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This Hypercard stack was prepared by: E
Dennis L. Bricker, T~
u Dept. of Industrial Engineering, -
. Q University of lowa, r
mn lowa City, lowa 52242 ~
M Ialutlh?'[ e-mail: dbricker@icaen.uiowa.edu -
M 9 Max z = 2%, - X2 + X3
ax 2= X1 X2 X subject to
subject to
3 60 3Xl + Xz + X3 + X4 = 60
X1 t X +2X3 i t0 X; -Xp +2%3 +X5 =10
Xy +‘X2+ X3 y 50 X1 +X - X3 +Xg =20
X1 X2 X3 2 X1, X2, X3,X4.,X5,Xg 20
X;, X, x3 20
Add slack variables -z My My Ng g ¥g ¥
Lo convert the 12 3 4 56 7 B
inegualities to MAX[1 2 -1 1 0 0 o] 0
equations TERRYEI
<:_r] 01 1°1 00 1|20
L 2 1 4
12 3 4567 B 12 3 45 67 B
NAXég—iifggag MaX| 1 0 1 "3 0 -2 0] -20
0D 261 0|10 e 0013581818
01 171001)20 002030 11| 10|4m
* * %% *k * ok
12 3 45 67 B 123 4 5 6 7 B
MaX| 1 0 1 -3 0 -2 0|20 Max| 1 0 0 “1.5 0 1.5 0.5 |-25
00 4 51 30| 30 000 1 1 -1 -2 10
01 -1 20 10| 10 010 0.50 0.5 0.5| 15
00 2-30-11]| 10 001 -1.50 0.5 0.5| 5
* ¥ * ¥ *
‘E >§l >;2 >:3 >;4 Xﬁs >;6 . aptimal Maximize z = x; + 2X, + 3%; - X4
- - - - / subject to
MAX| 100 150 L 0.5 |08 lableau. xi+2%,+3%;, =15 -z and X4
010 0.50 0.5 0.5] 15 2%, +2X2 - 53 =ig can serve as the
001 -1.50 0.5 0.5| 5 - = , :
e = Xt 2X- Xt X 0 basic variables
X X X: Xq = i
1522583, %4 in the top and
basic RONBASIC
; 2% % X % bottomtrov]vs,
2--25 =2-25 z=-25 X3 = 0 123 45 B respectively.
X;=15 Max[11 2 3 -1 ] o . .
xX==0 o1 2 3 ol We need basic variables
X2=5 S - 1
2 021 75 0]20 for rows 2 & 3 alsol
x4= 10 Xg=0 01 2 1 1|10
* *
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Minimize W= Xg+ Xg

“Z+ Xy + 2% + 3X3 - Xy

subject to
Xy + 2%5 + 33
2X1 + Xz - 5X3
X+ 2X2 - X3

+ Xg

+ Xg

+ X4
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=0

=15
=20
=10

Xy !X23X3’X420s X5203X620

Artificial variables Xs & Xg are added to the
first two constraints to serve as initial basic
variables.

MIN

12 3 4 5678 B
107373 2000(735
01 2 4 2000] 10
00 L 2 301015
00 2 1 75001[ 20
00 1 2°1100]| 10
* % * %k

We are minimizing the
Phase-One objective, and
select a pivot column
having a negative reduced
cost in the objective row.

Two columns have a negative reduced cost.
Pivoting in either column should reduce the value

of the objective.

123 4 5 67 & B Either columns4dor5S
MIN[1 0 0 -1.5 5.5 0 0 1.5 | -5} (X or X )couldbe
01 0 3 770 0 -1 -10 \
000 1.5 5.5 0 1 0.5 51 selected as pivot
B @i‘g)‘f 8 3:2| 131 column... let's choose
s
*% ¥ * ¥ 'clolumn 5..
.U, HMinimm Ratio Test:
.15 0
123 45 6 7 ] B mln%ﬁ—,fé
100 40 3.667 0 -0.3333| °5 ) '
01 040 ~4.667 0 1.333 10 The minimum r‘atio
0 0 0 "4 0 "3.667 1 1.333 5 .
001 30 1.667 0 -0.3333| 10 is zero!
000 11 0.6667 0 0.3333| 0
*k ok 3k *
123 45 6 7 8 B In this tableau,
MIN[L 0 0 30 2.75 0.25 0| -3.75 s
IR A S 4 B onetof the ar‘tﬁmal
000 30 -2.75 0.75 1 3.75 | variables remains
001 20 0.75 0.25 0| 11.25 X .
0 00 01 0.25 0.25 0| 1.25 | basic (and positive).
*k Kk 3k *

