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The simplex method assumes that you have an
initial tableau with a basic feasible solution.
Cetting an [Initial
Basic Feasible : _ In the LP problems solved by th‘e‘slimplex‘method
4 thus far, we have used as the initial basic

Solution variables the objective (=Z) and the slack
variables.
., | This HYPefcafd stack was prepared by: What it the [P has no siack variables which
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If an equation contains a slack variable
(and if the RHS is 201!), the slack variable

Introducing "Artificial” Variables may be used as the basic variable in that row.
Otherwise,

If necessary, multiply both sides by -1 to
get a nonnegative RHS

Eliminating Artificial Variables

Then add an "artificial” variable which will be
eventually forced to zero, and use this new
variable as the initial basic variable for this

row.,
e
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4X 1+ X2 20 Example:
= 4X,+ X, -5=20 Maximize z= 23X, + 2X, - Xz + 4X4
If the variable S were used as the basic variable subject to X+ Ky = A+ 2Nz 4
for this equation, we would obtain an infeasible _

. X+ Ko = 2X3 =6
solution, S=-20. X, —X4=-1
Therefore, add an artificial variable (a): X, + Xy - Xs -0

4%+ X, -S+a=20
=T a X,20,=1,2,3,4
Letting the variable a be basic in this equation,
we obtain a "pseudo-feasible” solution with
a=20.
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First modify the 3rd constraint so as to have rhsx0;
=X+ Xg=1
Next, add slack & subtract surplus variables to

Maximize z= 3X; + 2X, - X3z + 4%,
subject to X, + X, - 4Xz + 2X,4 - S,

convert inequalities to equations: 3Xy + X2 = 25 +5,=6
- Xo+ Xy =1
Maximize z=3X, + 2¥, - Xz + 4%, Xy + Ko - X3 =0
subject to -X, + X, - 4Xz + 2X4 - Sy =4 Xj=0,j=1,2,3,4; Sj=20,i=12
3K+ Ky = 2%3 +5S,=6
— Xy + X4 =1 We can use (-Z) and S, as basic variables in the
—Xy + Xy - X3 =0 objective row and the second constraint. The

other constraints need artificial variables!

Xj20,j=1,23,4;, 5;=20,i=1,2
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Simplex Initial BFS 7/23/98
Max z= 3><] + 2><2 - X3 + 4><4 Max z= SX] + 2X2 - ><3 + 4X4
s.t. _X1+X2_4X3+2X4_S] + a; =4 s.t. _X] +X2_4X3+2X4_S1 + a; =4
3><]+><2_2><3 +82 =6 3><]+><2_2><3 +82 =6
_X2+X4 + az =1 _X2+><4 + as =1
_X]+X2_><3 +a4=0 _X]+X2_X3 +a4=0
Xj=0,j=1,2,3,4, 8120,i=1,2;a120,i=1,l7&§1 x Xj=0,j=12,3,4; S;=0,i=1,2; a;20,1=1,3,4

! /

FrLificial \ariahies

©Dennis Bricker, U. of lowa, 1998

Use of Single

SO . It is possible to obtain a
Artificial Variable

"pseudo-feasible” basic
solution using only a s/ng/e artificial variable!

In this method, before adding the artificial variable,
pivot an arbitrary variable into the basis in each
constraint row (e.g., the slack or surplus variable
for that row, if there is one.) The result, in general,
is a basic /nfeasib/e solution (with one or more
basic variables negative).
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Canverd i rows fo egqualions.

