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The [SYI\’H\’IETRICj primal/dual pair:

Erimad Lhigd
Minimize ctx Maximize b'y
subject to; subject to:
Ax 2 Db Ay <o
w2 U VPR

Wiz w 1S SR RS, xdo e veaolors of fengii g
S Vb S eclors o fSmi T (ote: At denotes transpose
of the ratrix &3

Note the following characteristics:

= the primal LP is mxn, i.e., m constraints (not including
nonnegativity) and n variables

= the dual LP is nxm, i.e., n constraints (not including
nonnegativity) and m variables

Eings, Lhgl,
minimize c'x Maximize bty
subject to: subject Lo
Ax 2 b Ay <c
w0 y 2 (]

Page 2
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Note the following characteristics:
= for every variable in the primal problem, there is a
corresponding inequality constraint in the dual problem
= for every inequality constraint (not including
nonnegativity), there is a corresponding dual variable

Eringd 7L
minimize ctx Maximize b'y
subject to: subject to:
Ax 2 b Ay <
w2 U y > 0

Note the following characteristics:

= the right-hand-side vector (b) of the primal problem
serves as the objective function coefficient vector of the
dual problem.

Eings, Lhgl,
minimize c'x Maximize by
subject to: subject Lo
Ax 2 b Ay <
w0 y 2 (]

Page 3



LP Duality

Erirrngd

Minimize 20x,+ 10x,
subject to;
Sxyt wor B

2%+ 2x52 8

wpell, ol

Erierag!

Minimize 20+ 10%,

subject to

oyt }c2®6
2%+ 2xf2)8

wyel, wozl

The primal problem is @ MINIMIZATION with : constraints, while

9/15/00

Liszs

Maximize By, + Syvs

subject to:
oY1t 2y, 20
Yt 2yp< 10
l::"'I1 l[:IJ \}“'21[:]
Lzl

Maximize By + &y,

subject to:

Sy + 2y 20
vt 2?2@” g

'::.-"1 ED_, }-"2 2]

the dual problem is a MAHIMIZATION with < constraints!

Page 4
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Fring! Ly
Minimize @ Maximize By, + Sy,

subject to | T, % subjectto

5}"{1 + o Mk B s

2xyt Zwsr 8
¥yzl, wp el vy 20, vzl

The objective coefficients of the primal serve as the right-hand-
side of the dual problem!

FrnrEl Liag!
Minimize 20x,+ 10%,

subject to:

DHy+ o Mgl
2wt 2wy @ ' Yyt 2y < 10
%20, %p20 vy 20, vz 20

... and conversely, the right-hand-side of the primal problem
serves as objective coefficients of the dual problem!



LP Duality

Erierag!

Minimize 20+ 10%,

subject to

[5}:1+ Mo E:]

2%, + 2xp: B

To every constraint in the primal, there corresponds a dual variable.

Eirrnsd

Minimize

subject tag:

wyel, wozl

24

+ 10,

+ o wsr B

+ Zuar D

—

1 EDJ }521[:'

9/15/00

izl
NN
Maximize| by + Sy
subject tg:
T
'::.-"1 ED_, }-"2 2]

Lzl
Maximize By, + &y,
subject to:

[5'}#1 + 2y g ED]

Wit 2yl 10

'}-".I l[:]_, 'l':.-"z 2]

To every variable in the primal problem, there corresponds a

constraint in the dual problem.

Page 6
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Frimad Ll

Minimize 20x,+ 10%,; Maximize By, + Sy,

subject to: subject to:
Syt Moz B Sy + 2. 20
2uy+ Zwsr B Wyt 2yes 10
[ wq 20, wpl ] [}q 0, '::.-"EED]

Both primal and dual problems include nonnegativity constraints
on the variables.

Suppose Lhal we fave an inegualily
reversed in the primal probfem, for
exﬁmﬁfg_' Minimize 20x,+ 10x,

subject to: nals the
//_ reversed
(R PG
Sxyt %o 4B

D%+ 2x%52 8

Wy e, wopld
How do we wrile the dual of Lhis problem?
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First we must (ransiorm e probfem:

We multiply the offending inequality by -1, thereby

reversing the direction of the inequality:

Minirmize 20@,+ 10x, Minimize 20x,+ 10%;

subject to; subject to:

