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The

DUAL SIMPLEX

Algorithm

The PRIMAL Simplex Method solves

Minimize c¢'x

subject to Ax =b

¥ e

by starting with a basis B which is feasible
inthe above (primal) problem, ie, a basis B
for which the basic varables are positive: X (5B Il_1b . 0
and works toward satisfying the optimality
critericn, namely

nonnegative reduced costs: ¢ -n'A: 0 where E:Cé (ABJ_1

ie, ~tAcc or Alm ¢t (dual feasibility!)
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Fhe D4l Simplex MNelhod does just Lhe
apposite, siarfing wilth @ basrs sglisfying
the oplimalily criterion (dual Feasibility/

c-n'az0
and pivaling Lo aiigin primal reasipilily!

xg= (AE) b2 0

Fhat 15, gt each rteralion, the requced
cosis In the ohrective runciion row of
the lableau are nonnegalive (il we are
MIRImIzing/, while the right-fiand-side
maVy incivde some negziive valves?
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Minimize 2K + 382+ 4Rz
subject to
}{1 + 2}{24' HS x5
2}{1 - }{2"' 3}{33’_‘4
e 0, ¥ox 0, Hze 0

FICSE, W BrEnstorrr 1Re inagqusiities fo agquisiiiies,
LN FEFRING SRS \EIE0 e

Minimize 2K, + 38+ 443

subject to

My o+ 2Hat Mg — My
DMy - Kot 3z ~ e
Mi20, ¥,20, He20, K20, Kg2 0

3
2

First, set up the simplex tableau.

Twpically, we would need to define artificial
variables and proceed with Phase One in order
Lo find an initial feasible basis for the primal

problem.

1 23 4 5|B
Z2 34 0 0|0
1 21 "1 0|3

Z2 13 0 714
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Instead, let's make the surplus variables

hasic: -z1 23 4 5|B
| pivael kheref
1 2 3 4 O 0
0 1 2 1 0 ‘ 3
0 2 1 3 0
L
-2 1 2 3 45| B
rofe that
é _f _g _: 2 g _g } Liais sofution
- - - iz ol
0 2 1 301 4 fegsihiel

Evern thouglt tins basic solulion is ol feasible,
natice that the reduced costs mr the abjective
row gre i nonnegsiivef

-z 1 2 3 45| B

_I_r"r"r"r"r"r"r"r"|-"r"r"r"r"r'r"r"r’r"r"r’r"r"r’r"r"r’r"r"r’r"r"r’r"r"r’r‘

1 %r"r'g"r’r'r’r'r'#ﬁ'r’r’r’r’r’r’ﬂ"r’r’r’rgr’r'r'r’rgé u
0 "1 "2 "1 1 0|73
0 "2 1 "3 01|74

So Hhis basic sofulion 15 “dusf fessibife” 7
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How can we pivoel so 85 fo improve dpoi the
teasibifiiy in the primasf consiramniss

B

-2 1 2 3 45
1 2 3 4 00
0 "1 "2 "1 10
0 2 1 "3 01

0
3
4

Notice thatl iF we pivol i g row willi s NEGATIVE
FiGght-hand-side, #nd g regstiive efement in that
cofumr For the pivol efemoent, (s row will isve
& FOSITIVE right-fana—-sige in the resufimg

talhlogu!

-2 1 2 3 4 5 B
1 2 3 4 0 0 0
0 "1 2 "1 1 0|3
0 2 1 "3 0 1

Select erther columns
I 2 or 3 forapival, |

T nofice the rosiifit!

Lels arbiirarily

o sefect fhe bolftom

row for our pivol
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5__1-' prvoling on & negalive efement, we igve
improved ypoi primal feasibifily .r" DY rEK G
the right-fisnd-side positivel

—Z2 1 2 3 4 =) B

1 0 4 1 0 1 s ;
00 2.5 0.51 0.5 "1
01 0.5 1.5 0 0.5 2

Afso, pofe thst we sEH fave dual feasibilify: Hhe
rediced costs m Lhe objective row isve remasimed
nRonRegstives

AT WO SEYE SR SINESTY GaRE
s, g0 BECK & Ly the athar  F

<:ﬂ LGl T FEE ST eSS

when we pivol on 7 positive efemernt, the
Fight -fand-side remains negative:

-Z 12 3 4 5| B

1 8 0 13 0 ~3| 12
0O "B 0 71 2|11
0 21 "3 0 1| 4

fne of the rediced costs g5 become regsiive
Fi5a, 50 i s case we Agve fost dusl feasibilily
Fd mEde o qFT I primal feasibriiiy/

&)
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Nolice Lhat by prvaling on & negainve efement,
we frgve improved upon primal feasibilify:

—Z 1 2

3 4 5 B
1 "0.6667 4.333 0 0 1.333 | 75.333
0

0 "0.3333 "2.333 1 "0.3333| 1.667
0 0.8667 "0.3333 1 0 "0.3333| 1.333

Linforiunalely, we have fost dual Feasibifily: one
of Lhe reduced cosils i the abrective row figs
boecome negstives

&

Ohviousiy, we need fo pival on g negalive efement
It & row with @ negslive right-fand-srde mmr order
fo mprove on primal feasibifily

Bul we figve seen Lhat nol just any regsiive pivol
efemenl will do._ prvoling on some regsirve
elemenils will resull in g foss of dual Feasrbilily,
Fe, &negalive reduced costf

How do we sefect the proper prval column?

=
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Selection of Fivot Column in the
Cual Simplex *ethod
fa improve primal regsibifity, whiie main—

Lgining aqual reasibifily, perform g minimum
ralio test:

I d i B CONTHT WO fiaiTiises e relno

For & regEii e carataEie pIhvol el emients Gf,

ﬁ> Derivation

Selection of Pivol Column in the
Cual Simplex *ethod

honnegative FHeFd sefeciod row
o ror Bhe pred.
fFWa ShOnse SOl
"""" & for the preal,

C ‘ r duced is, Sumnose 1R e AFe
C] R [35 @ Freduced Castis

=] =5 e
Q| *eerr | O] &= t?EDStE:DE;tEU LTS WL SO oS
g witl the regiicod costs
ﬂ FETRFHT Orregsiiva s

candidate pivot
column
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Lindor wha! condifrons wilf
e reduced cost be rorr—
negativers

fn order fo mainiain dusl feasibifity, re,
noanegsiive reduced costs, we must chioose
the pival cofumn 5 soch Lhat
i — é]r C . 5 poanegalive for & colvumns jf
] /5 5
-

N _ =l =
Dj_aréscﬂ > 0= C; b ar_SCs for all j
I~ ar
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Cur pived cofumn (57 must salisfy, for aff j,

_ Sy 20, 1 80

0y 2 9.0 =

D i
< %S it @ <0
Recall thaf

Ej & C, are nonregative

S - -
d, isnegatiive

Consider & coltnn J whose pivol row efement éf, Is
positive

fhen, since the reduced cost i sl columin, Ej L F5

naanegastive, the ratfio C /J/_ i s poanegaiive e,
Gy > 0 » G
i 2 i / s . oo that
dr ar
C r o =] Therefore, we feod
f > [0 4
/ﬁ = /E] S ! ar CORCErit oMrsefves
" r with columns J such
that =] /

dy <0
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fF the prval-row elemen! of columg § is negsiive,
re,

al <0
then since the reduced cost of cofumn j is nonnegsive,
e, EJ Z 0
clearfy G% j < O and we must choose our pival

How do we cfivose fhe pivel column 5 50 85 Fo

sFLisfy _ |

C; C - =]

Iy < %5 ror alfl j such that Q. {o 7
:

Sirce column 5 15 among those columns wiltlh negstive
vaies i the prvel row, 1F is cofeasr sl we must the

cofum whose ratio C % j ’s largest, fe
dr _

_ | T
'3%5 = maximum { ]/Ej : a <O}
dy

r
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Cur criterion for sefecting the pivel column,
%5 = maximum { Dj/aj : gy < O}
I I

I5 samelimes expressed in an equivalent
way &5 & mimimum rafio test

Al 1 Pe COfLiTiT Wi e e s e nnino

For gl negsiive CEmaRie pIval efemenils Ejf,

fels confinve wilh our example, a00/ving
the pivol sefectron rule which weve just
qgerived.

