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PL via Benders' Decomposition 8/20/00

The Problem

Given: a set of N demand points, with
Dj = annual dermand of customer *]

a set of M potential plant sites, with

Si = annual capacity of plant #i (if built)

F; = annual fixed cost of building & operating
plant #1i

Cij = unit cost of production at plant #1, plus
cost of shipping to customer #]

20 Bricker, Uof 14,2000
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CPL via Benders' Decomposition 8/20/00

Cefine the variables:

#ij = annual guantity shipped from plant #i
Lo customer #]

Vo = 1if a plant 15 built at site #;
! O otherwise

20 Bricker, Uof 14,2000
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CPL via Benders' Decomposition 8/20/00 page 5

The mathematical mode

v M N
Minimize > F;Y;+232 Z Cii}iii
i=1 i=1j=1

subject to. if no plant is built

at site #i, the total |
shipments from
site #1 must be

N
2 X< 8Y, foralli ~+—
i=1

Zerol

M
2. X2 Dy for all |
i=1

X, 20, Y,;£{0,1%foralli,

20 Bricker, Uof 14,2000



Notice that [ we had selected
values for each variable Y,
the problem of selecting KU

is the classical

| transportation problem! '

20 Bricker, Uof 14,2000
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CPL via Benders' Decomposition 8/20/00 page 7

Define an optimal value function
of this transportation problem:

M M H
i=l i=lj=1
5.1. H
2. X;<8Y,; foralli
i=1

M
> X2 D, for all j
i=1

X;=0

20 Bricker, Uof 14,2000



CPL via Benders' Decompositon . 8/20/00

That is, given a value for each
Vi, indicating whether a plant is
to be bullt there, vou can then
s0lve a Transportation problem
to determine the quantities fo
be shipped fraom each of The
plants to each customer.

20 Bricker, Uof 14,2000
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CPL via Benders' Decompositon ... 8/20/00 . page9

The total annual tixed cost of
the plants, plus the optimal
transportation costs, is the
valtue of the function Vo at the
point v,

20 Bricker, Uof 14,2000
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our original problem 1s therefore
equivalent 1o

Minimize v(Y)

Unfortunately, the function ¥ 1s difficult
to characterizel

20 Bricker, Uof 14,2000
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S LIResr Frogramaing  Guaiiy e, e
aRianal vaive of Ihe Fransnporiaiion peroniem
is gl fo thal of 7is gual L5

M M N
v(Y) = Zl F;Y; + maximum _Zl SiY; W+ _Zl Dyv;
1= 1= 1=

S.L. .o
U + v = Gy VA&

20 Bricker, Uof 14,2000
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Supnose thal 37 Lhe pasic solivlions of Lhe dusl BX
are endgmerated with (U lf ﬁkj FERGLING DESIE
safition number & Then W mighi be compuited

OV EVELFLG e qual objeciive 1 esch exireme
D0, ST SElerling I prodiic g e fErgest vaiie

% hd M
v(Y) = Zl E;Y; + maxikmum 21 Sffiﬁik-l— _Zl Djfﬁik}
1= 1= J:

20 Bricker, Uof 14,2000



CPL via Benders' Decomposition 8/20/00 page 13

Define, for each dual basic solution (GX %K),

D:l_ F;+ Slul
N
B ; J"’J
so that (YY) = maximum Z of Yi+ p }

Fhiis, \FF s Lhe masimium of 8 farge number of
fnedr rinciions of b

20 Bricker, Uof 14,2000
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M
v ) = maximum Zi of Y + Bk}
i=

F CORNEY, O SWIEe—Tes
Finciiont

20 Bricker, Uof 14,2000
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sinrobiem
evaluate v(yK) ‘

increment kK|
Let sol'm be " |

generaie suppori

( ok, p5)

master proflem. |
minimize v, (Y) |

20 Bricker, Uof 14,2000
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Plant Location Problen

Example

100 — . 4 plant sites,
30 gt © & demand paints
20 4 - 5
1 0 .
0 o5 a (4 demand points
&0 - . are also potential
ﬂ .
50+ plant sites)
40 -
0 —
20 4 .
o O plant site &
. n: dematid pt
| | | | | | | |
0 10 20 30 40 S50 &0 7O &0 o demand pt
only

