Revised Simplex
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Basis Set

The set of indices, i.e., column numbers, of the
basic variables forms the basis, denoted B

For example,
if X2, X5, and X5 are basic variables, then

={2,7, 3}
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Basis Matrix

The columns of the constraint coefficient matrix A

indexed by the basis B is the basis matrix

denoted AP
For example, if B={3,6,1}and the original tableau
1S -Z % ¥p X3 X4 ¥s ¥ X7 b then
T 2 3 1 6 000]0
01 13 2-100]|5 3 0
0502901 0]|8 B2 1 s
0 3-105 00 1|3 0 0 3
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In the simplex method, we pivot in the tableau in
order to change the basis:

=7 Ky Ky Kz K4 Kg Kg ®o b o

i 2 3 1 6 000]0 /0/"/571/?37/ tableau
o1 132-100[s

05 029 0(Do|8 b Fomrs Lt e
0(D-105001]3 417[7/@75/ with basic

L TAOIES -, Kz, K ¥y

-Z ¥ ¥p Kz Mg Xg He  ¥g b

1 0 3.22 0 2.56 0.333 0 "0.556|73.33

0 0  0.444 1 0.111 -0.333 0 -0.111] 1.33

0 0  0.778 0 0.444 0.667 1 -1.44 | 0.333

0 1 -0.3330 1.67 0O 0 0.333] 1
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In the "ordinary" simplex method, the #:/ tableauis
updated at every iteration, but much of the information
in the tableau is not used in each iteration--

e.g., only the substitution rates in the column entering
the basis are actually used!

The "revised" simplex method computes oy those
numbers in the tableau that are required at the current
iteration.
Advantages:
e savings in storage requirements in memory
e savings in computation
» control of round-off errors
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Basic Yariables

The basic variables corresponding to the basis
={3,6,1} form a subvector of X, denoted by

[ X5, Xg, Xy

The subvector of the cost vector C corresponding
to this basis is denoted

CB={C3,C6,C1}
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[Basis Inverse

The inverse of the basis matrix will be called the
basis inverse

For example, if B={3,6,1}and AP-

O N W
o —- O
W —

then the basis inverse is

R 50 -l
(ABy = |25 1 -13f
o o 1k
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If we have the basis inverse matrix and the
original tableau, we can compute the current
tableau:

ko -1 I 13 2-1 00
(AB)'=| -2 1 13 A=[5 020010
o o 15 3-1050 0 1

o 0 0.444 1 0.111 ~0.333 0 ~0.111

(ABY A = | o o778 0 o0.444 0.667 1 -1.44

1 “0.333 0 1.67 0 Q0 0.333

wihich Is that section of the current
tableau which contained 4 originalii!
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Revised Simplex

If the variable X, has been chosen to enter the
basis, then the "minimum ratio test” must be
performed to choose the pivot row.

The "substitution rates” to be used in the
denominator of these ratios may therefore be
obtained by (AB)"ak

e.g.,

] 5o -2 g
a=(ABY A= | 25 1 3l 9| = | 4
o o s ]ls

g
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The reduced cost of variable X, is
— m
Ck = Ck - El CB].OL]'
where o; is the substitution rate of X, for

the basic variable in row i, i.e., of Xg,

That is, 1" X is increased bl 1 unit, Cy 75 adided
Lo the cost, while the basic variabie in row 7 is
reduced by the amount oy, therebls saving (7 o A1/
7 cost Cp,on
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arigingl tablesi
<2 K Ko Kz K4 Hg He ¥y b B=1{3,6,1}
T 2 31 600 0][0 iy o -1
3 9
01 132-100[5 Byvl_| 5 RE
05 0200108 A= /3']//91
0 3-10500 1|3 RO &
B [ 0 -1
T=Cg(AB) = [1,0,2]| -3 1 -3, =[‘/3,0,5/9]
L o o s
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In the Revised Simplex Method , no pivoting
is done in the LP tableau.
When an entry of the tableau is needed, it is
computed, using the inverse of the basis matrix.
¢ relative profit (or reduced cost) of Xj is
Cj - AJ
where x= CB(AB)_]

* substitution rates for the entering variable X;

(used in the minimum ratio test) are o = (A% A
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We can use the basis inverse matrix to compute
the values of the basic variables:

s o -l 5
(ABY'=| 25 1 13| b=|s
o o 3
133 Which IS the RHS o the
(ABY' b = | oua33 |« current tablesu, ie., the
1 li7ieies ol ihe HBasic \ariahies