-2 1 2 3 4 = B

10 4_1 0 1 |~4
0 0C2.550.5 1 ~0.5|"1
01 0.5 1.5 0 ~0.5| 2

Choosimg the second row 85 the pivol row, snd
goplyirng Lhe minimum ralfio fest, we obiain

mrrnimum | ¥ ! — ¥ Sir W givad o 1he
25 a5 25 aiamant -5

=
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Fhis resufls in g [ableay which is bolh
primal and dual Ffeasibie, and therefore
anlimal.

—£2 1 2 3 4 = B
1 00 1.8 1.6 0.2|75.6
0 01 0.2 0.4 0.2| 0.4
010 1.4 0.2 "0.4| 2.2

The optimal solution, therefore, is:
=060, X = 22, xp=04, X=X,=A5=0

Summary of Dual Simplex Algorithm

® Start with a dual feasible basis, 1., a solution which
satisfies the optimality criterion (nonnegative reduced
costs, if minimizing)

® Select apivol row from among those having infeasibility,
1.e, anegative value on the right-hand-side. If none, STOP.
fl coirpmar a-al =il is o ofioase Ihe imast nagetive FHS

® From among the columns having a negative value in the
pivol row, select that which yields the minimum ratio of
reduced cost to (absolute value of ) candidate pivot element,

e, E i ] ~ FEGUCET CORT T et TSiTes
N T

=]
ar< 0 | d

| T CERTIGEEE il sleirEnt i PEhIEs
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Compare lhe seguence of dual simplex pivels
with the ordinary, primal simplex pivols
goplied fo the tableau of the AT proffem.

Maximize 3?1"‘4"{'2 -7 1 2 3 4 5| B
subject to
Yo 2¥p< 2 13 4000|0
- ¥<3 —> g4 210 0|2
Y+ 3¥p< 4 02 "1 010|3
My, Yozl 01 300 1|4

We see that the sfack varighbles (colunms 34857
cEn be vsed 85 gt inilisf basis, 5o that (a5 bofore,
Whorn usirng the dusi simplex moelhodi srifficia!

varighiles are nol necessary.

Srnce we sre

21 23 438|B  wiiimizing the
1 3 4 00 0lo salution is improved
0 1 z 10 0|2 .i'_ﬁ'_j-" enfer fﬁg E'ffﬁﬁ_"r
02 10103 c‘afﬂmq 7 .-::rr.?r_’wfﬁ
01 300 1|4 relfative profifs”

F & 4 respeciivelyi
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fel'’s choose to pivol in cofumn 2 (which has the
greatfest refztive profitl

i whircl row do we pivol?

21 2 3 4 5B
Minimum Fatio Test:
1 3 4 0 0 00 5
0 1 1 0 0|2 5 minimum ratio
0 14 01 0|3 4
0 3 00 1|4 < =
pivotl herel we consider only POSITIVE
elements as potential pivot
elements!
Jhe resufling tablesy 15
Fiene Fne I
- 1 2 3 4 5| B CEHRIIEFES Il rows:
Minimum ratio test:
1 1 0 2 0 0|4 L
o 0.51 0.5 00| 1 <— 05 L
0 C2.500 0.5 1 0| 4 <4, (<0
0 "0.590 "1.5 0 1| 1 '

pivot herel
There is onfy one positive relalive profil i tiis
tabloay, 50 we musit prvol i cofumn £1 , and the
i ratro fest sefocts the third row
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Jhe fablesy which resufis from Hiis prvol sstisires
the aplimaliity corditions

—Z2 1 2 3 4 B B Gt msd
Safied fa
1 00 2.2 "0.4 0| 5.6 > =56
o0 01 0.4 0.2 0 0.2 Vo= 1A
010 0.2 0.4 0| 1.6 ‘ !
o 00 1.4 0.2 1| 1.8 Yy, = 0,2

fhe relatrve profils of the sfack varighbles grve us
the optims! simopiox multipfiers, since these refstnve
profiis are: ct-mA or, mtiiscase, [0 0 0]-nl = -

= = 2.2, R; =04, Rz=0 sz ihe solution of
Liae oetiiingd probiemr!