Minimize =Z =2X; + 2X5 + Xz + X4
s.1. X+ 260 + Xz + Xg +5 =2
X1 — %o + X3 + DXy =
2X1 = Xo + X3
X 20,1=1,2,3,4,520,i=1,2,3
-Z ¥, ¥, ¥; ¥4 8, 8, 85 rhs
% 1 "2 2 1 1 o 0 0 0
Lo 1 2 1 1 1 0 of 2
& |0 1 1 1 5 01 of 4
o5 0 2 1 1 0 o 0 1 2
3
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Z ¥, ¥, ¥; ¥4 8, 8, S5 rhs
T == 3 1 1 95 o ol o For every row
8 1 i 15 o 1 of- having an infeasible
0 2 1 1 0 0 0 1]-2 basic variable,
insert -A,
where A is the
artificial variable:
-Z ¥, ¥, ¥; ¥4 8, 8, 5; A rhs
1 "2 2 1 1 o 0 o} 0 0
0 1 2 1 1 1 0 0 0 2
0 -1 1 "1 75 0 1 0|1 4
o -2 1 1 ] 0 ] 111 -2

ardiricial
lgriFife
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We can now use (-Z), a;, S,, as, and a4 as the
basic variables in the respective equations, getting
a "pseudo-feasible” solution with basic variables

7=0,a,=4,5,=6,a;=1,a,=0
and nonbasic variables = zero
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Example

2Xo + Xz + X4
2Xo + Xz + X4
Xo + Xz + DXy
X2+><3

L2
>4
22

Xi20,i=1,2,3,4

Minimize -2X; +
s.1. Xy o+
Xy -
note the S| 2% -
‘gregier-than”
inegualities
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Xy, ¥4 8, S, S5 rhs

Uhoose a7

1 1
1 1
1 5
1 0

==

0

0

[SEIN NN

initial basis (hot
nNECessArifl
reasiblel)

Bival variahies

into the hasis.’

ooor
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X, .

1992

X4

[

1]
™

nteasitie!
{2 phasic

\Friahles are
negative/

)]
)

T2

1
"1
~2

1
1
"1
~1

[=Xalel o
(RSN NTS)

1
1
-5
0

oOoOro

OO0

ROOO

X X

X; Xy

Sy

S2

Pivot the
artificial
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the basis in

the row with
maximum

rhs

)]
)
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The resulting tableau gives a "pseudo-feasible”
basic solution!
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infeasibility
(most negative
right-hand-side)
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The choice of initial basic variables, except for -Z,

page 3

-ZX, K ¥ Ky 5 S, 8, rhs

®M1T o o 0 18 -1 3 3| s

L0 0 -5 0 1 -1 -2

100 1 0 -1.33 0.333 0.333 0| -0.667

®|1 00 0 1 8.67 0.333 -1.67 1| 5.33

e

Subtract artificial variable in rows 2&3:
Z¥ K ¥ Ky 5 S, S, A rhs
1 0 0 0 -15 -1 3 -3 0 -8
01 0 -5 0 1 -1 -1 -
00 1 0 “1.33 0.333 0.333 0 -1 “0.667
00 0 1 8.67 0.333 "1.67 o} 5.33
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Example

Note that 3/ consirainis are inegualities

Maximize -30X; + 4%, + 2X5 —7X4 -8Xs - 9Xg

is arbitrary:

L 2K X % Xy 8 S 8§ rths

& (%) - 2 1 1 0 0 of o

SR L1 L2 8

“% 0 2 - Cb 0 0 0 "1 2

) T

4
ZH K %3 Xy Sy S; 83 rhs
?3 1 0 0 0 ~15 1 3 “3 -8
Y 1 0 0 75 1 -
=00 1 0 1.33 0.333 0.333 0 “0.667
5100 0 1 8.67 0.333 "1.67 1 5.33
Ty
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ZX K %3 Kg4 5 S, S; A rhs
10 0 0 16 -1 3 -3 -8
01 0 0 75 0 1 1 -
00 1 0 -1.33 0.333 0.333 0 -0.667
0 0 0 1 8.67 0.333 "1.67 1 0 5.33
Pivot in constraint row with most infeasibility
L 4

ZX, X% Xy 8 S, 85 A rhs
1 0 0 0 -15 -1 3 ~3 0 -8

. 0 5 0 1 1 1 2
071 1 0 3.67 0.333 "0.667 1 0 1.33
0 0 0 1 8.67 0.333 "1.67 1 0 5.33

