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Parametric Programming 15 the analysis

of the variation of the solution of an LF when
some element (right-hand-side, objective, etc.)
varies.

- page 1
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Consider the optimal value of the L [P as
a function of the right-hand-side vector, i.e.,

Z¥E(b)= [ Min ¢ x Max mh
st Axeb — st. MA<cC
wox () St FsfEy Peory T

The function 2z* is "evaluated” for some
particular right-hand-side b by solving
the LP (either the primal or the dual).

So we can evaluate z*(b') by solving the LP

. Max T b
z*(b') - {S.t. TALC

m =0

Notice that the feasible region of the dual
LP is the same for every argument b'.

We know that a basic solution is optimal for
an LP problem, and that there are a finite
(but possibly very large!) number of such
basic solutions.
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Suppose that we were to number the basic
feasible solutions of the dual LP:

{n', mgd n3 ... =K} ¥

where each =n* - cEk{ABk) for some dual-
feasible basis B,

(K is a finite number, no greater than ().

In theory, then, we could evaluate z*(b) by
enumerating the K basic feasible solutions of
the dual, evaluating the dual objective =n*b

at each, and selecting the maximum such value.

Therefore, z¥(b) = Maximum { n*b |

That is, z*(b) is the maximum of a family of
linear functions, =n*b, k=1,2,... K

which is a piecewise linear convex function!

el

page 3
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fef us restrict our analysis of the function =307
fo # study of ifs befigvior glong 2 fine (rather
than evervywhore i m-dimensionslf spacell

Fhaat 15 we gssurne g7 gl righid -fend-side
veclor (87 is given, and & direction (di and
study the behavior of Z¥(b+ Ad) considered a5
& runclron of the scafsr psrameler A.

Consider the solution of the LP

P, : 2z%1) - minimum c x
s.t. Ax=hb+ Ad
x 2z 0

where d 1s an m-vector and A 1is a scalar.

z¥(2,) = maximum { n¥(b+ Ad) ]
k=12 K

I

Flleasr FLea R inss

- maximum { m'b + (z*d)d J< 05

K

.....

Mt Ereant sfans
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Example
Z(A) = minimum =¥ - %,
subject to Dx + Ko <8+ 2N
OB TR0+
Ko €O+ 2
wy 20, Ko 2 0
= maximum { (8n+7nt2ng )+ (2ntingt2 gl b
s 1. 24t Mo 7 -]
M+ 2n+ Tz £ -1
My £ 0, Tt O, Tz 0
RO STEFve Bersiise
GF FhECT i af 7
P sty
intErees?  slopes
T T n: | b zkd Aasis
C C C C C 34 5
-0.5 C C - -1 1 4 5
-1 [l [l -5 -2 2 4 5
-0.3335 -0.333 C -5 -3 1 2 5 E
C -1 C -7 -7 1 3 5 -
C -05 C -35 -35 2 35 3
0 -1 1 -4 -5 1 2 3 =
-05 ( -5 -2.5 -2 1 2 4 %
C ( -1 -3 -2 2 34

(columns #1 3 4 are dependent & do not form a basis!)
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0f the nine basic solutions, four are dual feasitble. Therefotrs,
z¥( A is the maximum of four linear functions:

inrossiiiisl

fafesaiiis!
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i1 1hrs example, with only nine basic dial
Salutions, 1t was possibfe to enimerare aff

af them, test each for feasibiirty, and then
maximize the corresponding finear functions

‘b + (nkd)

However, for most proffems, the number of
Lasie duad sofitions (s astronomical and
eniimerating them s practicaliv impossigie.

SRRl anly & few of ase basfc Juad sofnlfons solnally delarenims 5% )

Let's consider again the parametric LP P,:
Z(0) = minimum ~ ¥y~ %y

subject Lo | 2x, + %, <8+ 24
Jd R TR+ A
Ko A+ 2L

wy 2 0, Ko 2 0

e

Determine the aptimal walue function z(4) as

well as (L) and x3 (L) [ie., the optimal
solution] for all values of L e(—co, +c0)



PARARHS 8/27/97 page 8

The initial tableau:
EHEREE SO

—
-Z 1 2 3 465 B

1 "1 "1 0 0 0 o|o e
0 2 11 00 8|2 B+ A d
0 1 2010 7|7

0 0 1001 3|2

LS A
kL

SESEA YETTS e

Let's start with L =0, and investigate the LF
as A Increases.

