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of Queues

a collection of queues with exponesntsa/

service times in which customers travel
from one queue to another according to

a Markov chain--

@0ennis Bricker, U. of lowa, 1997
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Jackson Network

of Queues

* the network consists of N service centers,
where service center 1 contains cj
identical servers and a queue with £2/r248e
capacity

e customers from outside the network (called
exosenous customers) arrive at service
center 1 according to a Poisson process with
rate Ai. fArrival processes are (ndependent.)

Elenniz Bricker, . of lowa, 1997

Jackson Network

of Queues

» after receiving service at center i, a
customer leaves the network with probability
Pio = 0 or goes instantaneously to service
center | with probability Pij

rindependent of number of customers at that
center or number (n the system/
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Jackson Network

f

* cuystomers arriving at center i1 are served
FIFO (first-in-first-out), and service times
are exponentially distributed with mean 1/Hi(5i)
where s; = # of customers at center i.

(Service rate at each center may depend only
an the number of customers at that center./

Elenniz Bricker, . of lowa, 1997

Let X;(t) = # of customers at service center i
at time t

State of system: s=(8,8, ...Sy)
Pis:t) = Pis;,85, ...sy:t) = P{X;lt)=s;, i=1,2,...N}

Steady-state |
distribution |

;= lim Pis;t)
t—*ca

Jackson Networks of queues have the very tion
nice property that the steadvy-state distribu

has a pgreduvct form:
Mo =M4 X Mg, % --- X AL

2 M
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Open Jackson Networks

A; >0 for some i
Pio= 0 for some j

AL RS T IRONS SIS CeEars, CSEormers
FFRTI STV FONTE QUSRS el ort oo denad
Laa melwork

Closed Jackson Networks
Li=0 & pio =0 ¥i

CRASEONTRENS CINCLHEES SITIOMG SIS el ers,
BAE 5O SN OGEONS ST VRS OF Gensriires

Elenniz Bricker, . of lowa, 1997

e [f A;>0 forsome i, the network is apen.

COstomers maVv arrive from
Qutstde the system, and may

Open
Jackson depart (e sysiten.
Networks Fhe total number of customers
i the network fHfuctuates.
SETTRETT SETTREER
EXFTUNE, LFNTEm quieies

=
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tandem queues, the balance equations were

satisfied b
4 (e =Py

_ 1l 2 cisiribtront
Mg, s, =Ny, <7N§, )

where
g, =(1-p) P> pi= R/LLi

is the steadv-state distribution for the
M/M/ 1 queuel

Elenniz Bricker, . of lowa, 1997

72 the case of tandem gueves, we Know the
average arrival rate ar the second gueie (o
be A

More generally, when arrivals at a serviee
celer MmaVv e exogenois or from anyv of the
orRer cenlers, we must compiie 1he composiie
arrival rate of each center by solfving tralfffc
egiiations .

@0ennis Bricker, U. of lowa, 1997



Q-Networks - Part 2 10/31/97 page 6

Traffic

exogenous arrival rate
quations at service center i
depariiire rate in steady

state at service center i
Flensoe sle } _ {.-_?I-"Ef“ﬁ;_?-f' FEle

of ensiires l gl d BTy

Then

for 1=1,2,...N

Given A; and py; , this system of linear equations
has a unigue, nonnegative solution

Elenniz Bricker, . of lowa, 1997

Traffic

Srnece, 17 steady siate, the
Equations compostte rate of arrivals
rexternal & fnrernal/ must
egqiial the rate of depariire
af each center,

o = composite arrival rafe in steady state
at service center i

o =A;+ Z G Pii

for i=1,2,...N
=1

@0ennis Bricker, U. of lowa, 1997
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Consider an open Jackson network,

- Then the limiting probabilities exist,

M
Ly = H ¥ ilsi)
=1
where - o
(cipi)” |
Fi0)— if n=gj
n!
Fi(n) = 5 n
F {0 (cipi) .
i(0) e 1fn = cg
L cil e

and ¥;(0) is a normalizing constant which 1s

chosen to vield ZDTi{n} =1 for each 1.
=

Elenniz Bricker, . of lowa, 1997

-

Companre
¥ i(0)

(cipi)”

n!

if n<¢;
¥i(n) =+
¥ {0 (cipi)n .

i(0) e ifn = ¢
1

N
L ci! ¢

witf the steady-siate drstribition for the
MoMoe guette, With miinite capacity:

-~ n
C

En(p} ,n=1, 2, ...c
n!

n= < .
C
nni , hi=c+1, ¢+2, ...
N el gttt

@0ennis Bricker, U. of lowa, 1997
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# 7
1 server
pe=2/hr.

