.00]

ST E T T

= cp(ABT A (ABT = o+ a (AR

|: Fard U R =} :I

= It + .
HEEIs frverss

The new reduced cost of variable Xy (j # k) will be

- wAl = cj- [ o+a(ABT 1A <[y - ATl a(aB) o]

= Ej _ o A - ol recuced cos?
. B i aF subsiitelion reles
= Cj - Ojb
This reduced cost is nonnegative if » hj _
- - = DE-_ 1f DLU * [
IR _c:{--ijﬁ = mjjﬁi Cj = A”
8 2 &t if o< 0

1]

. C; o S
= Maximum {m—J} < 8 ¢ Mimimum {C{—J}
Ol < [ i] Ol > 0 i
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If we are maximizing, the relative profit must remain £ 0,
e, - .
0 : % C’Lijﬁ — Df,ijﬁ L
T
D'rf_ij 1f D.’,ij = [
e
g -1 y

_ C .
PIE o T {c::_J } ¢ B L MR { ﬁ}
Ol » [ ij Ol ¢ 0 i

Lonsider ggsin Hhe Product -MNix problem. varishle O 15
basic i the second row.

fine ot sl fehilesy socondiag Fo LA is

ROW (BASIS) A B C D

1 ART 1.380 02458 0000 007>

2 C 1267 0233 1000 1833

3 E 0267 0733 0000 -0667

4 SLK 4 -4400 6900 0000 -5500

RO E SLKE 2 SLK 3 SLK 4

l Qoo 0226 00117 Qo000 1517600
2 Qo000 Qla: -0l17 oo 512000
3 1.000 -00&Y 0133 0000 512000
4 0000 -1.150 0550 1.000 3072000
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Lrce Bns s 3 M astioe probient e relsiive profils st He
fRERRsIEI e g B onlirern herefore 1 anpeses sl LN es
Felersed e signs i e ofieciive row

CW TR FE T OF 80 Qiyecii Ve Coaltieianl FERGe For LEsio WEiEiie O

ALLOGWARLE INCREEFASE

. -0.011
5 < Minimum 1 Toq17 | = 0092857

ALLGWARLE DECREASE
55 Haximum{_]'sm -0.2483 -0.073 -0.226 |
- 1.267° 0233° 18337 0183

B > Maximum {-1.082187, -1.064375 -.041091, -1.2349731
b

I

I~

0041097

Fharefore IF the profil coeffrcient of the varighie O
incregses by g smouitt no gresior ian $0 09285 Zrpound

or decreases by an amount no greafer han
SO 7 spound, the current sofutron will remar

anlimal



