LP Duality

DUALITY
™~
LINEAR PROGCRAMMING

9/15/00

=y)Dennis  Bricker
Dept of I.E., U. of lowa
R A A I I IR K A I A IR I dennis-bricker@uiowa.edu

The ISYMMETRIC) primal/dual pair:

Dl

Maximize b'y

Erimal,
Minimize c'x
subject to: subject to:

Ax 2b Aly <c
x>0 y 20
wirere A 15 ST mEieix, x&o are veclors of lengtfi n,

and V&b @re vectors of fengli . (note: A' denotes transpose
of the matrix 4.)

Note the following characteristics:
« for every variable in the primal problem, there is a
corresponding inequality constraint in the dual problem
« for every inequality constraint (not including
nonnegativity), there is a corresponding dual variable

Bl

Erimal;

minimize ctx Maximize b'y

subject to: subject to:
Ax 2 b Ay <c
x>0 y 20
Frimal Lzl
Minimize 20x,+ 10x, Maximize By, + 8y,
subject to: subject to:
S5x;+ Xz B Syy+ 2y,< 20
2%+ 2%,2 8 Y+ 2y,< 10
%120, X520 ¥y 20, 220
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Note the following characteristics:

« the primal LP is mxn, i.e., m constraints (not including
nonnegativity) and n variables

+ the dual LP is nxm, i.e., n constraints (not including
nonnegativity) and m variables

Arimal; YRTZIN

minimize ct'x
subject to:
A

Maximize b'y
subject to:

X 2>b Al v <
%20 v

[
o O

Note the following characteristics:

¢ the right-hand-side vector (b) of the primal problem
serves as the objective function coefficient vector of the
dual problem.

Erimal; Lzl

minimize c'x
subject to:
A

Maximize b'y
subject to:

x2b Aly <c
% >0 vy 20

Frimsal Lhisl

Maximize By, + 8y,

Minimize 20x;+ 10x,

subject to: subject to:
Sx; + xz@() Sy + Zy@o
¢+ 2x42)8 vy + 2y,)10
%120, %220 vy 20, y220

The primal problem is a MINIMIZATION with > constraints, while
the dual problem is a MARIMIZATION with < constraints!
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Erimal Dus! Brimal Lual
Minimize (20K, + Maximize By + 8y, Minimize 20x,+ 10x, (8,
subject to: subject to: subject to:

Sxy+ X2 B

2x;+ 2x2 8

X120, %220

The objective coefficients of the primal serve as the right-hand-
side of the dual problem!

Frimal Lzl
Minimize 20x,+ 10x, Maximize| by, i+ 8y,
subject to: subject tg:

S5xi+ X2 B 2y,< 20

2+ 2x2 8 2y,< 10
%120, %220 ¥; 20, y220

To every constraint in the primal, there corresponds a dual variable.

Pzl Lhia!
Minimize 20x;+ 10x, Maximize Oy, + 8y,
subject to: subject to:
Sxi+ X2 B Sy + 2y,< 20
2%+ 2%,2 8 ¥+ 2y,< 10

Both primal and dual problems include nonnegativity constraints
on the variables.

First we must transtform the problem:

We multiply the offending inequality by -1, thereby
reversing the direction of the inequality:

Minimize 20x;+ 10x, Minimize 20x,+ 10x,

subject to: subject to:

Sxp+ X8 b — = -5x;- X2 -6
2%+ 2%,2 8 2%+ 2%,2 8

%120, %20 %120, %220

S+ x2(8) Sy1+ 2y,< 20
2+ 2%,2(8 ) Yy + 2y,< 10
X120, %20 ¥y 20, y220

... and conversely, the right-hand-side of the primal problem
serves as objective coefficients of the dual problem!

Frimal Lual

Minimize |20x,

+ 10x, Maximize By, + 8y,

subject tg: subject to:
2%, 8 Y+ 2y,< 10
X120, %220 ¥y 20, v220

To every variable in the primal problem, there corresponds a
constraint in the dual problem.