Right-hand-sides of constraints now non-negative!
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We arbitrarily select

-Z ¥ X; X3 X4 X5 X¢ rhs ,

(:%)_30 F 27390 vamablgs X ; X ,&X
S N HE for basic variables in
0 0 1Ci> 1 2 -2 |4 the 3 constraint rows,

and pivot them into the
- basis

-Z Xl X2 X3 X4 XS Xf) rhs
1 0 0 0 77 714 83| 74
o 1 0 0 0 0o 3 ~3
o 0 1 0 "1 1 1 4
o 0 0 1 2 1 73 0
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-Z Xy Ky 3 ¥4 X5 Xg A rhs Pivot in the
1 0 0 0 -7 "14 83 0 74 i
o108 0 ié? 3 co’nstram't row
56 b ¢ 3 i 5 | with maximum
infeasibility
3
-Z Xy Xy Xs X4 X5 X rhs .
1 %2 By He K5 Re A The resulting

1 0 0 0 -7 "14 83 0 74 i

0 1 -1 06 1 "1 2|0 1 tableau is

0O 0 "1 0 1 "1 -1 1 4 " . "

o 6 0 1 2 1 -3| 0 0 pseudo-feasible”,
with nonnegative

@ rhs.
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s.t. X1 =Xz + Xyg—-Kg+ 2Xg = 1
Xz —X4+X5+X6 =-4
X2+X3+X4+2X5—2X5 = -4

X;20,j=12,34,5,6
-Z Xl Xz X3 X4 XS Xf) rhs
1 730 4 2 -7 78 79 0
o} 11 0 1 "1 2 1
o} o1 0 "1 1 1 4
o} o 1 1 1 2 -2 4
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-Z ¥ X, X3 ¥4 X Hg rhs Subtract the artificial
(1) f 8 8 -g -13 3% -zg variable from rows
0 0 1 0 -1 1 1| -a 2 & 3 (which have
o 0 0 1 2 1 -3 0 . Gl eeps
infeasibilities)
4

-Z X X3 X3 X4 X5 Xg A rhs

1 o 0 0 ~7 "14 83 Q0 ~74

0 1 0 0 0 o] 3 -1 -3

o 0 1 0 "1 1 1 -1 4

o 0 0 1 2 1 -3 0 o}
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Forcing

Artificial Yariables
from the Solution:

"Big-M" method

Two-Phase method

&
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*Big-M* Method

To eliminate an artificial variable from the solution,
we can attach a very high cost (M) to the

variable if we are minimizing, or a very large
penalty (-M)if we are maximizing the objective.

If M is sufficiently large and if there is a feasible
solution of the LP, then the artificial variable(s)
will be zero in the optimal solution.

&
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Example revisited:
a,, as, & a, are artificial variables:

7/23/98

Max z= BX] + 2><2 - Xz + 44Xy —l"la,—Ma3—Ma4

s.t. Xy + Xy —4dXz + 2X4 - S5, + a, =4

3K+ Ky = 2%3 + S, =6

- KXo+ Xy + az =1

=Xy + X = X3 +ay=0
X;20,=1,2,3,4; S,20,i=1,2; 220, i=1,3.4

-Ma; for i=1,3,4 is added to the objective,
where M is some large number.

Y
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Two-Phase Method

Example:
Maximize z= 23X, + 2X, - Xz + 4X4
subject to
Xy + Ko —dXs+ 2%, =4
Xy + X = 2X5 Ee)
Xg - X4 =-1
=Xy + X = X3 =0

Xjz0,]j=1,2,3,4
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We need to find a basic solution which has
a;=as =a4=0,
so we introduce a new ("Phase One") objective:

Min W= a; +as+ ay
=z + 33X+ 2X, - X3 + 44Xy =0
s.t. =Xy + X —4Xs + 2X4 -5, + a =4
Xy + Xy = 2X5 + S, =6
- Xo+ Xy + as =1
=X+ Xo - X3 +a4=0
X;20,j=1,2,3,4; S,20,i=1.2; a0, i=1,3,4
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Big-M>» Method

Drawbacks:
& we don't know & o707 how large M should be.