1

#3
1 server
pz=6/hr.

2 SErvers
L =3/hr.

A = 4/hr

Elenniz Bricker, . of lowa, 1997

Traffic equaticons §

T0.33333
TOLBBARAET T

Tl | E

. (wEeHogenous arrival rates)
oy =Ait+ 2 0Py Vi
i
e, | =M

Oz =0+ ¢y pi2
Gz =04+ ¢ pa+0s

@0ennis Bricker, U. of lowa, 1997
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aolution of Traffic equations: Net Arrival Eates:

node 1 2 3

rate 4 1.3333 4
min o

Elenniz Bricker, . of lowa, 1997

For example,

noon= 'IL%| }{E% }{E%

T s} oL, L1 L
0,200000 0, 0.333333 ] 3 3 45
3'%?3335 3' g'ﬁéﬁé 0.0222292
0.118519 0., 0.00B7RG oY
0 082878 o 0043806 1o 23
0.035117 0. 0.020264 1,11 =g XIUT KTy
0.023411 0. 0.010500 4 5 5 16
0.015607 0. 0. 013006 :f}{f}{f:f,f

15 0 9 1215

= 0.0131687

@0ennis Bricker, U. of lowa, 1997
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Expected number of visits

to nodes of a Jackson network,
beginning at any node,

betore unit 2xits the network

SRR N
L [0

Elenniz Bricker, . of lowa, 1997

L] Ty L i

1.066667 0.200667 2.400000 0, 600000
1.333333 1.000000 2., 000000 1,500000
1.333333 0.333333 2.000000 0, 500000

Lg=l=ength of Jqueus

Wg=walting time

L=# at node

T=time at node

ttimes are timeswisit to noded (leﬂlITS )

Totals: sum of Lg= 3.7333, Sum of L (L_totaly = 6.4

Average total time in system (by Little's Law)d:
Ttotal = L_total + sun of eXogenous arrival rates (42

Wtotal = 1.6

@0ennis Bricker, U. of lowa, 1997
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0,0.333 @EHPDN[ED]
(D

FILE

NIUMEEE

1 OUEUE
2 OUEUE
3 OUEUE

ACT ACT LABEL OF
NUM  START NODE

1 QUELE
Z 0a QUELE
E: 03 QUELE

LH\JT(H )-W‘%*

A 1 /T\EHPDN[ED] { 0,0.667 . U\\EHPDN[ID]

e Siio

page 11

Elenniz Bricker, . of lowa, 1997

%% FILE BTATISTICS **+

AVERAGE BTD HAK CURRENT AVERAGE

LEMZTH DEV. LENGTH LENGTH WAIT TIHME

1.079 2.254 110 3 1% . 892
2. 29 2. 577 E 0 112,391
1.182 1.918 E 7 17 &7z

%% JERVICE ACTIVITY STATIBTICE **#

SER AVG  BTD CUR MAX IDL HMAKXK BSY ENT
cAP UTIL DEY UTIL THE/SER THME/SERE CNT

2 1298 079 =z 2. 00 .00
1 077> 0.4z 0 214 2% i000. 71
1 0.&%% 047 1 184 87 272,29

221
108
213
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% JTATISTICE FOR YARIABLES BASED ON OBIERVATION **

HEAN aTANDARD COEFF OF  MINIMUM @ MAXTMUM NO . OF
VALUE DEVIATION VARTIATION VALUE VALUE OB&

0.11ZE+05 0.102E+03 0.933E4+00 0. >26E4+01 0.483E+03 3173

Average time 1n system
112 minutes = 1.86667 hours

Elenniz Bricker, . of lowa, 1997

e [f Li=0& pir=0%i the network i1s closed .
LEFTEERT
# 4

Closed
Jackson

Networks S Er

& T
.

—_—

OI00 =%

Ko exogenous arrivals or departires from
the system... the rtoral number of customers
i the system remams constant!

&

@0ennis Bricker, U. of lowa, 1997
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Traffic Let o, = depariure rate in steady
quations state at service center 1

Flensoe sle 1 srensoe nEle
af deogiiures |0 ) af srvesis

Then

I
o= Zl ¢y Pii for 1=1,2,...N
J:

Because the system of equations is homogeneous,
the solution 1S not unique!l Any multiple of a
solution is also a solution.