. Xs =4z
Note he order, wiich 1
coresponds fo B=1{36,1} Xe = /3
X] =1
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Since a=(ABY'AY T, =C, - Co(AB)A¥

. -1
If we define  T1=Cg(AB)" | then
6k=Ck—T[Ak
m
=Ck__2] T‘iAlf
i=
@Dennis Bricker, U. of lowa, 1998
-Z X] Xg Xg X4 XS XG X7 b B = {3’6’1}
1 2 3 1 60 00][0
o1 13 2-1 00]|5
=1 5
0502901 0|8 n[/3’0’/9]
0 3-105 00 1]3

Suppose we want to "price” the nonbasic variable X4:

64=C4‘1t. A4
=6 -1 ) _ 23
6 g><2+O><9+§><5 =
=2.555555
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[Pevisedmyilinplexfgsvethod

Step O: determine an initial feasible basis B
Step 1: compute the simplex multiplier vector

n= CB(AB)_I
price the nonbasic columns, i.e., compute
the reduced cost of each nonbasic variable
select the entering variable X,

Step 2:
Step 3:

Step 4. compute the substitution rates of X

= (A"
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Revised Simples Asthod Gt )=~ =t me Revised Simplex

T
Step 5: determine the variable to leave the basis Compute Method
B B y = Colag)”! (Gptima)) FOr T ZE 00
min 2= where p=X.=(A%"b T
B Choose k
a0 |0 Oy Compute
o § so that
th . Ci-mA C- 1 AK<O
Step 6: replace the £ index of B with k, and Update vi T
- i Compute
. . 1 nverse
update the inverse matrix (AB) K o = ()" "
T
Return to step 1. Change basis L Compute . Compute
- jp J10 -1
BLY) < k J?-ﬂrgr:]m u‘} 1 g =(48"b
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origingl tabies
Z K KRz a5 Xe e b B (36 1] “Z Ny Hp X3 Ka¥s X ¥, b B =1{3,6,1]
1 2 316 000[0
1/3 0 _1/9 1 23 1 6 000[0 1/3 0 _1/9
O 1 13 2-10 0158 g 0 1 13 2-1 0 0[5} (aBy!
05 020901 0|8f (AB)'=]|-% 1 13 (ABY'= | -2 1 13
0 3-105001]3 o o Ifs 050290108 o o s
Bl 0 3-10 5 00 1[3
T =CglA®) = [‘/3, 0, 5/9}
curent fablosy Since the rediiced cost of
Example: ~Z Ky Kp Kz Rgq Kg Kg Kq b the varisble % 15 negstive,
o o= 7 1 0 0 0 -9 we will enfer it nio ifhe
Pricing X7: C7=C7-n A 0 : 5 e £5575
=O—l><O+O><O+§><1)=-5/9 00 0 | .
3 o] 0 1 0 0 7t o c/?aas.:f' the pival row
So X, will enter the basis i i
7 “substiivtion rates” in the
coltiin
©Dennis Bricker, U. of lowa, 1998 @Dennis Bricker, U. of lowa, 1998
origingl tabiesi £ bobh
<7 Wy Ko Kz Ka¥s Xe ¥, b B =1{3,6,1} cUrTent taniead N
] 21 32 ]3 64 Os 06 0? > oo 1l -Z ¥y Hp Mz Hg¥g Mg ¥o b Next, Lo periorm the
0 1 132-1 005} (aBy'- -273 | -13?9 10 ¢ 0 -5 minimum ratio test”
05 029010]|8 o o s 00 1 0 -lg far selecting the pivol
Ot 0 5 0 0 113 00 0 1 -130 row, we need the
_ - — - SN 0 1 0 0 s current right-hand-
Calculation of "substitution rates” o =(A ) Al . By 1
i side: B =Xg=(A%"b
s o -1fg] [0 -1fg
o= |25 1 13 o] = |13
o o 1k 1 i 13
©Dennis Bricker, U. of lowa, 1998 @Dennis Bricker, U. of lowa, 1998
origingl tabies current tableau
-Z ¥y %o Xz 4 ¥s ¥e ¥ b B =1{3,6,1} -7 K Ky Kz Xa¥s g Xy b
T 2 31 6 000[0 1k o0 -1 10 0 0 -5
0 1 13 2-1 00[5F (ABy'=]| -2 1 -13), RIAR:
0502001 0|s] A Y 00 0]3/?/3
0 3-10500 1|3 : 00 0 1 =13 1y
o1 o 0o s 1
1 o -1 2 . . )
o _{, BV 2{3 13{9 B fs Now we can selfect the pivel row, which is the
B=Xg=(AT"b=| 2 1 13| 8| = |1 " | “
o o 1 3 ] last row (since there is onll one positive

substitution rate). That is, X; enters the Hasis,
replacing Xy, S0 that the new basis s B =1{3,6,7)
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ariging! tablesi
"L K e K3 KaRs Ke K7 DR (35 7) We are then ready to begin another iteration

