57:022 Principlesof Design Il

Homework #1 Solutions
Spring 1997

Be sure to state what probability distribution you assume in each problem! You may find the
necessary probabilities in tables, compute them manually with a calculator, or use the APL

wor kspace "ProbLib" which can be found on the ICAEN fileserver (in the folder for IE). (Using
the APL workspace requires that you have a disk containing APL.68000 Level 11, an interpreter
for the APL language.)

1. Each throw of the pair of diceis considered a Bernouilli trial, with "success' = obtaining a7 or
11. Thevalueof "7" isachieved by six pairs (1,6), (2,5), (3,4), (4,3), (5,2), & (6,1), and
since there are 36 pairs, P{7} = 6/36 = 1/5. Likewise, thevalue"11" is achieved only by the
two pairs (5,6) and (6,5), and therefore P{11} = 2/3 = 1/18. Hence P{7 or 11} = 1/5 + 1/1g

(a) Find the probability of throwinga "7 or 11" at least twice in five throws of a standard pair
of dice.

Solution: The number N5 of successesin 5 trials has Binomia Distribution with (n,p) = (5,

2lg). Therefore,
P{N :X\:45! ZXZ5-X
T T (Bx)! (9) (9)

Using this formula, the following table can be computed:

Binomial Distribution Function

n= 5, p= B.2222288E

I FLx1 Pimzmh FPimsmh

B B.258452802 B.2846258682 B.71337195
1 8.40651146  B.69123945 B.38576852
c B.23034948  B.923558589 8.67641111
3 B.8853583534  B.98997443 B.016882357
4 B.889453365 B.9994353585 8.08654192
2 B.80834192 1 .08008088 8 .08688886

and so the probability of at least 2 successesis
5
P{N52 2} = & P{Ns=x)=0.30876
=2
(b) What isthe expected nurmber of 7's & 11'sobtained in 5 throws of a pair of dice?

Solution: The expected value of N5 having the Binomial distribution is np = 5(2/g) = 19/g =
1.111111.

(c) Wnat isthe expected number of throws of a pair of dicerequired in order to obtaina 7 or
1172
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Solution : Let T1 = the number of the throw of the dice in which the first success
occurs. Then T1 has the Geometric distribution, and E[T1] = 1/p =9/, =45.

2. A certain production process has a fraction defective of 15%. Three good pieces are required.
Pieces are produced until the 3 good pieces are obtained.
Each production of apieceisaBernouilli trial and "success' isthe event that the piece produced
Is good rather than defective.

a. What are the expected value and standard deviation of the number of pieces needed to be
produced?

Solution : Let Tz = the number of the third piece which is determined to be
good. Then T3 has the Pascal distribution, with probability of success p = 85%.
Since for the Pascal distribution,

BT =K, var Ty = k(;;p),

the expected total number of pieces required to be produced in order to obtain
three good pieces is 3.5294, while the variance is 0.62284 (so that the standard
deviation is the square root of the variance, namely 0.78920.

b. Compute the probabilities of producing no more than 5 piecesin order to obtain 3 good
pi eces.

Solution : We need to compute the probability that T3 is no more than 5, using
the formula
-\ = x1 -k
PUTi=x)=( X1 ) (L-pppk,
where k=3 and x = 3,4,5. (The minimum possible value of T3 is 3.) We can then
compute the table:

Faszcal (Megative Binomiall Distribution

k= 3, p= B.55

X Fimi Pismial EEEES

2 B.61412500 8.514120688 8 ,3233587588
4 0.27830620 B.89848125 8.10931873
0 B.88228538 B.97338813 B0.02651188
& O.8287V2eYE B8.99411484 B.005238516
¥ 0.88455301 B.99877836 B.00122164
2 0.88837334 8.,99970789 O.00624231
9 0.88813337 8.99990306 O.00004544
16 B.8888377F 8.,29999133 O0.00888257

and thus have the answer:

5
P10{T3 £5)= & P{Ts=x)=0.97339
x=3

c. Suppose that instead of producing until 3 good pieces are obtained, a batch of sizen is
produced, and then the pieces are inspected. How large should n bein order to be 95%
certain of obtaining at least 3 good pieces?
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Solution : We want to determine n such that

P{T«£n}3 95%.
Compute the values of cumulative distribution function until a value of at least
0.95 is obtained. Consulting the table in Solution (b) above, this happens to be 5.

If we wished to be 99.5% certain of obtaining at least 3 good pieces, we would
need to produce 8, etc.

3. Ateephone exchange contains 10 lines. A line can be busy or available for callsand all lines
act independently. If each lineis busy 82% of the noon period (so that the probability that a
specified line will be busy at any given time during the noon period is 82%),

Thisis not a stochastic process, but we can consider testing each line to determine whether it is
free ("success') or busy as aBernouilli trial, so that N10, the number of free lines of the
possible ten, has a Binomial distribution with (n,p) = (10, 0.18).

a. ...what isthe probability of there being at least four free lines at any given time during this
period?