This indicales that the original [P had no
reasitble sofution, since a feasible solution
(with artificial variables zero) would be
apiimal for Phase Cne, 117 such @ solulion
exists!
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12345 678 B First, pivot so as to
S I S eliminate Xs & X, from
001z 3 0MQ|15 the top row
00215 0020
0012 -1 DOT|10 and X4 from the second
* % rowy,
12 3 4 5678 B We now have a basic
MIN L0373 20003 “pseudo-feasible”
09 1 2 3019]1s solgtlon Wlth which to
50 1 2508l begin the Simplex method.
* ¥ * k¥
12 3 4 5678 B Arbitrarily choose X,
MIN[ 10 -3 -3 200 0|35 rather than X,.
01 2 4 2000/ 10
00 1 2 3010( 15 N1 i .
8 C? 1280130 Minimum ratio test:
119 20 101 gy
* ¥ ¥ ¥k min —'T . _/2' s ./1 b
123 4 567 8 B Arbitrarily we select
1 0 0 °"1.5 5.50 0 1.5 -5 1
510 5 oot r‘oyv{lfor‘ the pivot.
000 1.5 5.6 01 0.5| 51} 1hisintroduced a zero
001 0.5 2.50 0 0.5 10 . i
000 1.5 1.51 0 -0.5 | o} on the right-hand-side
* % Kk * 3k {degeneracit/

EXAMPLE THREE |

1 2 3 45 6 7 8 B
Choose column #8
MIN[1 O O 4 0 3.667 0 ~0.3333 -5 .
01 0-40 -4.667 0 1.333 |-10 | for the next pivot.
0 00 40 3.667 1¢1.3330 & <
001 30 1.667 0 -0.3333| 10 | There is only one
000 11 0.6667 0 -0.3333| 0 .
candidate row for
*de Kk % * the pivot.
U The resulting tableau
123 45 6 7 8 - B is optimal (for Phase
6 Y0 3837 927 | One), since no column
0 0 0 "3 0 72.75% 0.75 1 3.75 3
001 30 0.78 0.25 0| 11.25 | Nas anegative
0 00 01 70.25 0.25 0 1.25 r«educed COSt.
¥k k¥ *

Maximize z =X; + 2X5 + 3X3 - X4
subject to

Xy + 2% + 3x3 =15
2X1 + Xz + 5X3 =20
X1+2X2— X3+X4:10

Xy ,X2,%3,%20

1 23 4 5 B

Ma¥| 1 12 3 71 0
012 3 0 |15
021 5 0 |20
0121 1 |10
* *

-z & X4 can
serve as basic
variables in the
first and last
rows.

The second and third rows
will require artificial
variables to serve as
basic variables.
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Minimize W= X5+ X 12345678 B We must pivot to enter
“Z 4+ Xy + 2% + 33 - Xy =0 MM 1 0 00 0 0 1 1| 0 P .
subject to 0112 3-1 0 0|0 X4, X5, and Xg into the