The optimal tableau for AL =0

-z 1 2 3 4 = B| A
e 40 0 0,333 0.333 0 2| 3
01 0 0.867 "0.333 0 3|1
0 01 "0.333 0.867 0 2| 4
0 00 0.333 0.867 1 1|72

[

{I87E CalianT URSETET FTG
G5ef givald

The optimal solution of PLO) is z*(0) = -5,
at xF(0)=3,x5(0)=2,xE(0)=1,
$ ¥ (0)=x3(0)=0
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Expressed as functions of A, the basic solution 1s:

21251814 [ z(0)=-5+ 31
1 00 0| 5| 3 k) =3- 14
010 0| 3|1 () =2 + 42
001 01} 2) 4 jv{:&:i(l)=1—21
000 1| 1|2 5

xE) =xFA)=0

Mote that these are linear T“unchticma of Al

The optimality criterion (reduced cost » 0 is
independent of the parameter A , and so the
current basis remains optimal so long as the
basic variables

xFA)=3- 4
x5 =2+ 4%
RE(A)=1-24

rernain feasible, i.e., nonnegative.

Foe wehsl waives o0f N Js y® LS L7
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we solve the inequalities
EL)=3- A 20
®FA)=2+ 4020
®E(A)=1-20:0
3-A 20 = L1353
24420 = L=
[ -2020 = A<+

That 15, the basic solution is feasible for all

re -1 +'% 1 (and, in particular, for A=0),

for A:

[Ea

Plot of ziAd) & }c:*jﬂilll over the interval [-05, +05]:

ZLA 1 =-5-33 Hzl{l}:2+4}k
T x¥(d)=3-a1 T4
] ME‘

IIIIE +|:|=5 IE l

44 : P z

= WE(AI= 1 - 23

_3 —— 1

\_4\:_ \

-\ — A

=T -05 +0.5

page 10
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Let Us now increase A from its initial value (Q)
to the upper limit for which the basis is feasible,
ie., +V . Thebasic solution then becomes

xF(+)=3-"% =25
xX(+1)=2+4(%) =40
xE(+'5)=1-2("%) = 0

Any further increase in - A would result in
infeasible (i.e., negative) values for x%

In order to increase the parameter A further,
xe must leave the basis, since it would other-
wise become negative. |n order to remove xg
from the basis, we perform a DUAL SIMPLE A

pivotl:
-z 1 2 3 < 5 B| A
1 00 0.333 0.333 0 5| 3
01 0 0.667 "0.333 0 3|1
0041 "0.333 0.667 0 | 2| 4 .__
0 00 0.333 0.667 1 1|72 %{_l__ ;,f-

pivatl in ihis ronwd
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-z 1 2 3 4 B B| A

1 00 0.333 0.333 0 5| 3

01 0 0.867 "0.333 0 3|1

0 01 'D.BBBD 2| 4

0 00 0.333 1 1|72

333 (0667

—Zz 1 2 3 4 5 B |A
1 00 0.50 0.5 5.5|2
010 0.5 0 0.5 Z2.5|0
001 O 0 1 3 2
000 "0.51 "1.5 “1.5|3

For this basis, the basic solution is

-z 12 4 B |A .,

a B zZiA)=-55-22
1 00 O 5.5|2 » -
010 0 z.5n¢>{}{‘(m 2
00 1 0 3 > H§(1)=3+21
000 1 "1.5|3 xFOL)=-1.5+34

Motice that as A increases, no basic variable
decreases. Since the optimality criterion (reduced
costs » O ) does not depend upon A, this basis is
optimal for all ALz 0.0
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That 15, 1f we solve the system of inequalities

xF(A) =205 >0 = fnorestrctionon M
®¥(A)=3+2L 20 — A:"10
#E(L)=-15+34 >0 = A :005

we see that it is satisfied for e [ 0.5, + co )

Let us now investigate P(A) for A< -0.5
Consider the tableau which was optimal for

0o < A ¢+ 00

z 1 2 3 4 B B| &
1 00 0.333 0.333 0 25| 3
01 0 0.867 "0.333 0 3|1
0 01 "0.333 0.667 0 2| 4
0 00 0.333 0.867 1 1|72

Recall that the lower limit of the parameter,
L » -, derives from x¥(A) > 0,ie,®3(=14L)=0