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 17

Random Problem (Seed = 94294) |

Humnber of sources
Number of destinations
Total demand: 29

costs, buppllies, Demands

i~_1 2 3 4 5 6 7 8B K F
1 | 07022 25 31 52 24 10 | 13 | 300 _ :
2 |70 "6 92 93 72 98 54 72 |13 | 400 | & D gepacity,
3 |22 92 0 16 43 56 45 22 | 10 | 250
4 |25 93 16 032 40 40 31 | 9 | 200
Demand [ 4 2 10 & 1 1 & 1|45

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 18

Options |

17| Optimizing the Master Problem

Each Master Problem minimizes v{Y ), requiring a

complete search of the enumeration tree.

I Suboptimizing the Master Problem

A solution Y with v(Y) < incumbent is found by
the Master Problem; only one "pass” through the
enumeration tree is required.

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 19

To initiate the search, we "guess" that
all the plants are opened, i.e,

Y; =1 tori=1,2,3,4

The first step is then to solve the subproblem

to evaluate V(1,1,1,1), :

i.e, the transportation problem with all four ::
5 - plants opened. '
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Subproblem Solution |

Plants opened: # 1 2 3 4 *%% Now incumbent! == p

1

Minimum transport cost = 20
Fixed cost of plants = 1150
Total = 1351

CPT Ltime = 9.058 sec,

aenerated support 1s «¥+bh, where ThE cost Df (1»'1»'1»'1)
x = 300 400 250 200 is 1351, our initial
That is, w(¥) = w¥+b "incumbent”

Thiz 1s support # 1

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 21

Next, we must solve the (partial) master
problem, namely

Minimize v, (Y)

Y, e {0,1]

where
Elfﬂ = 300 Y, + 400Y. + 250Y; + 200Y, + 201

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 22

Master Problem |

QOpen: # . estimated cost: 201

Optimum of Master Problen

Optimal set of plants: =<emnpty=
with estimated cost 201

CPT time: 0.55 sedo,

Because the approximating function v (Y)is such a poor
approximation, the solution to the master problem is

to open NO plants!

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 23

(A constraint might have been added to the
master problem which would guarantee that
only feasible sets of plants were selected....
that is,

SiYi =
1 i

M=
[+ =

Ly,
1

I

but in this case no such constraint was used.)

©0ennis Bricker, U. of lowa, 1997
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aubpraoblen Solution

Plants opened: # foone

Minimum transport cost = 290000
Fixed cost of plants = 0
Total = 290000

CPT time = 14.45 sec.

menerated support 1s «¥+kb, where

o= T12R700 T1Z9A00 T99FH0 TE9500
& b o= 20000

That is, we¥) = o¥+b A "dummy’ source

This is support # 2 with very large "shipping”
costs was included, to
guarantee feasibility.

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 25

: ¥ 1 2 3, ectimated o<ost: 11561
DOpen: #£ 1 2 4, estinated cost: 1101
r &1 3 4, estimated cost: 961

Optinum of Master Problen

Optimal set of plants: 1 3 4
with estimated cost 951

CPT time: 4.8 sec.,

vy Is minimized at

Y=(1,0,1,1)

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 26

Subproblen Solution b

Plants cpened: # 1 3 4 *%% Mew fncumbent] #** g

{replaces 1351)

Mininum transport cost = 341
Fixed cost of plants = 7EQ
Total = 1091

CPT time = 11.2 sed,

@enerated support 1s «¥+b, wWhere

e o= 1210 400 790 530
g b= 71739

That is, w(¥1 = xi+h

This 1s support # 3 EE(L[];LU =951 <1091 =+v(1,0,1,1)

©0ennis Bricker, U. of lowa, 1997
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Haster Problem