Dual Simplex pivots Primal Simplex pivots

in primal tableau ; f,fﬂ.: in dual tableau
o f
i i -7z1 2245
~Z 1 2z 346 E CUIIIDH.I‘E!
o s aoole 13 40000
01z 00|z
”@211”3 0z 104 0|3
o 173 01[74 04 3 004|4
i 1 1 0°2 004
1.0 RN 0 1 0.5 001
00 0.5 1 "0.5|"1 : tooea ol
01 "0.5 1.5 0 ~0.56[ 2 o g3l Dl d
-z12 3 4 & | E -z12 3 4 G| E
100 1.8 1.6 0.2|75.5 100 72.2 0.4 0|5.6
004 "0.2 "0.4 0.2 0.4 001 0.4 0.2 0| 0.2
0410 1.4 ~0.2 "0.4| 2.2 010 0.2 0.4 0|1.6
D00 1.4 0.2411.8
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While the two procedures are equivalent
(dual simplex pivots in primal tableau,
and primal simplex pivots in the dual
tableau), in practice the effort may not
be at all the same:

If n> m, i.e., there are many more
variables than constraints, the primal
tableau will be much smaller than the
dual tableau, each including the slack
& surplus variables.

fhe Dual Simplex MNelhod 1s especialiyv
vseltid when re—oplimizing a tableau arter
changing Lhe righl-hand-side.

® Forexample, ina production planning problem which 1s

solved each weel, but with different demands &/or
available resources (but same costs & profits),

® [uring parametric programming, in which the right-
hand-side 15 varied to study the dependence of the optimal
solution upon the mMght-hand-side

i these sifugiions, he tsblesy siter the
Figit-hend-side 5’5 chsiged remsins ausl fessibief
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Another example:

Minimize 2k + 38+ DRz + By
subject to
P 2Eo SRzt Ky 2 2

_2H1+ }{2_ }'{3 +3H4 1—3

Fhe rnifiaf Eabhlesy-

-2 12 34 5 6| B
1 23 Be6 00| 0
0 12 31 "1 0| 2
0 21 "1 3 01|73

[ we wore fo yse the PRIFAL simplex mealiod,
we wold figve to infroguce srirfrcia! varigbles
Fd proceed with Flhiase One

inslesd fels make cofumns 5 & & basic:

-z 12 34 56| B
1 23 56 0| ©
0 12 31 0| 2
0”21 713 0(1)73

page 18



Dual Simplex Method

8/27/97

page 19

Fhe fabhlosy which resufts iz nol feasible

{since Yo and Ky are boll negstivel
-Z 1 2 3 4 5 6| B
1 2 3 &5 6 00| 0
0 "1 "2 "3 "1 1 0|2
0 2 1 "1 3 0 1|3

bl Hhe redvced cosis are s ronmegaiive, so
that (since we gre MiNimizingl the optimality
condifrons are sgfisfied

This 15 g fabfeayr o wilth s mmilisf duasl feagsibie
basis, so thatl we can apply the OUAL simplex

metfiod

f ol s choose Hthe bollom row (wilh the grosfes?
primal infeasibifityi for the pivof row.

—Z 1 2 3 45 6| B
1 2 3 & 6 00| 0
0 "1 "2 "3 "1 1 0|72
0 2 1 "1 3 01|73

fhere gre fwo
cErdidzie pivol
cafiming. Lse fhe
FLrF S FRREITILITT
rafio ftest fo
make the
sefeclion
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CHRTOFLES For POl SOfTIT

-z 1 2 3 456 B
1 2 3 5 600 0
0 74 "2 "3 "1 1 0|2
0C2) 14 "1 3 0 1|~3<— pivolrow
L A
. 2 a2 L 2
FFRRERE TR TT {T , —1 — T

Sa we pivel ool 7

We figve gained some primal feasibilify (the
FIGhl—fisnd-srde of the pivel row is row posiiivel
ard maintained dual feasibifity (the reduced costs
it the ohijeciive row remasin ronnegastives

—Z 1 2 3 4 B & B
1 0 4 4 9 0 1 3
o0 2.5 2.5 2.5 1 0.5 0.5
o1 0.5 0.5 "1.5 0 "0.5 1.5

Nox! wo clivose the second row {whose bhasic
varighle is negativel a5 the privol row.
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CERIELEs For el CORETHT