A further decrease in A requires that x, beremoved
from the basis (by a dual simplex pivot)
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-Z 1 2 3 4 5 B| A
1 0 0 0.333 0.333 0 5 3
01 0 0.667 "0.333 0 S 1
0 0 1 C:__Q.BE_B:ZJ 0.667 0 2 4 ¢ Sor e
0 0 0 0.333 "0.667 1 1 |72
i d e
—Z 1 Z 3 4 5 B| A
e GiAET SRR
YAl ralios 1 0 1 0 1 0 7 7
— 01 20 10 7| 7
00 "31 "2 0 "B T12
0 0 1 0 0 1 3 Z
The new basic solution is:
—-Z 1 3 5 B| A
man nam l.-"
01 0 O 7 '?:><H1*(1]=?+?l
0 0 1 0 "B T12 H;(l]=—6—121
00 0 21 3l 2 xa)=3+21

"

To find the interval for which this basic solution is
feasible (& therefore aptimall, solve

KECL)=7 + 74
#F(AM)=-6-121
#Z(L)=3+ 2R

I~

> ()

0

> ()

A z—1
— < A<-05

st 15,
Le[-1.0-05]

Lz-105

page 14
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when A decreasesto-1.0, :c:f‘(?m] decreases to 0 and must
be removed from the basis to allow any further decrease in
the parameter. We therefore attempt another dual simplex

pivot:
—-Z 1 23 4 5 B| A
1 0 1 0 1 0 i i
01 2 0 1 0 i T mival e
0 0 2321 20 B T12
0 0 1 0 0 1 3 2

Because there 13 no negative element in the pivot row, x
cannot be removed from the basis, and it 15 evident that
P{ a)isinfeasible for A< -1.0

Summary of FParameliric Analysis:

(-oco,-111 [-1,-05]] [-05,+05] [+05, +c2]

infeasipie

S+ 2M

F+ A

T-a | 25
2+4n 0 3+24

o .0
0 . -15+3
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Flot ol = v& ) -

Friessi e :

-6.2 -2

Flot of .afj"' B 4 P
s

-1 -0.5 +0.5 +1
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Example |

Minimize ®) + #o+ Fxg + 3x, + Hg + 2K,

subject to
My T 2K, Kz — Hg t Mgt Z¥g= 16 - A
Ko — 3, Het K= 2+ A
—% — Xzt JKa R = =4 +A

%2 0,j=1,2,..6

Initial tablean: E

—Z 1 & 3 4 5 6 ) B| A
1 11 7 3 12 o]0
o 12 "1 "1 132 16 |71
o o1 0 ~3 71 3 211
o =1 0 ~3 3 10 41 1
Optimal tablean { A = 0
—Z£21 <2 3 45 6 ) B| A
100 ¥ 3 0 2 “12] 1.5
o1 0 2 71071 h|~1.5
o001 "1 "1 0 2 4| 0.5
o001 21 71 21°0.5
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-z12 3 45 6| EB| &
100 7 30 2| "12] 1.5
010 2°10 "1 A
001110 2 4| 0.5
oo0oo0 "1 21 71 2| 0.5

Parametric Analysis g

Least Upper Bound (LUB»: 4
= Mint a6 ~2 + ~1.5 ~0.5% = Hin i4 4%
EHS at LUB is ~10 0 6 ©
areatest Lower Bound (GLBy: 78
= Maxi 4 - 0.53% = Hax {783
EHS at GLE is ~1e 18 0O &
Range of paragetegs LAMEDA within which baslis is feasible:
[ ~83 , 41

Dual Simplex pivot |

2 3 45 6 B | &

—Z21
100 7 30 “121 1.5
o160 242 710 B|71.5 ——
o1 71 1o 2 41 0.5
ooo "1 2171 21705

New tablean |

-z 12 3 456 ) B| 4

1 2011 1 00 0171.5
o102 101 "B 1.5
o221 3 73 00 16 |72.5
o1 o073 310 4] 1
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-z 12 3 456 ) EB| &
1 2011 100 ) 0[71.5
01072 101 | 6|1.5
0 21 3 7300) 16[72.5
0103 3100 ~4]1

Least Upper Bound (LUB): 6.4
= Mini~16 + ~2.5% = Min i6.43
EHE: at LUR is 16 3.6 0O 2.4
areatest Lower Bound ¢GLBy: 4
= Maxin 4 - 1.5 1% = MHax i4 43
EHE at GLE is ~10 0 6 0
Range of parimetgrﬁ LAMBDA within which hasis 15 feasible:
[ 4, A.4 1