® using very large values for M may lead to

numerical difficulties (round-off, etc.) in a
computer implementation of the simplex method.
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Two-IPhase Method

While in the "Big-M" method, we simultaneously
consider the original objective and the objective
of eliminating the artificial variables, in this
method we first eliminate the artificial variables
(Phase One) and then optimize our original
objective function ( Phase Two ).

&
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Max z= 3><] + 2X2 - ><3 + 4X4

s.t. Xy + X - dX3+ 2X4- Sy +ay =4
3X1+><2_2><3 +82 =6
_X2+><4 + as =1
_X]+><2_><3 +a4=O

Xj=0,j=12,3,4; S;=0,i=1,2; a;20,1=1,3,4

We can use (-Z), a;, S,, as, and a4 as basic
variables initially.
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After "Phase One” is completed, i.e., all
artificial variables are removed from the
basis, then we discard the Phase One
objective and the artificial variables, and
use the current basic solution as the initial
basic feasible solution for "Phase Two",
which optimizes the original objective.
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-Z Ky K, Kz K4 Sy Sprhs
f 3‘ 22 _13 4“ 0‘ 02 5 We add Phase-1 row
EEEEIE with =W and artificial
o o -1 61 6 ol3 variables:
0o "1 1 "1 0 0 0Of 0
-W -Z ¥y X, ¥z X4 Sy Sz @, az a, rhs
1 0 0 0 o 0 o 0 1 1 1 o}
0 1 3 2 1 4 0 0 0 0 0] 0
o 0 "1 1 4 2 "1 0 1 0 0 4
0 6 3 1 2 0 0 1 0 0 0] &
0 6 0 -1 6 1 06 0 0 1 0] 1
0o 61 1 -1 0 6 06 0 0 1] 0
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-W -Z ¥y Ny ¥z ¥4 Sy Sz @, as a, rhs .
1 0 2 1 5 3 1 0 o0 0 o]-s} oinceweare
0 1 3 2 "1 4 0 0 0 0 0 0 minimizing W,
0 0 1 1 -4 2 -1 0 1 0 0] 4
EEFUEEEEEEIEE Nbtnichy
6 0 -1ci>1 0o 06 06 o o 1|0 | X4 toenterthe
basis.
Let's choose X,.
-W -Z Xy X, ¥z ¥4 Sy Sz @, as a, rhs .
1 0 L 0 43 1 0 0 0 1[5 Note that
0 1 5 0 1 4 0 00 07210 MR ratio
00 o0 0 "3 2 "1 0 1 0-1 | 4 ) .
00 4 06 -1 6 0 1 0 0-1 | & in test is zero
00 -1 6 -1 1 0 0 o0 1 1|1 )
00 1 1 "1 0 00 0 0 1|0 wn last row.J
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W -Z K, ¥, ¥z K4 S S, @, ag a, rhs  Finally, X
1 0 2 0 1 0 1 0 0 3 4]-2 enters the
0 1 6 0 5 0 0 0 0 4 6 |4 .
e P23 525308 ronion
00 1 0 1 1 0 0 0 1 1 1 r‘eplacmg a
0o 0 "1 1 "1 0 o 0 0 0 1 0
Ky Ko X i S S8 h All
YV X 1 P
W2 %y Ry Bs Kq 51 S @ 85 A4 s artificial
1 0 o 0 0 0 0 0 1 1 0 .
0 1 0 0 9.5 0 4.5 0 -4.5 5 7.5 | "13 variables
0 0 1 0 “0.5 0 70.5 0 .5 71 71.5 1
c¢ 8o 4, 02 82, 48, 2] oY
0 0 0 1 -1.5 0 -0.5 0 0.5 "1 0.5 1 nonbasic
(=zero)!
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-Z ¥, X, Xz X4 S S rhs We now have an
1 0 0 9.5 0 4.5 0]-13 initial basic feasible
0 1 0 &5 0 70.5 0| 1 solution for the
0 0 0 0 2 1 2 Lo
0 0 0715 1-0.5 0f 2 original problem.
0 0 1 -1.5 0 "0.5 0 1 T .
We begin "Phase Two",
@ which optimizes the
-Z ¥, ¥, Xz X4 S S, rhs oOriginal objective.
1 0 0 0 0 -14.5 -9.5]-32
0 1 o} o} 0 0.5 0.5 2
0 0 o} 1 o] 2 1 2
0 0 o} 0 1 2.5 1.5 5
0 0 1 0 0 2.5 1.5 4
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We choose
-W, -Z, a,,
Sz, 83, and a4
as the initial
variables