1 2 316000 of the revised simplex method.
RIS z?gl
05 02901 0|8 = _[_
0 3-10500 1|3 0 0 1 E‘[VS:O,O]

Rather than o compule the Lasis inverse mairix 92 =3-(m ~m3)= 8/ 3

Trom scralch’, il 1S possible Lo update the old Ca=6-[2n) + Iy + Sng)= 1 6/ 3

DASIS IErse matriv. o~ _

Cs=0-(n;)=1/3
s o -l 1 -1fg = 0 olo . . .
2f 0 33| ——> |26 1 o0io Since the reduced costs of the nonbasic variables
o o I o o 1.1 are all positive, the current basic solution is optimal!
oldinverse  Pivot new
ODtr oo, acCOlUMN nverse ©Dennis Bricker, U, of lowa, 1998

Advantages of Advantages of

Revised Simplex Method Revised Simplex Method

® Because we pivot only in the basis inverse matrix, & Most real-world LP problems have an original
each pivot requires updating only mxm numbers, tableau which is very sparse, e.g., only 1% to
not (m+1)(n+1)  (where m=*rows, n=*columns) 5% of the numbers are nonzero. This allows

Far example, 11°m=100 and n=71000 (hof unusialiv efficiency of storage in memory.

After several pivots in the tableau, however,
the tableau usually loses most of this sparsity!
RSM, using the original tableau, can still take
advantage of sparsity.

bl in praciice) the RSM updates onfl 10,000
aambers in the Basis inverse, while the ordinar)y

Ltabiesi.
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Advantages of

Revised Simplex Method or extension of it) is used in virtually all

commonly-available software for linear
programming.

]] The Revised Simplex Method (or some variation

# Because computation is done using only the OEPEr Common extensions.
basis inverse and thg original data, t,he ?“”d'“p ® storage ol the basis inverse in product=rorm”
of rlound—ofr“ errors in the computation is largely to save both storage space and computation
aym ded . . o ' ® fEoloring Lhe BAsIs inverse inlo Lrigngular
“r ?W tware will periodically re=in il "t Lhe Fctors Lo make compulalion of subsiitulion
5’5’73*’5 mnverse 1rom sct "aloh " Lo avord his rates and simplex multipliers mare erficient.
buiidun o round -0t errors. ) ® simple and general unper Bounds on \ariahies
©Dennis Bricker, U. of lowa, 1998 @Dennis Bricker, U. of lowa, 1998
LK Ka X3 Kq Xs Ko RHS Solution: —L Ky Xp X5 Xy Xg Xg RHS
— T 1 1 -410 0 0| O — T 1 1410 0 0| 0
original L —>Io 1 1 21 0 0] 9 orignal L_—~I"o 1 1 2|1 0 of 9
tablesu o1 1-1lo01 ol 2 tablesu o1 1-1lo01 ol 2
oO-1t1 110 0 1] 4 o-1t1 110 0 1] 4
=L Xy Xy Xz X, Xg Xg RHS =7 Xy Ky X3 X4 Xg Xg RHS
1 current 104 0|10 217 ourrent
0 s 02| || tatiesu 0 1 -5 0|1 02|15 || tatriay
0 0o 11 Comolete th 00 2 0|0 1 1|6
0 s 0 % omplete the 00 25 1)1 0 5| '3
missing elements!
“
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T X Xy Xy Xg Xg RHS o eer -7 X, ¥, X5 X, Xg RHS
1 a-1 2]0o o] ol a- 3 1 a-1 2[o o] ol
ariginal | oboc dl1 oles b= o origingl Jdobc dl1 ols
Lableau 0-13 elo 1] 1 E c- 4 Lableau 0 -1 3 elo 1] 1 'I
d=-2
e= 2
clrrent RN X§ g s RHS f- 3 clrrent 2 X X X? g A5 RHS
tab/esy J 107 Jkm|-9 I e tabiesy 110 -7 jlk m[-9
08 2 -1l ol f h- 0 0 g 2 -1'20|f
Find the values of Oh i 1| 1]4 i- 5 Oh i 1| 1]4
"a" through "m" = 9
k= -3, <)
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