Suppose that we have an inequalily

reversed in the primal probiem, for
example: Minimize 20x,+ 10x,

subject to: nale the
reversed

agirection’
S5x;+ X< 6

2%+ 2%,2 8

%120, X220
How do we write the dual of this profifem?

Now the problem is in the form of the primal in

the symmetric primal/dual pair. We can therefore
write its DUAL problem:

Minimize 20x,+ 10x,
subject to:

Maximize -By, + 8y,

subject to
-5x;- X2 -6 -5y, + 2y,< 20
2%+ 2%,2 8 Sy +2y,< 10
20 :0
%120, %220 7 Y2
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1t Is interesting to now make a change or
variable. let Y, = ~Y,

Maximize -6y, + 8y, Maximize 6Oy, + 8y,

subject to subject to
-Sy, + 2y,< 20 Sy, + 2y,< 20
“ Yy +2y,< 10 ¥y +2y,< 10
v120, y,20 Y150, ¥, 20

G&mne 88 Gusl aF 1he surmnetiic
PEIREL/ TS &I, excent Tar
HOI-RASTITVILY replscing
HOI-HEGEIVILY

~

We must rirst transtform the egquality
constraint inte eguivalen! inegualities.

5%, + Syt %26

X326
=
X5 6 5% - Xz -6

So our problem, in the form of the primal
in the symmelric primal-aual pair, 1s.
Minimize 20x,+ 10Xz
st Sxy+ X206
-5xy - Xp2 -6
2x1 + 2%2 8
%1 20, X520

Sxp+  Xp;=6 :{

5%+

Nolice that the pair of dual variables
Y, and Y, always appear wilth opposite
SIgns.

Max By - byy + 8y,

Max 6(y; -v;') + 8y,
st st

Syp - SYT f 29620 S(ypyi) + 2,420
¥i T W+ 2y,¢ 10 (y1=yi) +2y2< 10
¥1 20,y 20, y220 1 20, ¥ 20, y220

/t Is instructive now Lo make the change
ol variable. Y, = Y1 W

‘We next show:

The dual of the DUAIL problem

is the PEIMAIL problem!
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Suppose that, rather than an inequalily
constraint, we had an equality constraint.

for example. o
Minimize 20x,+ 10x,

subject to:
S5xy+

2%+ 2%,2 8

Xp=0

X120, %220

What is its PUAL problem?

wWe can now write its OUAL problem:
(FGr rESSaHS 16 B SORSIENT, WE CHOGSE 16 BEME our GUST veristies
et Y, Ve, nd Yy tut Vi ¥y, et Yo )

P: Minimize 20x,+ 10x; D: Max 6y) - 6y} + 8y,
st

st Sxy+ X6
5%y - x2-H Syp —Syr + 2y, 20
2% + 2%z2 8 ¥y - ov +2y,< 10
X120, %520 vy 20, vi' 20, y220

Letting vy, = yi- ¥,

Max 6y —yi) + 8y, Maximize 6y, + 8y,

s.t. :
S(y,-yi) + 2y, < 20 = subject to

(yi=¥i') +2y2¢ 10 Sy, + 2y,< 20

vy 20, i 20, y20 ¥y +2y,<10

Y220

{ive cannal inciuge & constreint

arp the Sigir af Y. since it s

the ditrerence af I wa verishies.)
7his is the same as the qual in the symmeltric primals
aual pair, except for the missing nonnegativiiy
restriction!

Problem (P): Problem (D):
Minimize c'x Maximize b'y
subject to: subject to:
Ax 2 b Aly <c
x>0 y 20

How do we write the DUAL of problem (D)
above? First we must write it as a
minimization problem with > constraints.
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Problem (D): Problem (D'):

Maximize b‘y (equivalent) -Min (—b')y
subject to:
Aly

Y

oI

c
0 y 20

MINIMIZING the NEGATIVE of a function yields
the same solution (except for sign) as
MAXIMIZING the function.

NEGATING both sides of a < constraint produces
a 2 constraint.