(Frvating is
regiired to
eliminale the
ardiricial

\griaihles tram 13rst

W -Z Xy Ky Kz Ky $ S @ az a, rhs
1 0 0 0 0 0 0 0 1 1 1 0
0 1 3 2 "1 4 0 0 0 0 0] 0
0 0 "1 1 4 2 "1 oCLO0 0] 4
0 0 3 1 "2 0 0 1 0 C%D 0| 6
0 0 0 "1 0 1 0 0 0 0| 1
0 0 "1 1 "1 0 0 0 0 0D o
-W -2 Xy Ky K3 Ky S Sp @y a3 a4 rhs
1 0 2 "1 5 -3 1 0 0 0 0[5
0 1 3 2 "1 4 0 0 0 0 0] 0
0 0 "1 1 4 2 "1 0 1 0 0| 4
0 0 3 1 "2 0 0 1 0 0 0| 6
0 0 0 "1 0 1 0 0 0 1 0|1
0 01 1 "1 0 0 0 0 0 1 0
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W -Z ¥y Ky Kz Ky Sy S @ az a, rhs
1 0 1 0 4°3 1 0 0 0 1|75
0 1 5 0 1 4 0 0 0 0 -2 0
00 0 0 "3 2 "1 0 1 0-1 4
00 4 0 -1 0 0 1 0 0-°1 6
0 0 -1 0 1{A» 0 0 0 1 1 1
00 -1 1 -1 0 0 0 0 0 1 0
W -Z Xy K, Kz Xy $ S, @ ag a, rhs
1 0 "2 0 1 0 1 0 0 3 4|72
0 1 9 0 5 0 0 0 0 4 6 | 4
00 2 0 "1 0 "1 0 1 "2 -3 2
00 4 0 "1 0 0 1 0 0-°1 6
0o 0 "1 0 1 1 0 0 0 1 1 1
00 "1 1 "1 0 0 0 0 0 1 0
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row/

Next we enter

X4 into the
basis,
replacing as

the artificial variables

=W -Z
0 1
0 0
0 0
0 0
0 0
JL We can now drop
“Z Ky Hp X3 ¥4 51 Sz ™hS the Phase One
1 0 0 9.5 0 4.5 0 [~713 : :
- - objective row and
0 1 0°0.5 0-0.5 0| 1
8 8 65 %65 6| 3
0 0 1-15 0-0.5 o| 1| from the tableau
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-2 Ky Ky Kz K4 S S, rhs
1 0 0 0 0 -14.5 —9.5|-32
o} 1 0 0 0 0.5 0.5 2
o} 0 0 1 0 2 1 2
o} 0 0 0 1 2.5 1.5 5
0 0 1 0 0 2.5 1.5 4

This is the optimal tableau for Phase Two,
i.e., the optimal solution is

Z=32,
Xi=2,Xy=4, X5=2, X4=5

S1=5,=0
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