Dpen: # 1 3 4, estimated cost: 1091
Dpen: # 2 3 4, estimated cost: 10561

Optimum of Master Problen

Optimal s=t of plants: 2 3 4
with estimated cost 1051

CPT time: 4.8 sec,

Minimum of v,is 1051, at

Y=(0,1,1,1)

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 28

Subproblem Soluticn |

Plants opened: # 2 3 4
o ¥=(0,1,1,1) was lower than the
Minimum transport cost a0

= 5 . .
Fized cost of plants = 850  jncumbent's cost, its actual

Total = 1449 _ _ _
_ cost is considerably higher!
CPT time = 21.75 sec.

v5(0,1,1,1) = 1051 < 1449 = v{0,1,1,1)

Generated support 1s o«¥+bh, wWhere

o = 300 1310 240 425
& b = ThZ2A
That iz, w(¥) = x¥+h

Thizs 1s support # 4

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 29

Master Problem g

Dpen: # 1 3 4, estimated cost: 1091

Optimum of Master Problen

Optimal s=t of plants: 1 3 4 T :
P th BebTnated oot 1091 N L€ ICUMEENE

CPUT time: 4.85 sec.
viY) = viY) The Y which minimizes
. v,(Y) happens to be the

FErfiinaliion criferion incumbent!

is satisiied’

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition

Current ap
where o &

Current incumbent:

8/20/00

current List of

aupports of wi¥)

page 30

proXximation of wo¥o2 is Maximum  «<[11Y + bhCLD1]1 3
b are:
Oy Gl g G g Gl g &
300 400 250 200 201
T129700 T129500 TR9750 TEA300 | 290000
1210 400 a0 830 “1739
300 1310 340 425 Thah
1091

Ka

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 31

Suboptimizing the Master Problem |

Again, we begin with the "guess"

Y=1(1,1,1,1),

i.e, that all four plants are open.

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 32

nrtial guess’
FH plants open

aubproblem Golutlion

Plants opened: # 1 2 3 4 4

*#%% Naw incumbent! ==* B

Minimum transport cost = 201 i

Fixzed cost of plants = 1150
Total = 1351

CPO time = 9.056 sec,

Generated support 1s wY+bh, where
o = 300 400 250 200

& b o= 201

That 1z, vi¥1 = w¥+b

Initial subproblem |

This 1s support & 1

©0ennis Bricker, U. of lowa, 1997
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- - ~ 151

Sofilion or 7 Optinal Shipments |

5{1.-" ,lf? JL_L? l,l'l F.‘Ii.? L_ﬂl? l."Ir {_:' I."I? ? e L R
"dummy demand"

n N12 345678 9

S o1lea0 001051 2

2[02 000000 11

3001000000 0

400 050100 3

(Demand pt #9 1 dumny demand for excess capaclity.)

HOTE: holutlion is degenserate!

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition

8/20/00

Optimal shipments (to non-local customers)

100 —

a0
20
0
&0
20
40
z0
20
10

z

]

- |
| | | | | | | |
10 20 Z0 40 30 &0 TO 80

page 34

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 35

Dual Solutlicon g
of Transportaticong

Praoblemn

aUpply constralnts Demand constralnts
i=1 2 32 4 Jj=1 2 3 4 a] B 7 g
Orilz=0 0 o 0 VILji=10 0 0 o 31 40 24 10

Eeduoced oosts: COST - U=, +V

o 70 22 25 o1z 0 0
70 o922 93 41 55 30 B2
22 92 o 16 12 16 21 12
25 93 16 0 1 o016 21

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 36

oE=F. + g0k Generaling the rirst
LTR LT el support for vi¥}

I
k 1
B = g Djvj

PUpply constralnts g

Demand constraints f

1= 1 2 a3 4 =1 a 3 4 5 B 7 a8
Oril= 0 o o 0 V[J1= 0 0 0 o 31 40 24 10
af11=13 13 10 9 Drji= 4 2 10 5 1 1 5 1