DHyt ¥a LB

-~ _5:{1_ IE 2 _ﬁ

2+ 2y G 2wy 2wpr B

K1EDJ }521[:' 3{1EDJ }':EED

Now the problem i1s in the form of the primal in

the symmetric primal/dual pair. We can therefore
write its DUAL problem:

Minimize 20x,+ 10%, Maximize —By, + 8y

subject to
—oy, T 2y, < 20
- 'l':."'1 + El}fzi ]I:I
= 0 z [
}{11[1 }521[:' 4 R

subject to
_5}:1_ :{2 2 _E'
2uy+ 2o &
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[t 75 Inleresiing Lo now make @ change of
variable: fef ¥, = Y,

Maximize -6y, + 8y, Maximize Gy, + 8y

subject to

subject to
-y + 2y, 10 ¥yt 2y,< 10
vz 0, v, 20 <0, v 20

SErE S5 GUET GF A8 SLTNEITC
SRS LS TnaT et excant ror
A RaSF VI FERIECTAT

MO -REGETFTINY

"

Suppose hal, rather than an inequality

consiraint, we had an equalily constraint.

For example.
Minirmize 20x,+ 10x,

subject to

2%+ 2% 8

wyell woel

What 7s its D4l probfem ?

Page 9
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We must first transiorm e equalily
cansirainl inlo eguivalient ineguaiities.

Sxyt+ wp 26 Sxyt+ wp e B
—

5wy - Xp z-B

Sxy+ wy=6 :}{

Dxyt o L6

S aur profiiem, in the form of the prima/

n the symmelric primalsaval pair, 75
Minirmize 20x,+ 10xs
st Syt ez B
_5}‘{1 - KEE -G
2%y + 2xpz B
2y 2, wp el

We oo now write 1ts DAL problem:

SFGE FEESGNE T NS SARSFENRT, WE CHGGSE I BENE G GUET YETEN s

mat W, Yo, and Y. fwt Yy W, and Yo
P: Minimize 20x,+ 10x; D: Max &) - Byy + 8w
5.1 Syt ¥er B 5.1
-5y = dpr B oYy~ DYy + 2yad 20
2Xy + ¥z & Wi T oW T 2yved 10

7y 20, wsel wy e,y 20, yo:l
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Notice that the pair of dual variabies
‘F{ and vy, always appear wilh opposile

S1GRS.
Max Byy - By) + 8y, Max Blvy —yi') + 8y,
5.t 5.t
O¥p To¥T T2yt 20 = Slyj-yi) + 2y < 20
1o ¥+ 2y< 10 Uy =i’} + 2y2< 10
I.':"'II1 EDJ l}'llil EDJ FEED l.':"'ll1 EDJ l.':"'lil EDJ FEED

L 15 mslruciive now Lo make the change
ar varigbfe. Y, = YT~ Y

Letiing v, = yi- ¥,

Masx Blyy —yi') + 8y, Maximize 6y, + 8y
5.t .
S(yl-yi) +2y,c00 —>  Sdbjectto
i) 2y 10 oYy * 2y,< 20
Y vz vy 2y, < 10
yp 2 U

Sl ceaal Frolide & conslrsie?

i ERE Eige ol Yy, SiEcE i iE

2ha Girvarance oF L Ie variahies
F#iz i the same 85 He dual in Hhe symmelric primals

aual pair, excepl For Lhe missing nonnegainvily
restrictiont

Page 11
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We next show:

The dual of the DUAL problem

is the FEIMAL problem!

Problem (P): Problem (D):
Minimize c'x Maximize by
subject to: subject to:
Ax 2 b Ay <
%20 y >

How do we write the DUAL of problem (D)
above? First we must write it as a
minimization problem with > constraints.

Page 12
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Problem (D): Problem (D’):
Maximize bty (equivalent) —Min (=b'y
subject to: * suUbject to
(A" 2 -
T D
MINIMIZING the NEGATIVE of a function yields
the same solution {except for sign) as
MAXIMIZING the function.
NEGATING both sides of a <« constraint produces
a * constraint.
Eriiral Ll
Minimize ctx Maximize bly
subject to: % subject to:
Ax b Ay <o
Koz y > 0
Problem (D'): Problem (DD):
“Min (=h*)y —Max (-chu
subject to subject to
Ay > - (AN 'y < (-b
T D Uz

Page 13



LP Duality 9/15/00

Problem (DD’):

—l\’lbalx (Er:tt)u 1 equra MiE'CtLtJ t
Subject Lo subject to
(AN Y < (b AUz b
U2 U2

WIS 15 LRE &S F5 LR origingl FRTAL
arabiem (5 axcent 1o the name ol the
W TE RS (i Insiead of xA WhAICH 15 srdiirar)e!