X +2%+3%; +x5 =15 9912 3 9P| basis (eliminating these
2%y + X3 +5%5 + % =20 0012"1@ 0 0|10 ;
s . e variables from the two
X X>- X X, = . .
pTeten ST ** * * ok objective rows).
XI!X23X3’X420sX5203X620 l'
1 234 5 6 7 8 B ifici
X5§< Xe are artificial 12 394 5678 B
MINf1 O 00 0 0 1 1 0
0112 371 0 0 0 \/ar"lables, and.the. . MINf1 O 3 -3 8 0 0 0|°35
0012z 3 0 1 0|15 Phase-One objective is 01 2 4 200 0|10
0021 5 0 0 1|20 : 00 1 2 301 015
0012-11 0 0|10 to minimize their sum. 00 2 1 5001|320
006 1 2-11 00|10
* * ¥
in row ¥#4:
12 3 4 56738 B Any one of columns 12 3 4 5678 B Any one of columns
MIN[1 0 "3 3 "8 0 0 0|35 3,4, and 5 could be MIN| 1 0 -3 -3 -8 0 0 0|-35 3,4, and 5 could be
01 2 4 2000110 selected as the pivot 01 2 4 2000510 selected as the pivot
TREEETYE i TESERNE i
00 1 27110 0| 10 Eolumn.] 3 (X ) 00 1 2711 00| 10 ;O]umn'] 3 (X )
ere, column is ere, column is
* % * % * ! * ¥ * * * ‘
chosen. ,U, chosen.
Minimum ratio test: Minimum ratio test:
1 2 3 4 5 6 7 8 B
1S 20 100 4es 19 20 100 40
miny—7, =5, =7 B 1 00 °1.5 0.5 0 0 1.5| 5 MNj—7, -5, ~7 -
1772771 6i0 3 -3 00 -1 |-10 1772771
. . . 000 1.5 0.5 0 1 ~0.5 5
Arbitrarily break the tre 001 0.5 2.5 0 0 0.5 10
000 1.5 3.5 1 0 ~0.5 4]
RO
EXAMPLE THREE
MIN[f1 O O 1.5 0.5 0 0 1.5 -5 - -
010 3 "3 001 [-10 e oo 4 3 5 o 15
000 1.5 0.5 0 1 0.5] 5 =
001 0.5 2.5 00 0.5/ 10 g g (1) g C;I,).tsw '(1).3333 ci) 8.6667 13
000 @.5H"3.5 10 05| 0 00 01 -2.333 0.6667 0 -0.3333| 0
12 3 4 5 6 7 8 B 12345 6 7 a E
M'Néfggﬁ = 8(1) -13 MIN[1 0 0 0 0 O 1 1 0
p 01 00 01 -1 0 -15
8010 Jer Dama b Gner| 10 R N S 3 U SO [ ¥ 8
0 O L 2:333 06667 O 03333 | o 0001 0 0.08333 0.5833 -0.3333| 2.917
* *k ¥ ¥ ¥
1 2 3 465 6 7 8 B 2 3 465 6 IL B
MINf1 O 0 O 0 0O 1 1 0 = =
01 00071 -1 0 -15 1 00 0 71 1 0 15
0 0 0 0 1 70.25 0.25 0 1.25 0 0 0 1 70.25 0.l5 Q0 1.25
0 01 0 0 0.5833 ~0.9167 0.6667 5.417 01 0 0 0.5833 ~0.§167 O.p667 5.417
00 01 0 0.08333 0.5833 ~0.3333 2.917 0 01 0 0.08333 0.#833 '0.[F333 2.917
FF K F ¥ '}**** I
This tableau is optimal for the Phase-One objective, We can now delete the artificial variables (and w)
and provides us with a basic feasible solution with and can delete the Phase-One objective row.
which to begin Phase Two. :
maxl T 0 0 o -1 s Slqce t.he Phase Two
000 1 0.25 1.25 objective is to be
01 0 0 0.5833 5.417 A .
001 0 0.08333 2.917 | minimized, this tableau
is optimall