Solution : Using the formula

I FLx1 Pisznk Pissnk

B B8.137448683 B0.13744303 B.56255197
1 8.30171319 B0.43916322 B.06853673
© B.29883574 B.7Y3IV19396 B.c6258184
3 8.17443994 B.911655398 8.05833534118
4 B.867E1815 BA.9736VVES B.02132293
2 B.817e3336 B.99533861 B.08366939
& B.88322931 B.993355792 8.08844083
¥ B8.88848387 0.99995499 8.,080883581
g B8.890083334 B0.99999334 8.088081668
9 B.800E8A183 B.9999933%:6 8.,08808084
18 6.00808804 1.08008088 8 .880808860

Hence, the probability of at least 4 free lines is

3
P10{N1o® 4/=1- & P(Ny =3} =0.08834
x=0

b. ...what isthe expected number of free lines at any time during this period?

Solution : The expected value of the Binomial distribution is np and so the
expected number of free lines is 10(0.18) = 1.8.
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57:022 Principlesof Design Il

Homework #2 Solutions
Spring 1997

Be sure to state what probability distribution you assume in each problem. You may find the
necessary probabilities in tables, compute them manually with a calculator, or use the APL
workspace "PROBLIB" .

1. Along highway I1-80 in lowa, the probability that each passing car stopsto pick up a
hitchhiker is p=4%, i.e, an average of onein 25 driverswill stop; different drivers, of
course, make their decisions whether to stop or not independently of each other.

a. Each car may be considered asa "trial” ina Bernouilli process, with "success" defined
asthe car's stopping to pick up the hitchhiker.

b. Given that a hitchhiker has counted 10 cars passing him without stopping, what is the
probability that he will be picked up by the 25th car or before? 0.43533.

The processis memoryless... the probability that isrequested isP{T1 £ 25| T1 > 10} which
isidentical toP{T1 £15} =1 - (1-p)1°>=1- 0.54209 = 0.45791

Suppose that the arrivals of the cars form a Poisson process, at the average rate of 10 per
minute. Define "success" for the hitchhiker to occur at timet provided that both an arrival
occursatt and that car stopsto pick himup. Let T; bethe time (in seconds) of the first
"success', i.e., the time that he finally gets a ride, when he begins his wait at time T1=0.

c. What isthe arrival rate of "successes'? | = 0.04 (10/minute) = 0.4/minute

d. What is the name of the probability distribution of T1? Exponential

e. What isthevalueof E(T1) ?_ 1/l = 25
What's the value of Var(T1)?_1/12=_6.25 min?

—h

What is the probability that he must wait less than 4 minutes for aride (P{T1< 4}?
0.798193 P(T;<4)=1-e4 =1-0.201896 = 0.798193

g. What isthe probability that he must wait more than 4 minutes for aride(P{T{> 4}?
0.201896 P(T;>4}= e4 = 0.201896

0

. What is the probability that he must wait exactly 4 minutesfor aride? (P{T1= 4}?
zero
Note that your answersin f, g, and h must have a sum equal to 1!

I. Suppose that after 4 minutes (during which 44 cars have passed by) heisstill there waiting
for aride. Compute the conditional expected value of T1 (expected total waiting time,
given that he has already waited 4 minutes). _6.5 i.e,, an additional 2.5 minutes

ETy |T1>4/=4+E[T1/=4+25=65

2. A bearingin a Grass Chopper mower's PTO mechanism fails randomly, with an expected
lifetime of 250 hours. Assume that the lifetime of the bearing has an exponential distribution.
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Define T1 = lifetime (i.e., failure time) of the bearing. Then T1 has an exponential
distribution with expected value 1/1 =250 hours, or | =0.004 / hour

(a.) What isthe probability that the bearing lasts longer than 250 hours? _ 0.367879
ET, >250] = 250 =¢el=0.367879

(b.) If the mower has already operated without failure, for 150 hours, what is the
probability that the bearing will last at total of at least 250 hours? 0.67032
P(Ty 3 250|T1 >150) = (T, 3 250 -150}
= pl Ty 3 100\ e—lOO(O 004/hour) =0.67032

(c.) If the bearing isreplaced (with an identical bearing) when it experiencesitsfirst
failure, what is the name of the probability distribution _2-Erlang ,

mean value 2/ =500 hours , and

variance 2/l 2= 125000 hours? __ of the total time (from first use of the mower) until
the second failure?

(d.) What is the probability that the bearing will fail (& be replaced) three or moretimesin
750 hours of mowing? (_0.57681

PNz 3 =1-P[N;£2)=1- a ('t) elt, and o

2
P{N750° 3/ =1-P{N7so £2)=1- é ?(X e3
=1- 0.049787 - 0.14936 - 0. 22404 0 57681
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57:022 Principlesof Design 11

Homewor k #3 Solutions
Due Wednesday, February 12, 1997

Regression Analysis. The number Y of bacteria per cubic centimeter found in atillage after T hoursis given
in the following table:

T (hours) 0 1 2 3 4 5 6 7
Y (#/cm3) 47 64 81 107 151 209 298 841

It is believed that the relation between the two variablesis of theform Y = abT.

a. Runthe"Cricket Graph" software package (on the Macintosh), and enter the above observed values of
Tand Y (columns1and 2).