Dual Simplex Pivet |

~Z 12 3 456 EB| 4
1 2011 100 ) 0[1.5
0 "1 02 101) "6|1.5
0 21 3CaI0 0| 16|2.5 ¢—
0 "10 "3 T1010 4|1
-z 1 2 2456 | BE | &
1 2.67 0.332 12 00 0 | 5§.33 |-2.33
0 "0.333 0.333 "1 0 01 | “0.6BT| 0.BET
0 "D.EA7 T0.333 "1 1 0 0 | "5.33 | 0.833
o1 1 00101012 ~1.5
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-z 1 2 34656 ) E | &
1 2.67 0.333 12 00 0 | 5.33 [2.33
0 "0.333 0.333 "1 001 | "0.667| 0.667
0 "0.667 "0.333 "1 1 0 0 | "5.33 | 0.833
0 1 1 001012 “1.5

Least Upper Bound (LUB): 8
= Mini~12 + ~1.5% = Min {83

EHE at LUB is ~21.3 4.67 1.33 0
areatest Lower Bound <GLB)»: 6.4
= Maxio.pn? 5.33 + 0.667 0.833F = Max {1 6.43%
EHE at GLE is "1a 3.6 O 2.4
Rangs of paramsters LAMBDA withiln which haslis 15 feasible:

[ 6.4 , 8 1

& dual sitnplex pivot in row #*4 15 not possible:

-z 1 2 2456 ) BE | &

1 2.67 0.3332 12 00 0 | 5.33 |-2.33
0 "0.333 0.333 "1 0 01 | "0.6B7| 0.BET
0 "D.EA7 T0.333 "1 1 0 0 | "5.33 | 0.833
o1 1 00101012 ~1.5

The LF is infeasible for A > &
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Let's return to the optitnal tableau for A = O

212 3 45 & B &
1 00 7 30 2 “12 1.5
o1 0 2 71 071 B{71.5
o1 "1 710 2 4 0.5
oo "1l 2171 a [70.5

Parametric Analysis |

Least Upper Bound (LUB»: 4
= Mint a6 ~2 + ~1.5 ~0.5% = Hin i4 4%
EHS at LUB is ~10 0 6 ©
areatest Lower Bound (GLBy: 78
= Maxi 4 - 0.53% = Hax {783
EHS at GLE is ~1e 18 0O &

Range of paramsters LAMBDA within which bhasis 1s feasible:

[ 78 , 41

Dual Simplex Pivot |

~Z12 3 45 6 ) B | &
100 7 30 2| "12| 1.5
010 27101 6| 1.5
001 1CDo 2 4| 0.5 ¢—
000 "1 211 2 |-0.5
-z1 2 345 6| B| &
10 3 400 8 ) 0f3
011 3003 ) 2|2
001 110 72| ~4[70.5
00 2 301 3410/ 0.5

page 21
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-z1 2 345 6§ EB| &
10 3 400 8 ) ofa3
011 300 73 f 2|2
001 110 2| ~4|0.5
00 2301 310 10]0.5

Least Upper Bound (LUOBx: 78
= Mini 2 4 + 72 "0.5% = Min i1 ~8%
EH: at LUE is ~16 18 0O 6
Greatest Lower Bound (GLEBr: ~20
= Maxi 10 + 0.58% = Max {720%
EHE at GLE is 40 42 6 0
Range of paramseters LAMBDA within which basis 1s feasible:
[ ~20 , 78 1

Dual Simplex Fivot §

-Z1 2 345 6 ) B &
10 3 400 38 o3
o1 71 3 00 73 2 ~d
o0 71 1 0 72 4 T0.5
oo 2 o1 3 10 0.5 &—
New tablean |
-z1 2 34 5 &) B | 4
1 0 567 00 1.33 12 13.3 3.67
o1 1 o0 1 0 12 1.5
00 T0.333 01 0,333 71 TOLART TO.333
00 To.667 1 0 T0.333 71 T3.33 | TOU16A7
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Z1 2 34 5 & E | &
10 5.67 00 1.33 12 J| 13.3 | 3.87
01 1 00 1 0| 12 1.5
00 ~0.333 01 0.333 ~1 )| “0.667|70.333
0 0 ~0.667 1 0 ~0.333 ~1 | ~3.33 |70.167

Parametric Analwsis :

Least Upper Bound (LOB): ~Z0
= Hini~12 0.667 3.33 =<
= Min £ 8 7&d TZ20%
EHZ at LOE 1s 760 42 6 0

Ho Lower Bound

Range of parameters LAMBEDA within which baslis is feasible:

[ "1.8E308 , 720 1

Ka

i, - O

“1.5 T0.333 T0.167:

page 23