EXAMPLE THREE |

EXAMPLE THREE |
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If we pivotinrow 5
rather than row 4:
-z Xy Ko Xz %, 12 3 4 5678
Maxl 1 0 o o -1 -15 MIN ;(1) (1) -3 -2 -g g 8 g -gg Her‘e, the prOtlS mn
00 0 1 -0.25 1.25
01 0 0 0.5833 5.417 00 1 2 301 0|15 the bottom row.
00 1 0 0.08333 2.917 00 2 1 5 00 1| 20 .
¥ ¥ ¥ ¥ 00 (12110 0|10 The pivot produces a
*% ¥ % % zero on the right-hand-
-z=-15, ie, z=15 ‘U’ side (degensracy/
X3=1.25 123 45 678 B
Xy =95.417 N N
: : MIN[1 0 0 3-11 3 0 0| -5
Oplimal X,=2.917 010 0 4720 0|10
salution 000 0 4-1 10| 5
X4=0 000 "3 77201 0
001 2 -1 1 0 0f 10
e *%* &0
EXAMPLE THREE
123 45 678 B Column 5 is selected 123 4 5 6 7 8 B
MN 100 3711 3 0 0| 5 i MIN[1 0 0 -1.714 0 -—0.1429 0 1.571 | 5
01 0 0 4-2 0 0]-10 for the pivot. 01 0 1.714 0 -0.3571 0 -0.5714 |-10
000 0 4-1 10| 5 g, ) : 00 0 714 0 0.1429 1 -0.5714| &
000 3 (MD201| 0 llinimum Rallo Test. 0 0 0 ~0.4286 1 ~0.2857 0 0.1429 | ©
001 2 T 10 0l 10 — 001 1.571 0 0.7143 0 0.1429 | 10
miny = = ,— ¢ =0
T oy {4,7 } * ¥ * + ¥ s - 10~
~Ur min -,
123 4 5 6 7 8 B . . 1.714 1.571
Pivot in row 4 12345 6 7 g 5
610 11713 0 -0:8391 0 -0.5714 |10 : min[Z 0 00 0 o p N 5 In_this
. . . ? e D - - - N N
RN i R T I Ay KO R S S S S
“0. “0. . 2 2, 2L e, . . “0. . degenerac
001 1.871° 0 0.7143 0 o.1436 | 10 | 7€ dljective 0 000 1 -0.25 0.25 0 1.25 ege 4
0 0100 0.5833 -0.9167 0.6667| 5.417 | didn’tblock
* ¥ ¥ * * the improve-
ment!
EXAMPLE THREE
12345 6 7 8 B 2345 6 B
wioesey 1 3 |8
0 0 01 0 0.08333 0.5833 -0.3333| 2.917 10007 e 0 18
I EEE TN s o L-28 6100 02833 -0.Hie7 oeer| &.ai7
0 0100 0.5833 -0.9167 O0.6667| 5.417 S 65 0 Goaida o3 o3| 357
‘We**** I

EXAMPLE THREE

Fhis tabieay 7s oplimal 1or Fhase (he,

Now we proceed to Phase Two, in which we
optimize the original objective, starting from
the basic feasible solution which we have

just found in Phase One.

Minimize z = 34x; + §x; + 19x; + 9x4
sub]ect to 2X1 + Xz +X3 +Xg 2 9

4X1-2X2+5X3+X4$8
4%; - X2+ 3x%3 + X425

X;,%Xz,%3,%20

Minimize z = 34x; + 5x; + 19x5 + 9x4

subject to

2X1+X2 + X3 +X4-Xg

4% - 2%, + Sx3+ X4+ Xq

4% - X + 3xX3 + X4

Convert the
neguaiiies

Lo equations b
aadding slack &
SUbLracting
SUrpiis \ariahies

|
i P ©

- X7

Xy ,Xz,%X3,%4,X5,% ,X720

@

EXAMPLE FOUR |

We can now delete the artificial variables (and w)
delete the Phase-One objective row.

and can
MaX( 1 0 0 0 "1 -15
0 00 1 0.25 1.25
010 0 0.5833 5.417
001 0 0.08333 2.917

EXAMPLE THREE

Since the Phase Two
objective is to be
minimized, this tableau
is optimal!

Minimize z = 34x; + 5x, + 19x;5 + 9x4

subject to

2%+ Xy + X3 + Xy
4X1-2X2+5X3+X4
4X1 —X2+3X3 + X4
X1,%2,X%3,%4,Xg

- Xg =
+ Xg =

00 O

1X65X720

e 1irst and 1258 constraint reguire ariiticisl varishles:

Minimize

subject to

W= Xg+Xg

-z +34x; + 5x; + 19%x; + 9x4 =0
2X1+X2+X3 + X4 - Xg + X3 =9
4X1—2X2+5X3+X4 + Xg =8
4X1 -X2+3X3 + X4 - X7 +Xg=5

X1,X%X2,%3,Xg,

X5, Xg , X7,%3,%Xg 20

EXAMPLE FOUR |
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Phase Two:

7his tatfeau is oplimal 1or Fhase (he.

“101

4

4

2

MIN| 1 0 0

e mal now delele the ariiricial varigbles and the
Fhase the ohjective row Lo abiain 4 basic reasible

safidion with which fo begin Fhase Twe,
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