ER]

1 2

E3 T Y
1 ] 47
2 1 &g
3 2 21
4 3 107
] 4 151
& 5 209
T & 298
2 T 241

b. Plot the "scatter plot” of Y versus T by choosing "scatter" on the Graph menu, and specifying T on the
horizontal axisand Y on the vertical axis. Does the plot appear to be near-linear? Solution: _ NO
(see below!)

1000

200
00
400

200 o

c. Writethe linear form of the relationship Y = abT.

Solution: Taking the logarithm of each side gives usthe equation InY =(Ina) + (Inb)T, which, if
we make achange of variable Y' = In Y, isalinear relationship between Y' and T.

d. Choose "transform" from the "data' menu to create anew variable InY which isthelogarithm of Y.
(Put this new variable into Column 3.)
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Em Untitle
] 1 2 z
L3 T W In'

1 0 47 Z.850
| z 1 G 4,159
] z e 21 4 294

4 z 107 4 573
4 5 4 151 5017

& 5 209 5.342
! 7 & 298 5.697
; g 7 g1 6.735

e. Plot the "scatter plot" of T (horizontal axis) versusInY (vertical axis). Does this plot appear to be
near-linear? Solution: YES, except perhaps for the point (7,841)

-
o
E_
o
o]
x s o
= o}
o}
o
4
3 T T T
] 2 4 1) 2

f. After plotting InY versus T, select "Simple" from the "Curve Fit" menu, in order to fit asimple linear

relationship between InY and T, i.e,, to determine aand b such that InY » a+ bT. What isthe value of
a? 3.6887  of b?_ 0.3699

Solution: Thelinear relationship between (InY) and Tis InY = 3.6887 + 0.3699T, as shown below:
7

y =3 6387 + 03699 R=057 p

In¥Y

g. What are the corresponding valuesof a & b intherelationship Y = abT?
Solution: Exponentiating both sides of the equation In'Y = 3.6887 + 0.3699T in (f) above yields the
equation Y =39.99 x 1.4476T.
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h. What is the prediction of the number of bacteria per cm3 after 10 hours, based upon the above
relationship?
Solution: 39.99 x 1.447610 = 1616 bacteria per cm3. Note that the relationship Y = abT may not be a

good model outside of theinterval [0,7], however. For example, congestion of the population might
hinder further growth.

2. Goodness-of-Fit test: The numbers of arrivals during each of 100 one-minute intervals of what is believed
to be a Poisson process were recorded.

Number of arrivals i | O
1

3 4 5 6 7 8
observed frequency O; | 2

9 23 22 10 1 O

The average number of arrivals was 2.78/minute. We wish to test the "goodness-of-fit" of the assumption that

the arrival's correspond to a Poisson process with arrival ratel = 2.78/minute.

The first step isto compute the probability p; of each observed value, i=0 through 8:
! Pi ¢
B .BE2E325
B.1724670
B.2397292
B.1543936
B.B255428
B.E397738

B.81537939
5] 294

5}
1
2
3
4
3
&
7

a. What isthe value missin above? (That is, the probability that the number of arrivalsis exactly 3.)

Solution: Nj , the number of arrivals during a 1-minute interval, has the Poisson distribution according
to the hypothesis that the arrivals form a Poisson process with arrival rate 2.78/minute.  Therefore,
since the Poisson distribution’s probability function is

X
P(N¢ = x| =(|Xt|) elt
the probability that exactly 3 vehicles arrive during a one-minute interval should be

3
P(N; = 3) =@ e 278= 022215\

b. Complete the table below:
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. Oy - Eif?

i Pi E; i 01 - Ef (- By
E;

B B.062833507  6.2038587 1@ 5.7961493 5.4152409
1 B.172467BS  17.246785 11 £.2467851 2.2625379
2 B.2397E92 _ 23.97898 19 4.97838  1.B315779
3 | 022215 | 22.215 23 [ 0.785094 |[[0.02774549
4 B.1543936  15.43906 22 ©£.5686404 £.757B181
5 B.935342839 5.5342839 18 1.4157161 B0.2334792
& B.039773849  3.9773843 1 2.9773843 2.2288064
7 B.9157359  1.57959 B 1.57353  1.57959
5 B.0054890752 B.548%8752 & 1.4510385 3.33561095

What is the expected number of times in which we would observe three arrivals per minute? 22.215
Did we observe more or fewer than the expected number? Slightly more (23-22.215 = 0.785 more)

¢. Because of the small nhumber of observations of 6, 7, and 8 arrivals, we will group these observations
together with 5 arrivals, so that we will have 6 cdlls (0, 1, ..., 4, and 3 5). Now, we can compute the
expected number of observationsin each of these cells, which we denote by Eg through Es.