Problem (DD'):

e e ot o [1In et
subject to subject to
(-AY" "y < (-bWt Au>b
ux0 ux0

WRICH 15 the same 25 the origingl PRIMNAL
problem (P except 1or the name of the
lgrighles (17 instead 0 X which is arbitrarie!

Writing the dual of
a general Primal LP

The dual of an LP may be found by first rewriting
the LP in the form of one of the LPs in the
symmetric Primal/Dual pair.

On the other hand, the dual can be written
directly for any LP using the following
relationships.

@

e want to write the dual of the LFP-

Minimize 6X; + 3X, + OX4
s.t.
><]_2><2 +4><3 = 20
2><] +><2 _X4=30
SXo+ Xz + X4250

X] = O, XQ urs, X3 20, X4S 0

9/15/00
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Erimal Lzl
Minimize ctx Maximize b'y
subject to: p subject to:

Ax 2 b Aly <c

x>0 y 20
Problem (D*): Problem (DD"):
-Min (-b"y -Max (-ctu
subject to subject to
(-AYy > —c (-AY U < (-bDt
y >0 ux0

The dual of the DUAI problem

is the PRIMAIL problem!

Sa, given @ primalsdual pair or L problems,
1L 7S grbitrary which is referred to 35 the
primal, @nd which is referred to 25 the dual,

ke
Maximize 4w Minimize
Type of constraint i | Sign of variable i
f aln nonnega‘tlve
= unrestricted
> nonpositive
Sign of variable j Type of constraint j
nonnegative >
unrestricted - e
nonpositive <

We immediately notice that dual will be MAX

and size of problem will be 4x3
Minimize BX; + 3X, + 5X4

st Dual will be 7
- IRANTNIZRLION
XK1= 2K, +4Xs =20
2Ky + X2 ~X4=30 # dugl \arizhies

S5X, + X + X4 2 50 =3
X] = O, XQ urs, X3 ZO, X4$ 0

Fial Consiraints
=
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Transposing coelfficients and right-hand-sides.

Primal Dual Primal Dual
Minimize B6X +3X2+5X4 |[Maximize Y+ . Yo+ . Y¥sz| |[Minimize 6X;+3X,+5X4 |[Maximize 20+ 30Y,+50Y;3
s.t. s.t. s.t. s.t.
XK1= 22X, +4Xs =20 || .. Y+ Xy = 2X, +4Xs =20 TY +2Y,+0VYs5 .. 6
.............. Yo+, 2Y¥y+1Y¥,+5Ys . 3
2%+ Xy - Xg4=30 Vit 2+ %2 =Xa=30 |1 Ay iovesive o
SXg+ X5+ Xq250 ] Y+ DKot K5+ Xaz00 01 0y 1Y, +1Ys . S
X1z 0,4 urs, X320,X4 0 Yo X1z 0,X urs, X320,X4 <0 Yoo Yo o Yz

LDetermining sign resirictions of dual variables
Primal Dual

LDetermining form of dual constraints.

SXo+ Xz + X4z250

Primal Dual
Minimize 6X;+3X2+ X4 |[Maximize 20Y+ 30Y,+50Y5| |Minimize 6Xi+3X2+ X4 |[Maximize 20+ 30Y,+50Y;3
s.t. s.t. s.t. s.t.
Xy = 2Xy +4Xs; =220 1Y +2Y,+0Ys . 6 Xy = 2X, +4X3 =20 1Y +2Y,+0Y3
_ 2Yy+ 1 Y +5Ys 3 _ “2Yi+ 1 Y2 +5Ys
2%+ Xz ~Xa=30 || Syliovieive ool Z0exe -Xe=30

OYy- 1Y+ 1Y¥;3 =)

4Y +0Y¥+1Ys
O Y- 1Y¥a+1VYs

[V N | TN
O WO

OXo+ X3+ X4250

X12 O,XQ UPS,X3ZO,X4 =0

Yy <0 .Y, urs, Y320

X1z 0,%X,urs, X3=20,X,4 20 Yy=0,Yours |, Yz=0

The WEAK [Duality Theorem:

Consider the symmetric primal/dual pair:

Erimal;

Minimize ctx
subject to:

Dugl

Maximize b'y
subject to:

Min Max Min Max
M nonnegative nonnegative <
= urs ke urs =
< nonpositive nonpositive b1

Ax >b Aty
X220 y
p
2

Do oo )

Corollaries of the
Weak Duality Theorem:

If x* and y* are optimal solutions of the primal
and dual problems, respectively:

® objective value for any primal feasible solution
is greater than or equal to bty*

® objective value for any dual feasible solution is
less than or equal ctx*

e

The proof of the Weak Duality Theorem is
very simple:

AR 2b & 9§20

Combining these two inequalities gives us
ctR 2 GIAR 2 Jb
2y AR 2y

Corollaries of the
Weak Duality Theorem (continued):

o if ¥ and § are feasible in the primal & dual
problems, respectively, and if ctR = b9,
then & =primal optimum (x*)

$ = dual optimum (y*)

& if the primal is feasible and unbounded below,
then the dual problem must be infeasible!

® if the dual is feasible and unbounded above, then
the primal problem must be infeasible!

ko
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Theorem:

If B* is an optimal basis of the primal problem (P)
then the simplex multiplier vector n* relative to
the basis B* is an optimal solution to the dual
problem (D).

{The simplex muftiplier vecior o maw be
compiited B Lhe Tormula

p=clL(AB) )

Do oo )

Suppose n* is the optimal simplex multiplier
vector. Then the optimality conditions (for
terminating the simplex algorithm) must be
satisfied, namely

[mst ar ] _ ¥ Fgﬁ;%% ] >0

yeristie

casrvicients
~
T 7
Cj - b i
_\/—/

recuced cast”

And so if =% is the optimal simplex multiplier,
n*A <ctie. Alm*<c
n* >0
i.e., n* is feasible in the dual problem.
Recall the computation of n*: m*=ci(A")™
Recall also that x%=(AB)™"p

-1
Therefore c'x*=cix? =ch(A®) b =n*p
——

SINCE NORLESIC vEiishias n*
&1 FEre!

Example:

P: Maximize 4X;+ 5%z This problem fhas 2
subject to variables & 4 inequality
K+ Mg 8 constraints, and se its
SR+ 2%p< 18 aqual will have ¥ variables
2%+ S¥p¢ 15 and 2 inequality
SKi- K< 10 constraints.
K120,%20

9/15/00
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Froof:

Let's write the problem (P) with equality
constraints, as required by the simplex method:
Erimal;

X surplus

Minimize [ci O ]|:SJ4/ piriEseya

Minimize ctx @ subject to
: X —
[Al-1 ]L} =b
20

subject to:

>b
identily
2 O MmUY

X

These conditions must be satisfied for both
the original variables (x) and the surplus

variables (s): cast af n* (7011/!77}7(.?/‘ . 0
veristie | constraint 2
caerricients

Minimize [c@ O ][SJ ct-n*A 20 e can*A
bject t
sHbJeet 0 [XJ L, 0- =120 ie. 720

.......

Fessitiiiity
cangriians 1or
the gusH

Therefore, n* is feasible in the dual, and the
objective functions of the primal & dual
problems evaluated at x* and =n* , respectively,
are equal.

Hence, by a corollary of the WEAK DUALITY
THEOREM, x* and =* must both be optimal

in their respective problems!
QE. D

The aual problem:

D:  Minimize 8Y; + 18Y,+ 15Y; + 10Y,
subject to:
Y+ 3¥p+ 2¥z+ S¥q2 4
V]+ 2Y2+ 5‘(3‘ Y4 2 5
Y20, Y20 %20, Y20

7his qual problem has fewer constraints than its
primal, and, when solved by the simplex method,
usually requires

& fower rtergirons (lypicsliy L am e Sy iterstions)

® Jewer compultations per iteralion {(especisily i7 using
the revised simplent)
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The oplimal simplex tableau For the dual problem is