The dual of the DUAL problem

is the FEIMAL problem!

S, GIVER F RTINS S 2 0F L peoaiems,
FL 75 FUENLrE ) WO 15 relferred [0 35 108
Lamnal, g Wich i rererred fo 85 he guas

ka

Page 14
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Writing the dual of |

a general Primal LP

The dual of an LP may be found by first rewriting
the LP in the form of one of the LPs in the
svmmetric Primal/Dual pair,

COn the other hand, the dual can be written
directly for any LP using the following
relationships.

&

Maximize 4w Minimize

Type of constraint 1 | Sign of variable 1
aln nonnegative

unrestricted
nonpositive

[t

[%

Sign of variable j Type of constraint j
nonnegative
) -

[

unrestricted =
nonpositive

|+
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Example [

e want to write the duaf of the LF-

Minimize ©X, + 3% + DX 4
5.1,
}{1_2}:2 +4}<3 < 20

2}<1+}{2 _}<4:3G
Do+ X+ Hyz 00

}{1 = (), }{g LIS, }{3 =), }{411 g

wWe immediately notice that dual will be MAX

and size of problem will be 4x3
Minimize ©X, + 3%, + DX,

st Ll will be g |
o AENIINESLION |

}<1_2}<g +il}<3 < A0

2}<1+}{2 _}1’:4:3@
5}{g+}<3+}{4250

}<1 = () }ig LIS, }<3 =0, }<4£ g

el \egeiahies

:L_‘j-'

Fiial consiraints |




Primal [ual
Minimize Ba+3x2+0x4 |[Maximize Y+ Yo+ Y3
s.t. =
}<1 - 2}1’:2 + 4}{3 = 20 || 5"lfll1+ .............. 5TI.E"' .............. Y S
I | LR -5 S & SO
2Ry ¥ Rz TAe=S0 LR -5 S & S
Ayt Kzt Agz 00 LR -5 S & S
}{1:—:' OJ}{E UPS,HjED,}{dEG IITII1 .............. JIIITIEE .............. IIITHE ..............

[ransposing coelfifrcients and righl —and-sides.

Primal

Dual

Minimize BX+3X,+0xK,

Maximize 20% + 30Y,+50Y+

s.t.

X1 - 2%, + 4%z =20
2%+ ¥y - Xaq= 30
DKo+ Kzt Kyz2 D0 OY— 1Y+ 1Y o

s.t.
1 ¥y+2 Yo +0Ys »)

—25'1“"1"'15'1’“2"'5?3 ......... 3
qﬁ"f"1+05‘|’rg+1ﬂf’3 ......... ':'

}<13: G,}{g UPS,}{3EO,}<4£G H‘l‘”




LP Duality

9/15/00

Helermining sign resiriclions of dual variables

Primal Dual
Mintmize DA +3x2+ X4 [[Maximize 20V + 30Y,+50Y+
5.1, 5.1,
}<1_2}<g +4}{3 < 20 15‘H1+25"§2+Gﬁ"|”3 ......... 6
_ -2+ 1 Yo +5Ys A
28k Ra=I0 N Ay oy, s O
B A D | I T R O
Kz 0K, urs, K200, =0 Y1 <0 Y5 urs, ¥z 20
Min [Max
x nonnegative
= Lrs
< nonpositive

Helermining rorm of qual consirainls.

Primal Dual
Minimize BX +3X,+ X4 |[Maximize 20+ 30Y,+50Y-
= 5.1,
K- 2R, +4dKs = 20 I Yy +2 Y. +0Y%s ¢ B
_ _25'1;14‘1'"1""24-5"'-'-'"3 — 3
hit ha " Xa= 50 AdYi+0Y¥+1Ys < 0
SXa+ K+ Kaz= 00 0V = 1Y, +1Y¥s 3 5

}<13: G,}{g UPS,}{3EO,}<4 < (]

l"l"ll1 EG‘ ,l"'l"'lg 5 ,5‘1!32':'

ka

Min Max
nonnegative <
LIS =
nonpositive 3

Page 18
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The WwWEAK [Duality Theorem:

Consider the symmetric primal/dual pair:

Einal, Lhial
Minimize ctx Maximize bly
subject to; subject to:
Ax 2 b Ay <o
w2 y > 0
Suppose that ¥ is feasible in the pr“imal problem
and § is feasible in the dual. Then c'% > bty
qﬂ ED ( Proof )

The proof of the Weak Duality Theorem is
very simple:

oy

YAR 2 Vb

AR 2 b & 920

Transpose A'9 < ¢ to get (Ay)t ct, e YA < ¢

Then *}f% <ct & R0

.-"‘\.

