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Ceviational ¥Yariables

Recall that to convert an inequality to an equality
constraint, we introduce slack or surplus
variables:
Ai14q + Ajaio + o+ ApAy = by
becomes  ay Xy + @Xz + o0 + @i+ 57 = by
S; =0 (5] is a slack variable]

hecomes A% + Biofa + oo+ 8%, - 51 = by
Si =0 (Siis a surplus variable)
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Suppose that we have as a goal the satisfying of
a linear constraint

A4t oo oo A = by
Wwe can introduce deviational wvariables (essentially
slack & surplus variahles):
aj140 + Bipfa T @iy U -V =Dy
Ui = O (underachievement)

v » O (overachievement)
and use as an objective:

As alternatives, we could

minimize underachievermnent alone, 1.e. Min u;
or

minimize overachievement alone, 1.e., Min w;
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1T we have several such goals, we can minimize
the sum of all the deviational variables;

Minimize Uy + vy + oo+ Uy + Vi

5.1,
Appig t apda o+ aiy TU Y = by
Ao1iq + 8o+ oo+ 8opiy Tl Vo = Do

ar"rﬂ}{1 + amz}{z Tt am}{n Tl = Vm = bm

}{jED ?’J, UjE’C‘ B ’*-.-"13_*':' 71

At the optimal solution, at most one of each pair
of deviational variables (uj , vi ) will be basic
(i.e., nonzero).

£ BRI E, FILOHOUGE =0, V=2 Wil giee

F aevigiion or vy —v =5 (g nel underaciieve -
meni the gssocigied castis uy + g =7
W 75 mare Bhan e cost fnamelle, 3
afEe BguivaEient choice dy =3, 1y =



Multi-Objective LP

3/20/00

Example: designing an educational program

Decision variables: ¥, = hours of classroom work
*o=hours of laboratory work

suppose that each hour of work involves the following

srmall-—group experience and individual problem-
solving experience

classroom laboratory |
small-group | 12 minutes 29 minutes
individual 19 minutes 11 minutes |

Sweiem consiraint { hard consiraint

total prograrm hours limited to 100
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Goad consiraints {solt consiraints
# cach student should spend as close as

possible Lo 20% of the maximum program
time working in small groups

12 %) + 29 %= 1500 (minutes) |

# cach student should, if possible, spena
one-third of the time on individual
problem-solving activities

19X + 11 X= 2000 (minutes) |

190+ 11%2 = 2000

1007,

both goals will wiolate

- the "hard constraint™!

125y + 295,= 13500

a0 100

The point which satisfies
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The goal programming model:;

Minimize  U; + ¥y + Us + Vs
100 total hrs
] 500 small-gp
SO00  individual

A+ X
2><]+29><2+U]—5"f1
Gxp+ T He+ Us =5

[ 1A

1
1
iz, 1=1,2, 10 =0,1=1,2;¥;20,1=1,2

‘ LINDO nutputl

OBJECTIVE FUNCTION Y ALLUE
1) 241.176500

vARIABLE VALUE REDUCED COST
UT 000000 2029412
A 000000 1.4/7020808
Uz 241.1/76000 000000
W 000000 2.000000
A 02.302940 000000

A2 17.64/7060 000000
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RAMGES IN WHICH THE BASIS 15 UNCHAMNGED:

OBJ COEFFICIENT RANGES

CURRENT ALLOWABLE ALLOWABLE

WARIABLE — COEF IMCREASE DECREASE
L 1000000 IMFIMITY 029412
Y 1000000 IMFIMITY 1 470588
Lz 1000000 1. 125000 1000000
Y2 1000000 IMFIMITY 2000000
] 00000 14445280 Q.000000
e 000000 Q000000 25000000

The first goal is satisfied, but
the 2nd 15 under-achieved

195+ 11%5 = 2000 U= =4z =0

{individual work) = 241176
100,

50 #

(82,35 1765)

125+ 29}'{2= 1500
{group experience )

a0 100
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‘ Weighting the Deviation Yariables I

To reflect a preference for under- &/o0r over-
achievement of the wvarious goals, one may weight
the deviation variables accordingly.

‘ Weighting the Deviation Yariables I

FOr BYFNe,
7 LRE FEUE] 0B S =S 0 NG EXBEITENTE I

LR BqUCFITONSZ Progi i QEsIgn pronient Was
consigdered fo be F Hines 35 pnnoriant 75 He
ST =GO BXDErTERCE,

ST LHNTESFCNEVENEND WHEE Lo be pengiised o1 S
LHMEs LA pEndil e For QVeraciievenent,

LR 1ne oLjeciive Wouly become
Minimize SU; + Wy + 15Uz + 3Ve |

ialed
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‘ LINDO nutputl

MIMN SUT+W1T+ 15 U2+ 32
SUBJECT TO

2) X1+ X2 <= 100

3) U =-V1+12X1+29xX2= 1500

4) U2 -W2+ 19 X1+ 11 X2= 2000
END

OBJECTIVE FUNCTION WVALUE

1) 3000.00000

VARIABLE WALUE REDUCED COST
UT 300.000000 000000
A 000000 6.000000
Uz 100.000000 000000
W 000000 15.000000
% ] 100.000000 000000

WO 000000 32.000000
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In this case, only classroom activity
15 scheduled, and both goals are under-
achieved.

193y + 11%5 = 2000 U1=300, Uz=100
{individual work) Y1=Y2=0
100,

50

125+ 29}'{2= 1500
{group experience)

m.j‘r‘\u}{:[ 100.0)

Constructing a Trade-Cff Curve

In the educational design problem, with only 2
goal constraints, one may use the paramelfric
programming facility of LINDO to construct
a trade—off curve:
Maximize small-group experience (Tg )
subject to  total program time < 100 hrs
individual problem-solving time 2T
where T waries from O to 2000
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Max 12 X1 + 29 K2
SUBJECT TO

2) K1+ X2 <= 100

3) 19 X1+ 11 X2>= 0
END

OBJECTIWE FUNCTION % ALUE
1) 290000000

YARIABLE YALUE REDUCED COST
] 000000 1°7.000000
AL 100.000000 000000

RO SLACK OR SURPLUS  DUAL PRICES
2) 000000 29.000000
3] 1100.000000 000000
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FIGHTHAMD SIDE RAMNGES

CURREMNT ALLOWABLE ALLOWABLE

page 12

O RHS IMCREASE DECREASE
2 100000000 INFINITY — 100.000000
3 Qo0aod 1100000000 IMFIMITY
VAR VAR PIVOT  RHS DUAL PRICE OB.J
ouT N ROW WAL BEFORE PIVOT WAL
00 20000 2900.00
SLK & X A 110000 00000 290000
w2 ART 2 190000 -2.12200 120000
2000.00  -INFINITY [INFEASIBLE
¥
= . (1100, 2900)
& 2000 "trade - off
= curve”

.
1000 - (1900, 1200)

I I I
1000 2000

Ti