G

. -

G -z Y Y2 Y% ¥y S S, | RHS

3

-z |1 26 181 0 g £ 55 |.35 reguced
Z7 27 27 27 27 cast e
3 a1 -5 2 14

Ya | 0 33 77 0 "% | =
£ 13 -1 -5 13

Y3 0 = 27 1 0 27 27 27

-
Sunius verishies

7he oplimal solution {o the dual is
N=V=0 V5= L Ve = 5

Therefore, the optimal solution of the
ariginal primal problem is

K = % Ko = 55
Thus, we may choose {o solve erither the
primal or the dual profifem, whichever is
easier, and eblain the soefution to bolh
simultaneousiy?

The Fundamental IDuaIity Theorem:
Problem (P): Problem (D):
Minimize ctx Maximize bty
subject to: subject to:
Ax xb At

b
% 20 v

I 1A

C
o]
® |f both problems (P) & (D) are feasible, then both have an
optimal solution and their optimal values are equal, i.e.,
Ct x¥ = bt Y*
® |f one of the problems [either (P} or (D)] has an unbounded
objective, then the other problem is infeasible.

® |f only one of the problems is feasible, then its objective
must be unbounded over the feasible region.

@

Example:
Frimal Lhuial

Minimize 20x,+ 10x, Maximize Gy, + 8y,

subject to: subject to:
S5x;+ Xz B Syy+ 2y,< 20
2%+ 2%,2 8 Y+ 2y,< 10
%120, %220 ¥y 20, 220

Frimal

Minimize 20x;+ 10x,

subject to:

Page 7

What is the optimal sofution of the primal
proffem?

The Simplex Midtipliar vector for the oplimsal diusl
tables is o5 ss
7=[%. %]
{ Wie? the reduced cost of the  sunpius variable Sy IS
7i5 cost minis K Limes ihe ool of coelficients:
-1
reduced cost o Sy 15 0 - ﬂ[0]= T,

Likewise, {he rediiced cost of (e Sumplus \warishle forrow
# 715 Lhe Simplex Multinfier For that row.?

Note: -n; appears as the reduced cost of a slack
variable in row i.

If there is a surplus variable in row i, its reduced
costis 0-(-1)= +n;.

If constraint i is an equation without slack or

surplus variable, then nj will NOT appear in the
optimal tableau!

@

Note that it is possitife that BOTH primal
and dual probilems are infeasibl/e.

The primal system has 6 basic solulions, of which

F  are feasible X

Sxy+ X2 B

2%+ 2%2 8

%120, %20
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The dual system also has six basic seluiions, ¥ of
them feasible:

gl
Maximize By, + 8y,

subject to:
Sy + 2y,< 20
Y+ 2y,< 10

¥y 20, y220

s 10 ¥

Example: Unbounded Primal Problem

atij = - /2
A
Minimize 2¥; - 6X,
subject to
Ky + Kp2 2 2]
Ky - Hpzx-l
¥120, K20

-
The ahjective --» - o¢

7 we lrevel slang the

egge af lhe ressitie regian o
6 the unper right!

Example: Infeasible Frimal Froblem

Minimize X+ X3 paints shave this line

subject to Ha SESNY he second
Ki- ¥ 2 1 Inegqueiity

Rt Koz 14

%20 %20 , ‘

Lainis helaw s

Jine s6lisiy the

zirst
FneguEiity

Kecall that it is possibile that BOTH
primal and dual problems are infeasitife!

Can you alter the preceding (infeasible)
primal probiem so that the dual problem
becomes infeasible (while the primal
problem remains infeasible)?