R 2 YIAR 2 b

Page 19
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Corollaries of the
Weak [Duality Theorem:

1T »* and v* are optimal solutions of the primal
and dual problems, respectively:

® objective value for any primal feasible solution
15 greater than or equal to bty*

® objective value for any dual feasible solution is
less than or equal ctx*

&

Corollaries of the
Weak [Duality Theorem (continued):

e if § and ¥ are feasible in the primal & dual
problems, respectively, and if ct® = bt9,
then % =primal optimum (x*)

#

v = dual optimum (y*)

® if the primal 15 feasible and unbounded below,
then the dual problem must be infeasible!

# 1f the dual 15 feasible and unbounded above, then
the primal problem must be infeasible!

ka
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Theorem:

If B* is an optimal basis of the primal problerm (F)
then the simplex multiplier vector s* relative to
the basis B* is an optimal solution to the dual

problem (D).

{The simpfey muliinfier vecior n mal e
COITUAILET 2V ERE FOriE

px=ct(a®)™ )

qﬂ ED ( Proof )

Froof:

Let's write the problem (P) with equality
constraints, as required by the simplex method:

Eritnial, - | A
Miniri t Minimize [ci O ]E"f‘ VsristiE
inimize ctx

' . . Subject to )
Jbjeet o g [ﬁ?-I]EJ .
Aoz b 5
Wy ) Tty NI

e TN
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Suppose ¥ is the optimal simplex multiplier
vector. Then the optimality conditions (for
terminating the simplex algorithm) must be
satistied, namely

caal G _ mﬁ"ﬁfﬁ m; ;;.. g
YT EN S LRGN a
el fioients
. ] - z i

resicer ool

These conditions must be satisfied for bhoth
the original variables (x) and the surplus

variables (5) [ puer o7 o [cotumn or

varisiia | L™ | canstraint >0

' Caeiiiciant s

o : H
Minimize [c: O Iy ct-mEA >0 e ctrr® A
subject to |
[.f'i"-._I]H - h D_E*(—IJED,].E. L= 0
a1 =

FEeSITTIY

OO Fn s P
the Giialt
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And so if o* 1s the optimal simplex multiplier,

n*h <ct ie Alm¥<c
n* 20

1.e., n* 15 feasible in the dual problem.
Recall the computation of m*: =% =cl(AF)™

Recall also that x%=(A%)7"p

Therefore ctx*=clx? =ch(A®) 'h=a=p
H_HV,_-'
STCE AEETE yET SN Es I
SE e

Therefore, n* 15 feasible in the dual, and the

objective functions of the primal & dual

problems evaluated at x* and n* |, respectively,

are equal.

Hence, by a corollary of the WEAK DUALITY
THEOREM, =* and =* must both be optimal

in their respective problems!

( QED

Page 23



LP Duality

Example:

F: Maximize 4k, + Sz
subject to
A+ RHag B
IR+ 282418
2H1+ DHz4 15
SH1- He L 10

M2 0 ¥pz 0

Fhe duafl problem:

9/15/00

This probiom igs 2
varighies & F inegqualily
constrainls, and 5o ifs
qugl witl igve ¥ varighles
Frd 2 inegqualily
conrnstramnts.

O: Minimize 8% + 18%: + 15%; + 10Y%,

subject to:

Yo+ 3o+ 2z + DYy
l"l"l1 + El"l"lg + 5l"|"'3 - l"l"l.q

> 4
> 5

20, Y20, %20, Y20

Fhis dua! profbfom figs fower constrgints s ils
primal, and, whon sofved by the simplox meliiod,

wsuaily requires

& fower iferglions (looicsiiy L om to Sm itarstions)
& jowor compisiions per rferstron (850s0isTiy iF vsing

Pha revised simelfent)
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Fhe aplrmsl simplex tabfegy For Lthe dusf problem is

4
L
c -z M Y2 ¥z ¥y S, S, | RHS
-
-z |1 2= B 0 n £ 55 | .55 Sesuces
il “ a e <7 COSE P
=l 11 -5 2 14
fa 10z 2 . Ve & z7
& a3 -1 -5 | 19
5|0 = 27 | U7 Twm| =
'H,_\v__.-'

SIS VeI ENES

The aoplmal soflutron o the qusl 1s
== V= L e =

What 7s the oplimal sofufion of the primal

propiem?’?
Fie Surpniex ML nfier weclor For The onl il aiisl
fahias is .