. O;- Ei*
i Pi E; i i - Ey ;- Ei
E;
B B.0E2822587  &.2E328587 12 5.7961492 5,.4152409
1 B.172467E5  17.246705 11 E.24E7ES1  2.2625379
2 @.2a97e0g 23.97292 19 4.,97292 1.8215779
3 [ozza1s | [ 22215 | 23 [0.785094 |[0.0277459]
4 @.1542926 15.432932& ez 6.SEEE4E4  2,.727E161
5 B.14690166 14.690168 12 1. 6901663 0. 194458

57:022 HW #3 Solns

. What is the observed vaue of
o (E'-O)z ~
D= =" 7
a g
Solution: D =11.719370.

. Keeping in mind that the assumed arrival rate | =2.78/minute was estimated from the data, what is the
number of "degrees of freedom"? __ 4

Solution: The number of degrees of freedom (6) must be reduced by 1 because| =2.78/minute was
estimated by using the average number of observed arrivals per minute), and also by 1 because the total
number of observations was pre-specified to be 100. That is, if Os had not been reported, knowing that
the sum of the other observationsis 87 and that the total number of observationsis 100, we can easily
deduce that Os=13. Likewisg, if neither O4 nor Os had been reported, but we know that the average #
of arrivals/minute is 2.78 and the totaal number of observationsis 100, then we would be able to
compute both O4 and Os, by solving the pair of equations

12+11+19+ 23+ Oy + O5 =100

(O[10] + 1[11] + 2[19] + 3[23] + 404 +505)/100 =2.78

. Using avaue of a = 5%, what is the value of C%% such that D exceeds C%% with probability 5% (if the
assumption is correct that the arrivals form a Poisson process with arrival rate 2.78/minute)?
Solution: According to the chi-square probability distribution table appearing in your notes (see

below), P{D 3 11.07} =5%, i.e,, C%% =9.488. That is, thereisonly a’5% probability that, if the arrival
process realy is Poisson with arrival rate 2.78/minute, the statistic D would exceed 9.438.
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n 99% 95% 90% ... 10% 5% 2%
1 0.0002 0,004 0. 0158 2.706 3. 841 5. 412
2 0.0201 0.103 0. 211 4.605 5.991 7.824
3 0.415 0.352 0. 584 6.251 _7.815 9.837
4 0.297 0.711 1. 064 s 7.779 [0 288]11. 668
5 0.B54 1,145 1.610 === 9 236 11.070 13. 338
6 0.872 1.635 2. 204 0.645 12,592 16, 033
T 1.239 2. 167 2833 2.017 14,067 16. 622
L

L]

L]

g. Isthe observed value greater than or lessthan C%% ? greater  Should we accept or reject the
assumption that the arrival process is Poisson with rate 2.78/minute?

Solution: We would reject this assumption, since thereis less than 5% probability that the actual value
of D, namely 11.719370, would ever be observed.
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57:022 Principlesof Design Il

Homework #4 Solution
Spring 1997

1. Generating Arrival Timesin Poisson Process. Suppose, in preparation for performing a
manual simulation of the arrivalsin a Poisson process (e.g., parts randomly arriving at a machine
to be processed), you wish to generate some inter-arrival times, where the arrival rate is 4/hour,
i.e., one every fifteen minutes. First, you need some uniformly-distributed random numbers. To
obtain these, select arow from the following random number table, based upon the last digit of
your ID#: if 1, userow #1; if 2, use row #2; ... if 0, use row #10.

Uniformly-Distribubed "Random” MNumbers

3730 0818 e8Be BYEY D863 Y348 2933 Bl7e 132 5283 E
BE13 P328 3139 35599 47353 3992 2968 ¥493 1488 4217 E
BYe8 V138 4ved 2181 3523 9297 4171 1247 8895 3389 E
4326 1874 2293 Vee2 3421 57V47V 1859 Va9 9694 3363 E
2831 845l VOFY B5¥3 3938 5291 9851 9449 3346 1644 E
6395 3oEZ 3098 2Y583 3414 5637V 6843 6852 9361 FE52 E
4835 1579 2028 6628 2424 5273 1389 BE1V 3318 6474 E
2134 1844 27Y88 3399 8627 4932 3828 4702 ¥3de 2755 E
Q9652 2277 B133 1447 5645 8730 2435 4076 2632 BFFS |
4533 6443 3262 BEB4 3087 5189 8849 378 6781 3385 p

et e R Bt B n ) [ S U I

[y

a. What is the name of the probability distribution of the time T of thefirst arrival?

b.