N

z1 2 3 4 5 6 B
10 4 4 9 0 1 |73 s
0 0 2.5 ~2.5 "2.5 1 ~0.5| T0.5¢<
01 0.5 0.5 "1.5 0 ~0.5/ 1.5

Fhore are FOUR candidstes For Hthe prvol cofumn

Fhe munimumm ratio test produces & Fre i fhe choice
of pivol columin

o 4 4 8 1L _ 4
MIMIMUIm 5 %5 25 25 o5 25

Feponding dpon ffow the e 1s broken we gef
ditterent safutrons:

-z 1 2 3 4 5 6 B
10 4 4 9 0 1 |3

0 02.8-2.52"2.5 1 ~0.5| "0.5
01 0.5 0.5 "1.5 0 ~0.5| 1.5

Sefect one of

the fwo possible
pivol elfements

i bhetore proceeding?
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Frvoling it row 2. cofumn 2 yields Hhe following

oplimal tahiesl,
—Z21 2 3 4 5 & B
1000 5 1.6 0.2|73.8
oco11 1 0.4 0.2 0.2
01 01 ™1 0.2 0.4 1.6

witir the opfimal sofution

7= 38, K= 16, K= 02, Ka=Ka=HKc=K:=0

&

Frvoling in row 2 column 5 ypirelds the roffowing

opfimal fabhieat:
—Z 1 2 3 4 =) 56 B
10 00 5 1.6 0.2 3.8
oo 11 1 0.4 0.2 0.2
01 "1 0 "2 0.2 "0.6/ 1.4

Wit the opfimal sofufion

Z= 38, ¥y=14, H;=02, Hy=K4=Ke=H,=0

&
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Path followed by Dual Slmplex Method

Cansider Lhe foflowing primaf-dus! psir of fFs:

Erirrnad

Minimize 20x,+ 10x,
subject to:
Sxyt wor B

2%+ 2x52 8

wpell, ol

Llesgd

Maximize By + &y,
subject to:
Y+ 2yp< 20

Wit 2yp< 10

l::"'I1 l[:IJ l.':";E l[:l

Fhre primal sysiem ias & basic sofutrons, of which

F gre fegssibile:

Srirragd

Minimize 20x,+ 10x,
subject to:
Sxyt e B
2xy+ Zwgr B

w2, wo el




Dual Simplex Method 8/27/97

Fhe dusl systiem #f50 fgs six basic sofutons, 4 of
them feasible:

Ll

Maximize By, + 8y,

subject to:

Wi+ 2y 10

'::.-".I EDJ 'l':.-"E ED

Lol s gpply the Jusl Simplex Afgoritim Lo the

primal proffemr
Minimize 20x,+ 10x, 2 1 2 3 4|B
subject to: 1 2010 0 0Olo
Xt %20 g B 4 "L 0|6
wy+ Zw,x 8 002 2 0 7118

Wyel), wol

[ we start wilth the surplus varighies i the basis,
we witl figve 7 dual feasibfe fabh/es:
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‘ Seguence of PFusl Simplex Frvols: ‘I

-2 1 2 3 4/B -z1 2 3 4| B
1 20 10 0|0 1 0 6 4 0| "24
0 5 1 0|6 0 1 “0.2 0| 1.2
0 2 2 0(C1s 0 01.6°70.4 1 |75.6
-z 1 2 3 4| B -z1 2 3 4 B

1 20 10 0 0| © 1 0 0 2.5 3.75 |~45
0C5)"1 10|76 01 0°0.25 0.125| 0.5
0 "2 "2 01|78 0 01 0.2570.625| 3.5

FThe pallh folfowed by the Dusl Simplex MNethod s
(i X, X.-spacelt
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PRIMAL % % DUAL

gxtreme % %

pt. # H1 :H:E HE H4 X obj. | 2 '1"1 '1"2 '1’3 '1’4

VI |4 0 14 0|+] 80 0 10 0-10

11 0 B 0 4]|+]|60 0 0 -30 0 _
I 5 35 0 0|¥|[45 [¥]25375 0 0 3
v |0 4 -2 0 40 |+ 0 5 100 )
111 12 0 0 -5 24 |4 4 0 0 66

VI 0 0 -6 -8 0 |¥| 0o 0 20 10