T = [ £, £

(17 fhe rediiced cost of Bhe sirplus variahle Sy is
FLE cosd pHANE R LHTIES IR0 CORETHT OF coelticienis:

o
Fediiced cast of 5y s 0 —E[D]= m,

Liowise the regiiced COSE oF 1R Snniis WEERe Forrow
A7 i fhe Simindesx Muffindier Poe Fasd row /
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fherefore, the oplimal sofulion of the
ariginal primal probfem 1s

— 65 — =5
M= g Ko = =

fhus, we may choose o solve either [he
primal or the duzl problem, whichever is
easier, and obiain the solfulion (o bolh
simulianeousiyy

Note: -n; appears as the reduced cost of a slack
variable in row I.

If there is a surplus variable in row i, its reduced
costis 0-(-1)nj= +n;.

If constraint i is an equation without slack or

surplus variable, then n; will NOT appear in the
optimal tableaul

&
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The Fundamental Duality Theorem:

Problem (P): Problem (D):
Minimize c'x Maxirmize b'wy
subject to: SUubject to;

&w x h At

WL T
Moz 0 wox 0

[ )

o |f both problems (P & (D) are feasible, then both have an
cptimal solution and their optimal values are equal, 1.e,
® |f one of the problems [either (F) or (D)] has an unbounded

cbjective, then the other problem is infeasible.
® |f only one of the problems 15 feasible, then its objective

must be unbounded over the feasible region,

qﬂ ( Proof )

Nolte that it is possibfe that BOTH primal
and dual proffems are infeasibie.

Page 27
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Example:

FrirnEl Lhagd

Minimize 20x,+ 10x, Maximize Sy + Oy,

subject to; subject to:
Sxy+ xpe B Sy + 2y £ 20
2xyt Zwot & Wit 2ya L 10
wpel, ozl yy 2l v el

Fhre primal sysiem ias & basic sofutrons, of which
F  are fegsib/e: X,

Srirragd

Minimize 20x,+ 10x,
subject to:
Sxyt e B

D%+ 2%52 8

w2, wo el
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Fhe dusl systiem #f50 fgs six basic sofutons, 4 of

thom fTossibio-

Ll

Maximize By, + 8y,

subject to: |
5
Wi+ 2y 10 ~
W, 20, yp 2l : II
.l;l:rI III I5 1 1 1 1 "1'\-?'I:I 1 1 l::llll1
PEIMAL E ':é DUAL
extreme % %
nt. # HoooM, My M| & obj |2V, v, vy W,
VI 4 O 14 0|+ &0 o 10 0-=-10
11 0 G 0 4|+ | 60 10 0 -30 0 _
I 5 35 0 0|+¥|45 |¥|25375 0 0 «—=
v |0 4 -2 0 40 |4 0 5 100 )
111 12 0 0 -5 24 (4] 4 0o 0 66
VI [ 0 -6 -4 O |« 0 o 20 10
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Example: Unbounded Frimal Froblem

HE
Minimize 2¥,- BX»
subject to
Wi+ Kor 2 2]
H1 - }'{21_]
H1 ED, }{EED

Fhe Ghfsciive ——r - o
P We draval slong he

Glif = =

EG58& 6F LG TS5 8 raqia
F PAE nans iTanld

- '

fhe dual of 1his unbounded primal probiem.

Maximize 2Y, - ¥a

subject to =
Vi o+ Yo 2 }/

II'I"I1 - l"rllgi -
"'I"l1 2 DJ "'l"lgl [ <
2
{infeasibiet} .

r::_. SRR Sl TS fiRE
SEIFETY Lhe sE0AHET
Fegsiiiy

Loials frefo e (is fine
SSPFEIY Ve Firs!
FREGUETTLY

12\3455
¥,
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Example: Infeasible Frimal Froblem

Minimize ®Hi+ Ko
subject to

Ay Az

_}‘{1"' HE

1
1

}‘{13(1 }‘{EED

IR %

9/15/00 Page 31

Loials Shvre 1his fine
SEIIEIY LhE SEOGRT
FREguETIiY

A

/1*

SR el faTs
Fine SEIFETY s
First

REFUETTIY

Dual af fhe infeasibfe primal profbfem.