Solution: Exponential

What will be the name of the probability distribution of the time tj between arrivals of
partsi-1andi (wherei>1)?
Solution: Exponential

Use the inver se-transfor mation method to obtain random inter-arrival timest 1, to, ... t10

(Where T1=t9).
Solution: The inverse transformation method requires arandom variable X which has
the uniform distribution over the interval [0,1] in order to generate times having an

exponential distribution with mean /I . Theinverse transformation is obtained by
solving the equation X = F(t) =1 - el tfortintermsof X. Thisyields

t=F1(X)=- M. Alternatively, because (1-X) has a uniform distribution in [0,1] if
I

X does, we could use the transformation t = - In
[
obtained from the table.

X

where X (=1-X), rather than X, is

What are the arrival times (T1, Ty, ... T1g) of thefirst ten partsin your simulation?
Solution: The tables below give the ten ssimulated arrivals of the ten parts, one for each
column of the random number table. Shown are the arrival times resulting from both
transformations. For example, using column #1 for X resultsin the arrival time of the
first part

ty=- In (1-0.3735) _ .In0.6265 _ 1169

4
while taking the value in the random number table to be X givesthe arrival time
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= 0.2462. Theformer isshown in the 3rd & 4th columns,
below, while the latter is shown in the 5th & 6th columns. The columns labelled "T" are

—_1n0.3735
4

t1

the cumulative sums of the columns labelled "tau", i.e., the "tau" column gives the inter-

arrival times, and the"T" column gives the arrival times.

TT25"T 20910 | 22782 TL817@| 2258 | a1
cEZZT T ATSE"@ | @923 1 251+"8| S218°8 | &
2ESLT ZETETE | SoEET T ATEe@| 224278 | 2
GobP" T GEEE"@ | SF22" T #9586 82028 | L
QESE"T S291°@ | FE92°T 124179 95058 | 2
STE2 0 S95E"0 | JO6E" T Seat @) L4648 | S
@522 e 824570 | LOE9TO S20RTE | SE22tE | F
BirF "B FSETTE | SEZ9'0 2T91°@| +24F°8 | ©
AT92%0 S591°@ | L99F'0 #1819 65158 | 2
JR5ETE J95ETE | 5820 SSR2TE| SE20taE T

1 Py 1l HEy " I
T821°2 66818 | TFER°T +ES2°E( SFF2°E | BT
2ETR"E 65928 | PSP T 2P9@°E| L2278 | &
SEF9T2 L22FE | a1k T a1seta| +FE1E | 2
252272 FI9F°E | TRCH T BEbE A | 645178 | 2
SFILTT FEST @ | TA2E°T 2E2371°@| 282578 | 9
2EE9° T 26948 | SEE2°T 2T1Taa| 19v8 a | 5
QTEE A 24558 | ATET°T #8287 | #4818 | F
22420 22208 | 22T T SPIEZE| 85748 | £
CHET'E FLATA"E | 223FE°E B5L2°E| 228678 | 2
2241708 22418 | 22418 2221 BTe5 0 T

1 FEg 1 el " I
LSETT 216178 | 2S858°2 9951°@| SS9+ 8 | a1
S992°T 658078 | BeP3° 2 SEEETA| 259678 | &
L5227 T L9918 | Se@st 1 Ies1°a| #2158 | &
BEEA"T JLS22°8 | PE2I°T BOET A| S58F 8 | 2
252870 TPETTE | Peet" T 69278 565978 | 9
12478 269178 | 182271 #L417°@| T8@5°8 | 5
B2E5"A SeE2°@ | L2507 T LI+T1°@| 928+78 | F
S22 62E0TE | ATIe A SE257@| 8945878 | B
QEFETE PEATTE | 2LEETE JLBL2TE| £19978 | 2
cAF2TE 29F2T8 | 691178 &2117A( SELE7H T

1 oy L FIE} " I

Column 3

Column 2

Column 1

284870 JASEZ2TE | 8298TE B9:e0Ta | 62127 A @At
TEE2"@ BPEQ™E | 892478 65157 A |AEL278 &
TesSa™|m L9478 | e@T2°E 669170 | 226t 8 2
F2EP 0 ZL4P0TE | ATPATE ZEEPTE | 542878 4
TSER @ 99808 | ATE9°2 Z8eb7@ | L298°8 e
FPEEE"E &9F0°E | SEAT"Z LT+P "0 | 162278 S
FISE"A SEEATE | ST99° T EeISTA | LbiBTa ¥
TSIE" 28108 | S2FR1°T 289970 | le2et @ X
BEEZTE Fe22°E | 88LPTH PASTTE | ZEEETA 2
CELRTE ZALRTE | PISETE PISET @ | 2PSLTA T

1 ey L FE} " T
SEL9°2 Peb2™E | FEZETT BSTT1TE | L5927 8 At
arZt 2 BEFT™E | 950271 5482768 | 5+95°8 &
TIE2"2 916978 | 8808° 1 29187 @ |&a2960° 8 g
SEE5TT EPSETE | SFEE"E FE90° 0 | Fob27 8 d
cSE2" T 4589278 ISTe @ +FAT"E | FIFETA e
FITeTE SEEZTE | AATETE SbS1TE |BSeRTA 5
TEEL" TEST A | 65589768 25el1°@ | 12+5°8 ¥
BESS" A JA92°8 | 9896k A L88T1°E | 5252°8 L
CEIE"A BS21°@ | 825278 2191768 | 554F°8 =
SEETTA SEETTE | L8226 JLB22°@ | 29857 A T