Hint: Leave the primal constraints unchanged.
Can you then change the dual RHS (=primal
objective coefficients) so that the dual becomes
infeasible? ke

9/15/00
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PRIMAL N DUAL

extreme % %

pt. * )(1 X2 X3 X4 Z|obj |2 V1 V2 V3 V4

Vi |4 0 14 0|+|80 0 10 0-10

nH |0 6 0 4[+]|60 10 0-300 _

I 5 35 0 0|¥|45|¥[25375 0 0 %

w [0 4 20 40|40 5 100 )

m |12 0 0-5| |[24|4[4 0 0 66

vi |0 0 -6 -8 0 |v|0o o0 20 10

The dual of this unbounded primal problem.

rimize 2%y S
subject to o ve }/2 s{  ineguelity
Y: - st -6 41
Y20, Y220 \3
z ;701'/;?{5 Lglan _f/‘;fs fine
(Infeasiblel) "\gi"iﬁ;ﬁ;ﬁf’

iz\é&s'vé

1

Dual af the infeasibile primal problem.

Maximize Y; + Y,
subject to

Objective is unbounded atj. =4

as we move o the
upper right!

An economic interpretation of the
LIP dual problem:
Consider the DIET PROBLEM:
A housewife has to find a minimum-cost diet for her
family by selecting from among 5 foods, subject to the

constraints that the diet will provide at least 21 units
of vitamin A and 12 units of vitamin B per person per day:

Food: 1 2 3 4 5
Yit. A content 1 0 1 1 2 units/oz.
Yit. B content 0 1 2 1 1 units/oz.
Cost 20 20 31 11 12 t/oz.

&
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The housewite'’s [P model
COST [ GENEGH
Minimize 20x; +20x, + 31X+ 11X+ 12x¢ per asy
subject to G
X4 + Xz * X4 * 2Xg 2 2I£5/’{"Jrgmi
X, +2xz + X4 + xg 2 127 YL Ergml
Xy, X520

where X = quantity of food #j (oz./day) per person

(She IS Ignoring requireiments for atf olher mitrients, smd
consideration of paffatabilit), etcl

The FPiil Salesman’s [P problem:

Choose prices of the pills:
T, = price per unit of vitamin A pill
ng = price per unit of vitamin B pill

soasto Maximize 21m, + 12 ng kT EEE (s dey/ person)

subject to
the pifi-aguiveiant

Ta <20
ol 60k a6 st
mg <20
T+ 2 <3 casi na more hen
A Tg the faad itseiv

Ty + Tg <11
2nu+ mp <12
Ty 20, ng20

The FARKAS Lemma:

The following statements are equivalent:

(i) if ytA<O for some vy, then yth<0
&
(i1) the system Ax=b, x>0 is feasible

(705 "Lemma’is of great theorelical imporiance i
apEnTnIEEion, Snd 15 used i e prool of the K- Tucker
QRENITIEITEW Conditions i nonlinear progranning.;

Do oo )

First we will prove that it statement (1115 true, ie
if ywtA<O for some v, then yth<0O
Lhen statement (177 must a/50 be true | i,
the system Ax=b, x20 is feasible

If staterent (i) is true, then since y=0 is feasible in (D) with
objective value 0, it must be optimal for (D) [since (i) says
that every feasible solution of (D) has objective value no
greater than zero)].

The Fundamental Duality Theorem then implies that problem
(P) is feasible, which is simply statement (ii) above.

9/15/00
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The Pill Salesman’s Froblem:

Consider a door-to-door salesman of vitamin pills. He has
a supply of vitamin A pills (1 unit each) and vitamin B pills
{also 1 unit each).

He visits the housewife and suggests that she buy pills from
him to feed her family, rather than the foods #1 through #5.

In order to be competitive with the grocery, she must be
able to feed her family pills for a cost no more than that of
her least-cost meal. (st igrore the value of her lsbort?

Bt this is the DUA4L of the housewires (P
pratien.
Minimize 20x; +20x, + 31x;+ 11X, + 12X ¢
subject to
X4 + Xz * X4 * 2xg 2 21
Xz *+2Xz3 + X4 * Xg 2 12
Xq, .. X520
The Fundamenial Dualily Theorem lells us that
(7 Both probiems are reasibie & bounded) the
iwa L problems have the same oplimal values!
That is, the housewire would be inditterent
belween preparing the meals & serving the pills.