Maximize Y, + s
subject to

LT

< \
~Y o+ g

/

20, Ypr

Ghyective is vnbounrded
Z5 we move fo the
pner Frghts

2

Y
1
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Hecall thal 7l is possibie that BOTH
primal and dual profbiems gre infeasibief

Can vou @fter the preceding (infeasibie/
primal profifem so that the dual probiem
becomes infeasitife (while the primal
probiem remains infeasibie/?

Hint: Leave the primal constraints unchanged.
Can you then change the dual RHS (=primal
objective coefficients) so that the dual becomes
infeasible? .

An economic interpretation of the

LF dual problem:

Consider the DIET PROBLEM:

A housewife has to find a mimmum-cost diet for her
family by selecting from among 5 foods, subject to the
constraints that the diet will provide at least 21 unmits

of vitamin A and 12 units of vitamin B per person per day:

Food: ] 2 3 4 5
Vit & content 1 0] ] ] 2 unitsfoz.
Vit. B content 0 1 2 ] 1 unitsfoz.
Cost 20 20 31 11 12 tioz

&
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Fhe housewifes 1R model-

oL e CORT G S
Minimize 205 + 200, + 31w+ 11w, + 12x L 8
subject to

it S S
X + Xz ot ox, + 2}{5 . 21r§ffe‘.'.ﬁ-lfrj'ﬁ?3'.
- +2::{3 +oxy v oxXg o2 12 #AE LT
Xy, .. ®gel

where %= quantity of food #j (oz./day] per person

(SHHE 15 IO OISt s For G Qlfer nulrienis, and
ConTSiErElion ol pElisisbiil ) el

Fhe BPrif Safesman’s Froblem

Consider a door-to-door salesman of vitamin pills. He has
a supply of vitamin A pills (1 unit each) and vitamin B pills
(also 1 unit each).

He wisits the housewife and suggests that she buy pills from
him to feed her family, rather than the foods #1 through #5.

In order to be competitive with the grocery, she must be
able to feed her farmily pills for a cost no more than that of
her least-cost meal. (it ngmors S5 sl of fer fabordd

Page 33
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Jhe Pill Safesmans [P proplem

Choose prices of the pills:
T, = price perunt of witamin A pill
ng = price perunit of vitamin B pill

so as to Maximize 21 m, + |12 nak’_fgﬁm’fﬁ{Mﬁﬁg’fﬁgfmﬁ”l

subject to
19 £ 20 e Gili-egqiiveient
T < 20 G 8ECH Faod st
T, + - (3] > AT SR GG LS
# 7 <TB the Foed Fselr
Mg+ Tg 211
2n4+ mg 412

Ty 20, ng2 0

Sl 2his s Bhe Llial of fhe Hfousewiies L5

Laiiem.
Minirmize 206 + 200, + 31x + 1Tx, + 1%
subject to
¥4 + Xz f oMy f Zxg oz 2]
Xy vz + oMy o+t Mg oz |2
¥y, . ¥gzl

F e Fundgmenial Dushil vy Tneoram Leis us ihal

(i Bolh proflems sre ressitfe & bounded ) the
fwea L5 profiems halve 1he same aniimal vaives!
FHFE 15, IRe ROUSeWiie Walld Be indiiierant
BELVEET Qrapagiing e Mesis & Serving Lhe s,

&
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The FAFEAS Lemma:

The following statements are equivalent.

(i) if vtA<O for some v, then vtb<O
&
(i1) the system Ax=h, x20 is feasible

(Fiis L amurngt is oF Grogl Heorel iosl nori e i
SUREHTHISEION, SR IS Leed v Lo ool of Lhe K- Tickear
QR EITRE LN CORTEIONS I SO RS O ST

qﬂ ED ( Proof )

Frool of fie FARKAS femmg:

Consider the following primal/dual pair of LFs:

(P Minimize Ox (D) Maximize bly
s.t. Ax = b s.t. Aly <0
el

O GV )
Maximize v'b
st wia <0

(Fiese LB problenms H5ve inleresinng ofhsraclerisiics:
# oo Fegasiiie solinlion Fo (FFis anlima!
# Lo nFiue WSO8 is Pemsinie i il (G
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First we will peove fHel IFsislemend (1 1s frue Fe

it wtA <0 for some v, then ywih<O

ey stglomeml (id st i50 be frue | Fe,

the system Ax=b, x20 15 feasible

If statement (i) is true, then since v=01s feasible in (0] with
objective value 0, it must be optimal for (D) [since (1) says

that every feasible solution of (D) has objective value no
greater than zerol.