1 e} 1 Py " T
SETE"F B956° 1 G141 TeEa™a | +aEa" 8 At
SL5ET2 EESFTE | A9TLTT TeE@70 | LbF178 &
coPdETT TPSTE | 24497 T Thel™0 | 6RESTA g
T2L"T TEAT1°@ | SEEF° T 214278 | 829978 d
BLT2°T S6TI2"@ | P2127 T S1868° 0 | 254278 e
ede2" T S5ER@ | 88211 S895F°0 | 2455878 5
885271 9996878 TrP2°@ EE92°8 | 299478 ¥
cocel™T BEEETE | 8852768 BesSaTa | 161278 L
T=285°a 59+1°8 | 512270 628278 | 655574 =
FS59°0 $559°8 | 651870 6316870 | 24078 T

1 e} 1 FIEy " T

Column 6

Column 5

Column 4
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Srd2T2 TLel@ | 299402 FESZTE | 182978 | a1
L4172 JLEEETE | FPESF S FOLB7E | 229278 | 6
SEFETT T440°8 | Biat"2 T8 8 | 9FEL™8 | &8
A99L°T AT9278 | PELRTZ TE8AT 8 |@TsE 8 | 2
ASEs™ T 21188 | 2249671 S184°8 | 195878 | 9
LERPTT LELZ2TE | BEETT 318178 |9FEE"8 | 5
BEZ2°T B499°8 | BF3R" T 8318748 | Fe98™ 8 | F
TES5"A L2508 | @990° 1 &1+ @ |S6053"8 | ©
SEBS A SL4FTE | T1S9°8 8oba"a |85kl 8 | 2
22878 L2288 | aT19'e a11eta [ 221678 T

1 oy 1 e} " T
T2T°2 T918°8 | 263972 +Fe2°@ | 2458678 | @1
BEZT™ S PPI2°E | BSEE" T cBETTE | 240F°8 | &
QCSET2 SL2TE | THIR°T 265178 | 224+78 | &2
182472 945678 | £pEL°T SCHETE | L1288 | 2
FATE"T SG2T1°8 | 283e2° 1 228278 | 2568978 | 9
P29 T 2FTEE | S93+° T L+247°8 |eFbe™@ | 5
ELDTT 229878 | 2TRLTE LLSETE | 89478 | F
F2E9°T SE25°E | THEE°E 88878 | AP21T78 | £
B22a" T 8240°8 | 2ASE A +9P0°E | 26bL™E | 2
BATAE"T BATE"T | FPE0°E +FEE"E [ L1870 T

1 FEg 1 el " I
S2Ed"2 ZFSE"E | SE9LTT 930+TE | eFEETE | 8T
28492 JEGETO | e0SETT 260E8°E |SEF2TE | &
152272 L2620 | 148271 26688 | 22688 | 2
FoZE"2 SEeb'0 | BLET T RLEE"E | &2E2T°E | L
GZESTT 652170 | ST T 21829 | SFE0°E | 9
alaF" T eF28"0 | 34260 L3850 | 1S58 | S
1222 T SFSS"0 | TeESS'0 232870 | 6268178 |
2422370 22120 | 20120 oFL1E | TLTH'E | £
TeEa 6 SPEE"0 | 254170 AJL86°@ | 89828 | 2
SFEZTE SFEETO | L8870 SL86°E | SSE2TE T

L Py L Py - T

Column 9

Column 8

Column 7

tau

B.8471 8.8471
B.2159 8.2638

B.2552 B.5191
B.2724 B.7915
B.4514 1.2429
B.8283 1.32332
B.1637 1.43228
B.3223 1.7542

B.6394 2.3935
B.2718 2.6645

tau

B.2283 | 8.44685 B.4405
B.4217 | B.132369 B.5774
B.35979 | 8.1111 B.5826
B.3363 | 8.16025 B.7916
B.1644 | B.8449 B,8359
B.7252 | 8.3829 1.1589
B.6474 | B.26685 1.4195
B.2755 | B.82085 1.5806
B.8773 | B.82682 1.5262
B.3383 | 8.1832 1.62324

L LY I o ol T LN I g

o1 uyunjo]

e
18

64525m3034

™

Using X
from table

MOANATIN~NAND TN

Using 1-X
from table

daNmMSnmOoN~oo G

simulation of the arrivals, however, what is the number of arrivals during the first hour?
Random #
column

The number of arrivalsin thefirst hour for each choice of random number sequence and

e. The expected number of arrivalsin the first hour should, of course, be 4. Inyour
each inverse transformation is shown below:

The number of arrivals varies considerably, depending upon which column of random

numbers and which transformation you have used. Note, however, that the averages of
these two columns are 3.8 and 4.2 (using 10 in the case above indicating "2 10").

page 3

Spring '97

57:022 HW#4 Solution



2. Estimating Parametersof Weibull Distribution of Lifetime. Suppose that your company
wishes to estimate the reliability of an electric motor. One hundred units are tested
simultaneously for 30 days, and the number of failures each day are recorded:

For the sake of convenienc

g
data, rather than use the thirty data points:

The column "f" display

t £ HNF F
2 5 5 B@.33
12 & 11 @.29
28 ¥ 12 [.eg
24 5 23 8.77
27 4 27 B.73
28 4 21 @

t#f to#f to#f
1 @ 11z (|21 3
2 @ 12 1 |22 1
- 12 @ [|23 @
4 1 14 2 || 24 1
5 @ 15 @ [|25 @
& 1 16 @ [|26 3
7 @ 17 1 || a7 1
g 3 12 2 [|28 1
- 19 1 |29 1
18 @ 28 1 (|28 2

gment, we will aggregate the

during the time intervals 0-8, 8-12, 12-20,

etc. while the column "NF" displays the cumulative number of failures. Thus, there are
fivefaillures at the end of day #8, atotal of 11 failures at the end of day 12, etc. The
column "R" displays the fraction of the units which have survived at timet, e.g., at theend
of day #24, 77% of the 100 units have survived.

t f NF R 1n t Inln 1R
5 5 5 B.95 2.87944 T2.9702

12 & 11 B.89 2.48491 ~2.14957
28 7 18 B.8E 2.99573  T1.61721
24 5 @3 B.TF 3.17865  T1.34184
27 4 E7  B.TE 3.29584  T1.1561

36 4 31 B.69 34812 TB.991382

a. Either use Cricket Graph (or similar software) to plot the value of (In In 1/g) on the
vertical axisand In T on the horizontal axis, or do the same manually with ordinary

graph paper.
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Inin 1/R

-z -4

2 z 4
In t
b. If you used Cricket Graph to plot the data poi'Flts, do alinear regression to fit a straight

ling; if you have done it manually, draw a straight line (by "eyeballing it") which seems
best to fit the data point.
0

y=-38114+1.4147x
R =029

Inin 1/R

-3

2 z 4
c. What isthe slope of thisline? 1.4147
d. What isthe y-intercept of thisline? -5.8114

e. What istherefore your estimate of the parameters k and u of the Weibull distribution
for the lifetimes of these motors? k= 1.4147 & u =_60.9169

Solution: slope=k and y-intercept = -k In u, and so

Inu=- 7y-|ntircept b u=eYinercert)
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u=e(58114) 1 = 60.8169

f. What is the expected lifetime of the motors, according to your Weibull probability
model ? m=_55.296 days.
(Y ou may use the table below for the gamma function in the computation of m Values
of G(1+1/x) are given for k=0.1, 0.2, ... 3.9)

r[l + 1_]
I
0.0 0.1 0.z 0.3 0.4 0.5 0.6 0.7 n.g 0.9

== 3622200 120 9.2605 3.3234 2.0000 1.5046 1,.2663 1.1330 1.0522
1.0000 0.9649 0.9407 00,9226 0.9114 0.9027 0.8966 0.2922 0.2893 0.3374

0.2862 0.3867 0.8856 0.8850 0.3865 0.8873 0.8882 0.3893 0.5905 0.8917
0.3930  0.3943 0.5957 0.8970 0.39534 0.5997 0.9011 0.90:2% 0.9035 0.9051

R — O b

Solution: The relationship between the mean of the distribution and the parameters "
1 1= 1) =
& kism=u ql+k). From the table below, when C{1+1.4) 0.9114 and G(1+1.5)

0.9027. Interpolating, we obtain
1+ 1 7)» 0.9114 - 0.147(0.9114-0.9027) = 0.9101

Therefore the mean is approximately 60.9169 x 0.9101 = 55.44 days.

g. What fraction of the motors would you expect to have failed during the expected
lifetime which you determined in (f)?__58.01%

Solution: The CDF of the Weibull distribution is
ATEt=Ft)=1- (W'
and so, substituting t=m and the parameters u & k above, we obtain

F(t) = 1- e (5544508160 " = 0.5841
i.e., 58.41% of the motors are expected to have failed at 55.44 days.

h. Isthe failure rate of the motorsincreasing or decreasing, according to the parameters
which you have computed?__increasing
Solution: Because k>1, thefailure rate isincreasing.

Perform a Chi-Square goodness of fit test to decide whether the Weibull probability
distribution model which you have found isa"good" fit of the data.

i. Complete the table:
Solution:

(Q - B)?