Elenniz Bricker, . of lowa, 1997

IETS LN I Bl Let M=# of customers
for Closed Ne in the system

Let o

¢, ¢z, ---,0ty) be any nonnegative, nonzero
o

solution of the traffic equations, and let p;= Ei[:

The possible states of the system are elements of

S={5

M
2 s=M |
1=

@0ennis Bricker, U. of lowa, 1997
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Then the steadvstate probabilities are given by

M
n=K[[¥s) forseSs

where i=1
- wih—ﬁmwaHWW

Il
(cipi) af jornt aistin
nl

(ci F"J

if n = ¢y
I-Cj
q'c

if n=¢;

¥iln) =+

and K 1s a 'normalizing constant”
such that > n:;=1

SER

Elenniz Bricker, . of lowa, 1997

Recall 2 cvclic queues with 4
ST customers:

- 1 1 1 1
TSRO g
J 1@ = Pz Bz [z

Transition diagram 1s equivalent
Lo that of M/MA1/4 queue, with

/s thrs of the

product forms 1 -

1 _
Llosed farkso P

"""""" @0ennis Bricker, U. of lowa, 1997
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The steadvy-state distribution for this cvclic
network of 2 queues & 4 customers 1S also of
the product form:

Elenniz Bricker, . of lowa, 1997

# units in systen
# nodes 1n systen

nou
==
nou

Let
[Li= 1/hr.
L= 2/hr.

@0ennis Bricker, U. of lowa, 1997
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tAolution 1s not unigque; last row normnalizes oo
hpolution of Traffic equations: Arrival Eates:

node 1 2
rate 0.5 0.5

Elenniz Bricker, . of lowa, 1997

S

1 1 2

O 1.,000000 1,000000
1 [ 0.500000 0,250000
2 [ 0.250000 O,062500
3 0.125000 0,015625
4 [ 0,062500 0,003906

NMormlizing constant EK: 83.2681

# of states = & r( .

¥ i(n) =+

@0ennis Bricker, U. of lowa, 1997
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g;qﬁ QF%
i 1 2 3
0| 1.000000 1.000000 |
1| 0500000 0.250000 |
2 | 0260000 0.062500 |
3| 0.125000 0.015625 |
4| 0.062500 0003906 |

10/31/97 page 17

Calculating the @
Normalizing
Constant K

2 Fiis1) X ¥ais2) = (1.0)(0.003906)+(0.5)(0.015625)
+{0.25)(0.06251+(0.125)(0.251+(0.0625)(1.0)

R

= 01210935

S0, in order that the probabilities will sum to 1.0,
1

Elenniz Bricker, . of lowa, 1997

For large values of M (¥ customers) and N

(# of service centers), the number of elements
of the state set § will be extremely large,
making the computation of K by enumerating
the possible states very burdensome.

There are, however, recursive methods of
computing K which avoid much of the
computational burden.

@0ennis Bricker, U. of lowa, 1997
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Once K is found, then the
probability of each state may be
computed:

Steady-State |

Distribution

PI

032258 |
L064516 |
2903 |
L 2R806
51613

Mg = K ¥(0) < ¥zid)
= §.2580816 x 1.0 x 0.003906

o LA =
L ol R T I [0

[ ER R H
fon R R Toaw

Elenniz Bricker, . of lowa, 1997

Average Numbers |

at Nodes

1 L

3.16129032 |
053870068 |

@0ennis Bricker, U. of lowa, 1997
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Unlike the case of the open Jackson Network,
we do not know the average arrival rates at
the service centers, and so we cannot use
Little's Formula to compute the average
waiting time at each service center!

Elenniz Bricker, . of lowa, 1997

LErTEE
Let's trv forming
a SLAM model of
the 2 cyclic fi- 1/hr.
queues:

SETEET

@0ennis Bricker, U. of lowa, 1997
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/’"I'\I\EHPDN[I] /’I’\EHPDN[D 5)
SN CINSINC

CUSEOMIEr S LIS i gueie FF
Ies thal serer TS fus),
F8., IREE Lnere gre niiai)le
CUSLONIETS 11 LA ReLvore,

Elenniz Bricker, . of lowa, 1997

%% FILE BTATISTICS **+

FILE AVERAGE BTD HAK CURRENT AVERAGE
NIUMEEE LEMZTH DEV. LENGTH LENGTH WAIT TIHME
1 011 QUETE Z2.178 1.00% 3 3 2. z04
2 0.363 0.749 3 0 0.3&8

%% JERVICE ACTIVITY STATIBTICE **#

ACT ACT LABEL OR BER AWVG STD CUR  MAX IDL MAX BEY ENT
NUM  START NODE cAP UTIL DEY UTIL THE/SER THME/SERE CNT

1 01 QUEUE 1 0.983 0.10 1 2.00 191 . 49 47740
2 0L QUEUE 1 0.4%91 0.50 0 10.74 12.10 47740

@0ennis Bricker, U. of lowa, 1997



