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7The stages are munbered
s Lhat stage nunberis the
manber of remaining sisges!

5,=T5(S5.X5)
S|:T2(82,X2)
SOZTI(SI, X])
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Returns
Slege 5 Slege 2 Stage 1
decision Ks decrsion Ko decision K,
1 2 3 4 1 2 3 4 1 2 3
N3 4 1 4 S1]o 1 5 4 s 1]2 1 3
w2 |2 4 3 3 w2|5 4 2 o0 w24 3 2
§3|3 45 4 §3|2 3 3 0 F3|3 5 4
B4 la 2 3 2 G443 5 4 2 B4lo 4 3
510 0 0 0 510 0 0 o0 510 0 4
The return, Ry(Sp.Xp), at stage nis a function of

both the state Sp and the decision Xp.

E.g., Rs(2,1)=2 s the return if the system is
in state 2 at stage 3, and the decision is Xz =1.
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Optimal Value Function

fo(Sn) =

maximum value of current & remaining
stages, if state is 5,

Kecursive definition.

maximum R (S X} + Focy (T (S X)) }

#,e{1,2,3,4}

fu(5) = for n=3, 2, 1

0 for n=0
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& deterministic DP example with
e one state variable

e one decision variable

e three stages

e irregular (tabulated) returns & transitions
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Both state & decision at each stage are discrete,
with possible values:

State Vector

i 12345
sfi1 12345

Decision Vector
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Transitions

Stege 3 Stege 2 Stage 1
dedrsron Kz decision Ky decision ¥,
1 2 3 4 1 2 3 4 1 2 3 4
H1f3 2 1 4 Stfo 2 5 1 &1 0
2|4 3 3 4 203 4 3 0 2 0
& & L
§3|3 1 2 4 §3[4 5 40 R 3 2
G424 2 1 4|3 4 2 3 G 4 4
510 0 0 0 500 0 0 0 5 5

If the system is in state Sy at stage n, and the
decision is X, a transition is made to the
state S,_; = Th(Sp.Xp) » @ function of both Spy & Xp.
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Nemhauser DP example: tabulated returns & transitions
VALUE«F N;t
A

[z} Optimal Value Function for Example DP Model

A

+LAST IF N=0

VALUE«MAX RCN;;1+(F N-1)[TRANSITION TIN;;11
=0

LAST:VALUE«((ps)p0),-BIG
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s : 2 3 4 —999 94 indicates s 1 2 3 4 -990 99 indicates
1 2.00  1.00  3.00 "999.99¢ kil 1 2.00  1.00  3.00 "999.99¢ eI
2 4.00 3.00 2.00 7999 .99 decision! 2 4.00 3.00 2.00 ~999,99 dgecision!
3 3.00 5.00 4.00 3.00 3 3.00 5.00 4.00 3.00
4 |7999.99 4.00 3.00 5.00 4 [7999.99 4.00 3.00 5.00
5 | 7999.99 “999 .99 4.00 3.00 5 | 7999.99 ~999 .99 4.00 3.00
decision i eSO i Optimnal Optimal Resulting
1 2 3 4 1 2 3 4 State Values Decisions State
Fifi Fi[fz e AT A
& 214 3 2 0 @ 214 3 2 0 3 ggg ‘21 3
w33 5 43 w35 3 4 2 .
BW4lo 4 3 5 Balo 4 3 4 5 4.00 3 5
S0 0 4 3 510 0 5 § — S— —
— (S Xx T, (S,,X*)
refurns transitions 1054 1ret
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FRONTE S VTOUS OIS EION .
A f (;) Stage 2 ;
% State 1 1 %
S 1 2 3 4 1 3.00 5 1 2 3 4
- 2 4.00 _
1 17999.99 5.00 9.00  7.00 5 500 1 |7999.99  5.00 9.00  7.00
2 10.00 9.00 7.00 7999.99 4 5.00 2 10.00 9.00 7.00 7999.99
3 7.00 7.00 8.00 "999.99 5 2,00 3 7.00 7.00 8.00 "999.99
4 8.00 10.00 8.00 7.00 4 8.00 10.00 8.00 7.00
i . Optimal Optimal Resulting
decision Ko decision ¥o State Values Decisions State
1 2 3 4 1 2 3 4 1 9.00 3 5
o~ 2 10.00 1 3
» 110 1 5 4 (};‘ 110 2 5 1 3 3.00 3 4
2|5 4 2 0 2|3 4 3 0 4 10.00 2 4
el ]
532 3 3 0 534 5 4 0
W43 5 4 2 W43 4 2 3 £ (VS )
S0 0 0 0 5[0 0 0 0 2v-2
refurns Lransitions
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FROITT R VIOUS SOt Etion
state  f,(S,)
p:4 b:4
S 1 2 3 4 1 9.00 S 1 2 3 4
2 10.00
1 11.00 14.00 10.00 14.00 3 g2.00 1 11.00 14.00 10.00 14.00
2 12.00 12.00 11.00 13.00 4 10.00 2 12.00 12.00 11.00 13.00
3 11.00 13.00 15.00 14.00 3 11.00 13.00 15.00 14.00
4 14.00 12.00 13.00 11.00 4 14.00 12.00 13.00 11.00
i - Optimal Optimal Resulting
decrsion Ks f’e‘f‘f‘?} X43 State Values Decisions State
1 2 35 4 " 1 14.00 2 2 &—sltemate aptimat
M1z 4 1 4 M1 (3 2 1 4 3 4
2 la 3 3 4 2 13.00 4 4
L2 |2 4 3 3 4 3 15.00 3 2
) a .
%3 (3 4 5 4 F3 |3 1 2 4 4 14.00 1 2
B4la 2 3 2 w42 4 2 1
510 0 0 0 510 0 0 0 . ("8 )
returns transitions ™3
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Suppose that the system begins in the state 83 =17
what 1s the maximum refurn?

Optimal Solution No. 1 [

what is the optimal sequence of states (frajectoryl STAGE STATE DECISION
and decisions? g 1 i
1 3 2
0 3
3 a
& ® Optinal Solution No. 2 |
5 ki
5 b STAGE STATE DECISION
o ;g 3 1 4
5 2 4 2
1 4 4
0 4

Ry(S5,X5) R,(S,,X,) R\(S,, X,)
Ka
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