F[1]=300 400 250 200

ol =F, = «"=(300,400,250,200)
B’ = 31+40+120+10=201

©0ennis Bricker, U. of lowa, 1997
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cCurrent List of

Rupports of wiY)

current approximation of w(¥) is Maximum £ w=[11Y + bhI11 %
where w & b are:

Gy Gy Gy Oy

200 400 ZH0 200

Current incumbent: 1361

= ¥, (Y)=300Y; +400Y2 +250Y3+200Y4 + 201

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 38

First masier
D en soliiian

Haster Problen [

(suboptimnlized, 1.2., a solution ¥ such that w(Y) < Incumnkbent.?
Trial set of plants @ <cnpty=
with estimated cost 201 < Incumbent ¢ = 13612
Current status vectors for Balags' additive algorithin:
j: -1 T2 T3 74
underline: © 0 0 0

CPU ftime: 0.BR sSec.

1997



CPL via Benders' Decomposition 8/20/00 page 39

aubpraoblen Solution

Plants cpened: # ﬂ?iﬁhﬁf

(@l demand is
Minimum transport cost = 290000 . -
Fized cost of plants = 0 Suinfied from
Total = 290000 e DA
CPO time = 14.45 seo. : : : :
WTER S SO0

Fenerated support 1s «¥+k, where ~ £ T .
C150700 ~120600 -00780 -goaoo LSl O lnit)

D::
& b 290000
That 1z, vi¥)» = w¥+h

This 1s support # 2

©0ennis Bricker, U. of lowa, 1997
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8/20/00

CPL via Benders' Decomposition

Haster Problem |

(suboptimnlized, 1.2., a soluticon ¥ such that w(Y¥) = Incumbent.?
Trial set of plants: 2 3 4
with estimated cost 1051 =< incumbent ¢ = 13517

Current status vectors for Balas' additive algorithn:

j: 1 2 3 4
mnderline: o 1 0 0

CPT time: 1.6 seo,

J- (-1, 12, +3, +4)

©0ennis Bricker, U. of lowa, 1997
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The status of the search tree is currently:

Athormed |

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 42

Subproblem Solution |

Plants opened: # 2 3 4

Minimum transport cogst = HOOQ
Fixzed cost of plants = 80

Total = 1449
CPO time = 21.8 sec.

Generated support i1s «¥+k, whers

o= 300 1310 340 425
& b = ThZh
That is, v(¥) = x¥+h

This 1s support # 3

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 43

Master Problen

(suboptinized, 1.e., a solution ¥ such that wi(¥) = Incumbent.?

Trial ==t of plants: 1 2 3

with estimated cost 1324 < Incunbent ¢ = 13617

current status vectors for Balas' additive algorithm:
: 1 2 3 74

underline: 1 O 0 0O

CPO time: 1.7 sec.

©0ennis Bricker, U. of lowa, 1997
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The status of the search tree is currently:

Fatbomad |

©0ennis Bricker, U. of lowa, 1997
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aubproblen Solution

Plants opened: # 1 2 3

Minimum tTransport cost = 4hb8
Fixzed cost of plants = 960

Total = 1408
CPO time = 16.3 sSec.

Fenerated support 1s w«¥+kh, where
w = b25 1115 280 200

& b = TBld

That 1=z, v(¥) = w¥+h

Thiz 1z support # 4

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 46

Optimal Shipments

Lo

I 12 3456780
D o1l40 0511110
2[00z 0000407
30010000000

CDemand pt #9 1s dumny demand for excess capacity.)

MOTE: GSolution 1s degenerate!

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 47

Optimal shipments (to non-local customers)

1907 Plant #3 serves
:E | only the local

20 customer at that
&0 location

50 -

40 - _

a0 Customer 57 18
0 supplied by two
.1;.D | w2 ditferent plants!