&

FProof of the FARKAS Lemma:

Consider the following primal/dual pair of LPs:

(P} Minimize Ox (D): Maximize bty
st Ax =b st Aty <0
x20 ar, equivEient/,
Maximize ytb
s.t. ytA<O
(These [P problems have interesting charscteristics:
#® 2\cenle Feasible solution o (Blis aplimal
# the value =0 15 feasible inproblem (07

it mext want Lo prove that ¥ statement (11115 frue, 12,
the system Ax=b, x>0 is feasible

Lhen statement (11 must 8iso be true, Ie,

if ywtA<O for some v, then yth<0

Suppose that Ax=b for some x20,and ytA<0. (it need
to show that ytbe0 J

But ytA<0 & x20 togetherimply that ytAx <0, and
since Ax=b, that y'b<0. That is, statement (i) is true.
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Complementary Slackness

Theorem: Suppose that £ and ¥ are feasible solutions
in the primal & dual problems, respectively:

Frimal; Dzl

Minimize ctx
subject to:

AX

X

Maximize b'y
subject to:

A‘\/ C

y 20

v N

b
0

LAV S

FProor of the Complementary Slackness Theorem:

FIrst we introdiice sunpltis & stack variables fo the primal &
dgd problems, respectivell

P: Min ctx D: Max vyb
st st
Ax-Iu=b yh + Iv=c!
x20,uz0 y2e0, v20

Now suppose that the vector [ X0 is feasible in £ and
that L9, is feasitie in il

{Froof of Compiementsry Sisclness, con? )

Sice each of the factors in each term VX and

FS OIS GRLIve, eacl LenT is nonnegaiive.

Ard because e sium of s ternns 15 zerg, i1 s ofesr {hst
each ternm st be zero, e,

M=

UISIR

M=

yily =0 = ¥ =0 & ¥ity =0
for 877 j= 1.0t

—
1

1

far &i7 i= 1.

Ui%j =0 = either U=0 or X;=0

gy =0 = eitter $;=0 or ;=0

{"Frool of Complemenisry Sisciness, cont 4.

dnd G, =0 = either $i=0 o {i;=0

re, wihen primsl constraint #1 15 slack ( 0y 20 ] then
the corresponding dial variable ( Y, Jmust be zere
and
when & dusl variable ( §/i 25 positive, the

COMesRonding priimal constraint must be Light (so that
0;=0 .

S0 qpd inalil v Bplies EE complementany 5I5ckness 15
satistied

9/15/00

(Complementsry Sisciness, con? @)

Then % and § are each optimal in their
respective problems 77 and only if:

® vwhenever a constraint of one problem is
slack, then the corresponding variable of
the other problem is zero

® vwhenever a variable of one problem is
positive, then the corresponding constraint
of the other problem is tight.

ko

("Frool of Complemenisry Sisciness, con? 4:
Consiger the dittersnce:
ctE-9b=(yA+1%)X - ¥ (AX-10)

ct b
= GAX+UX-FAR+YO
=X+ v

(70 Syppose that (%01 and [ 9] are both aptimsal in
their respective problems, e, ctk=yb.
Thern VX + g0 =0

M=

>

-
L

n ~ ~ A
Tiazt 13, j§| Vj ¥il; =0

("Froot of Compiementsry Siscdness, conl 41

Bt \7j§<j =0 = either \7]»=0 or §<j=0

re, when diial mﬂsz‘ngmz‘ #7115 Slack, the comregponding
prnmsl variahle Xy must be zero,
s
wien the primal variahle % j 1S posiiive, then the
comresponding disl constraint st he fight.

("Frool of Complemenisry Sisciness, con? 4:

The comverse 15 /50 frve: 1 complemenian: iackness is
satistied, then the solutions must be oplimsl, since
n m
tS G ~ a ~ A
ctX-yb= j§1 ViXj o+ ]Z=1 il
G S0, I each Lo 15 2erg, the Sut st be zero, ie,
ctk-yb=0 — ctk=%b

wé/'m, Foconding fo the Weak Duslil)l Theorem, means (hat
X and § must both be optimal in their regpective

provtems
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