The Fundamental Duality Theorem then implies that problem
(P)is feasible, which is simply statement (i1) above.

Be eyl warrl fo prove Esl i sislenrenl (iR is frue 1,
the system Ax=b, x:0 15 feasible

ey statenmemd (1 mst 3iso be frue, i,

it wta<O for some v, then wth<O

Suppose that Ax=b forsome x:0, and v1A L0 s poed
fo show thst wiba J

But wtA <0 & x:0 togetherimply that v'Ax <0, and
since Ax=b, that w'be0. That is, statement (i)is true.
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Complementary Slackness

Theorem: suppose that % and ¥ are feasible solutions
in the primal & dual problems, respectively:

Erimgd, A7 A
Minimize ctx Maximize by
subject to: subject to:
Ax 2 b Al y L C
® 20 y x> (
-l

(e nnenley Fiacdness, cond @)

Then % and ¥ are each optimal in their
respective problems 77 and onrly i

e whenever a constraint of one problem is
slack, then the corresponding variable of
the other problem is zero

® whenever a variable of one problem is
positive, then the corresponding constraint
of the other problem is tight.

[I<::| ( Proof )

Page 37



LP Duality 9/15/00

Froaol of the Complomeniary Sleckness Theorem:

AL W IREroaiice Siiis & SAFCR \arisiies Bo he prinsl &
AT O SRS, regheciied )

F: Min ctx 0: Max vwh
5.t 5.t
Ax-Tu=hb wh + Iy =
¥l uz Wel, wil

Now supnose thet the vector [ % U] 75 feasifie in £ amd
thst Ly W] s fassible in

(" gl o Lo E e ais sy Alacimess, ool @l
firshar e it tensinees
cti-9b=(yh+19)% - y (AR -10)
'"_"H.-'_'I T
=V AR+ VR -y AR+
= %+ 90
(77 Syppose thet [x,0] and [ 501 ans both aptimal in

Eherr regpective problems. Te, cti=vb
Tiar vx o+ ¥yl =0

n " a m . .
Thatisg, X owixy + X owuy =0

Page 38
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i Fad o Comalemenisy g Flacimess, ool )

S eact o Hhe Beclors i eseh Form i}j % g o

SO THISGFEINE, SR LOIT IS IR IeGELe

A Bocsise 1o siprr o B Lermms 15 Sere, s olese hal
SFCHT LS sl Be Fern, e,

F Y m.-\..-\. P 1 i —_
VXt 2 il =0 = vk =0 &y =0

Far &7 j=/1..#5 For &8 i

vil;, =0 == arfher wvi=0 o ;=0

(" gl o Lo E e ais sy Alacimess, ool @l

Bt WXy =0 == erther v=0 or X =0
L, WRET QUE conslrgint K715 S0k, Ihe corregnonding
LTTRES VEELSE Xy st b 2,
arc
MR B TR SRR S %j I posiiive Bhan e
ST RSN TITG GiE Comsirgint st He Ll
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i Fad o Comalemenisy g Flacimess, ool )

And g, =0 == erther yi=0 o 0,=0

1

L& W RS Consinsinl AP 15 sisck ﬂ1- 2 B
Ehe corresnonding diis! variabie (v, Fmust be Fero
S
wiier & dlisl varvable (. 15 positiee, e
TS R SR NS ErEiTE sl Do Frail (50 fhal
G,=0

S R L e sl oo lemenri ) sischness s
sgirstied

(" gl o Lo E e ais sy Alacimess, ool @l

FIS COWFIESE 15 S50 T N OO SRS S SAFCREES 15
SEiistiad e the soilions st be onlimsl sirce

b

n m
t.-'\. _ ~n — .-"H- . S
Ctx - b JE Wiy + E1 WL
SRT S0 JFAFCT Py 15 Jeig, HRe siamr st be sere, e,
ct¥x-yb=0 — ct%=¥b

WIS, SO Lo B Wash Duslil)e Theoram, mesns 1!
Xooog@wy st bolh be apdimal i feeir regpective
Aol ems, ( 0ED. )