]

10 20 Z0 40 30 &0 TO 80

ELennis Bricker, U, of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 48

Dual Soluticn g
of Transportaticong

Praoblemn

oupply constralnts Demand constralnts

= 1 2 a 4 B B 7 B8
1="2h 7B 73 0 b 27 71 71h

1= 1 = a 4
Oril= 25 55 a 0

Eeduced costs: CORT - U=, +V

o100 0 0 0 0 0 0
41 0 41 a8 11 13 0 a2
44 144 0 13 a4 26 43 a4
50 148 19 0 26 13 41 46

©0ennis Bricker, U. of lowa, 1997
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8/20/00

CPL via Benders' Decomposition

Master Problem |

(suboptimnlzed, 1.e., a soluktlon ¥ such that vw(Y¥)» < Incumbent.?

Trial st of plants: 1 3 4

with estimated cost 951 <« Incumbent ¢ = 13512

current status vectors for Balas' additive algorithm:
K 1 "2 3 4

underline: 1 1 o 0O

CPT time: 2.3 seo,

J-(+1,-2,+3,+4} |

©0ennis Bricker, U. of lowa, 1997
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The status of the search tree is currently:

D Aathomed |

Fathomed |

©0ennis Bricker, U. of lowa, 1997
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aubproblem Solutlion

Plants opened: # 1 3 4

Minimum transport cost = 341

Fixed cost of plants = 7hHO
Total = 1091

CPO time = 11.2 sec.

aenerated support 1s wY¥+h, where
o = 1210 400 790 330

& b = T1739

That is, v(¥) = wi+h

This is support # &

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 52

Master Problen %

a4k No solutlon with vi¥) less than l1ncumbent! bk
{Current lncumbent: 1091, with plants #1 3 4 open

CPT tine: 0,75 sec,

fhe search tree Has been
complferelyv enumerated/

(I 100 E SULRTO0TENT WES FEired 1507
77 LR B T WO T8 DIESTEr Frol e
WS G0 IS5 BT S50 TIEr St

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 53

When the master problem was optimized at each
iteration, a total of FOUR subproblems were
necessary, while we required FIVE subproblems
when we suboptimized the master problem...

LHIE 1008 SLLETORENT WES FE i Ed IS0
FP G SAFATIIN WTES 18 DIESTEr Broi e
WS GRS ST S50 e Ao/

However, the savings in computation in solving the
master problem more than compensates for the
additional subproblem!

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 54

current List of

aUpports of wi¥l

current approXimation of wi¥y is Maximum £ w=[I1I1Y + L1 §
where o & b are:
¢y o 3 Gy b
300 400 250 200 201
T129700 T129600 T9QYEQ TE0B00 | 290000
300 1310 340 425 Thi6
B2h 1115 280 200 “hlz
1210 400 790 230 “1739

Current incumbent: 1091

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 55

The approximation v:(Y) which we have computed
is useful in answering "what-it" questions, e.g.,

"Although it is optimal to open plants at locations
#1,3, and 4, what if we were to open a plant at
location 2 instead of location 3, i.e., is there a large
penalty for choosing location 2 instead of 3?"

©0ennis Bricker, U. of lowa, 1997
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8/20/00

CPL via Benders' Decomposition

Evaluation of capproximation of 3 w(¥) b

DOpen plants: 1 2 4
Maximum value of the

support | value five supports at
¥=(1,1,0,1)is 1409, so
we know that the cost

would be increased by
at least 1409-1091=318

*xk Mazlmum valus, namely 1409
is approXimation c(underestimate) of wi¥o

(Hote: ineumnbent 1s 10912

i SO

©0ennis Bricker, U. of lowa, 1997



CPL via Benders' Decomposition 8/20/00 page 57

Plants opened: # 1 2 4
Minimum transport cost = A3
Fixed cost of plants = 900 . : , ,
Total = 1453 A SIS fanneoyination s
CPO time = 16.25 sec,
aenerated support 1s wY¥+h, where
o = BEA 1076 ZH0 344
& I = THA]J
That 1=, vi¥) = w¥+h

This is support # 6 In actuality, the cost is

increased by 1453-1091= 361
Ka

©0ennis Bricker, U. of lowa, 1997