Interval Oj E E
0-8 5 5514  0.04795
8-12 6 4062  0.92463
12-20 7 9.149  0.50478
20-24 5 4812 0.00734
24-27 4 3.631 0.03750
27-30 4 3.618  0.04027

Total: D= 1.5624
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The values of the CDF (i.e., P{T£ ) = F(t) = 1- (W )ar t=8, 12, 20, 24, 27, and 30
are 0.05514, 0.09576, 0.18725, 0.23537, 0.27168, and 0.30787. By taking the
differences, we get the probabilities of the failuretime T falling into the respective
intervals, namely 0.04062, 0.04062, 0.09151, 0.04810, 0.03631, and 0.3618.

j. What is the number of "degrees of freedom” of the chi-square distribution? 4

(Keep in mind that two parameters, u & k, were estimated based upon the data, but the
total number of observed failures was not predetermined!)

Solution: Therearesix intervalsin thetable. Because the two parameters were
estimated from the data, the degree of freedom is reduced from 6 to 4, however.

k. Using a = 5%, should the probability distribution be accepted or rejected as a model of
the motor's lifetime? _accepted

Solution: According to the chi-square table (see below), P{D? 9.488} =5%. Only if
the computed value of D were to exceed 9.488 would we reject the probability
distribution because the value of D istoo unlikely (a value above 9.488 occurs with less
than 5% probability).

n_ 99% 95% 90% ... 10% 5% 2%
1 0.0002 0.004 00168 706 3.841 B.41:
a 0.0z201 0,103 0,211 .B0B  BH.991 T SE4
3 0.115 0.362 0.6384 .21 7.g81k 9837
4 0,297 0.711  1.064 CTTe 9,433 11668
& 0.6bd 1 145 1. 610 236 11.070 13 338
& o.872  1.638 2. 204 .b4b 12,892 16,033
7 1,239 2 1867 2,833 017 14,0687 16, 622
L]

*
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Homework #5 Solutions
Spring 1997
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1. Generating Uniformly-Distributed Random Numbers: Use the congruential method
with M= 28-1 = 255 and Xp=A=111 to generate a sequence of 6 "pseudo-random’ numbers with
the uniform distribution. Then use the inver se transformation method to generate 6 lifetimes of the
motorsin HW #4, assuming a Weibull distribution with the parametersu & k found there
(u=60.9169, k=1.4147).

a. Completethetable:

AXi Ui= lifetime
M

i X AXi D R Rily, T
0 111 12321 48 81 0.317647 67.1106
1 81 8991 35 66 0.258824 76.3757
2 66 7326 28 186 0.729412 26.9535
3 186 20646 80 246 0.964706 5.8031
4 246 27306 107 21 0.082353 116.313
5 21 2331 9 36 0.141176 97.9421
6 36 3996 15 171 0.670588 (31.8523)

Note: Above, Dj and R denote the dividend and remainder, respectively, when AX; is
divided by M. The remainder R becomes the seed for the next random number. Since
R isin theinterval [0,254], we scale to the interval [0,1] by dividing by M=255.

Solution: Thesix required "pseudo-random" lifetimesare Tg, T1, T2, ... T above.
b. What isthe average of the "randomly" generated lifetimes? 64.92 days.

(Note that the expected value, computed in HW#4, is 55.296 days.) The average of the
seven lifetimes Tg through Tg is 60.19, nearer to the expected lifetime, however.

\\\\\\\\\\\\\\\\\\\\\\\\\\\

adadaadaadaddaddadadadaaaaaaa

2. Estimating Weibull Parameters Using Nonlinear Regression: Usethe Curve Fit
0.7e software on the Macintosh to try fitting a Weibull distribution in its original (nonlinear) form
to the data given in Homework #4 (and reproduced below). If x = upper limit of the intervals and
y = fraction failed, then you should enter the function

f(x) = 1 - 2.718281828"(-(x/a)"b)
where a=u and b=k. (Note that CurveFit allowsonly variablesa, b, ¢, d, & €.

From HW#4: Supposethat your company wishes to estimate the reliability of an electric motor.
One hundred units are tested simultaneoudly for 30 days, and the number of failures each
day arerecorded. For the sake of convenience of doing this homework assignment, we will
aggregate the data, rather than use the thirty data points:
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a. Using as starting values for a & b the values which you found in HW#4, try fitting the curve
to the data. What are the resulting values of a & b?

a= 6091699 +/- 3.23532

b= 141648 +/- 0.08079
Solution:

We select the Quasi-Newton optimization algorithm to minimize the sum of the squares of the
errors:

Custom Fit
Tolerance: 1E-06
Optimize: <] A Method:
(<] B 1 Steepest Descent

[Jal 1% ® Quasi Newton

[] & i Newton

o .

Starting with a (=u) = 60.9169 & b (=k) = 1.4147 (which was found in HW#4 using linear
regression on the transformed data), the optimization a gorithm terminates with the solution:
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Estimated Errors in Coefficients:
a: 60.91699 + 3.235352
b: 1.41648 t 0.08079
[ ok ] =
I.00000E-01 -
2.a0000E-01
a | &.09E+01
b 1.41E+00
Z.00000E-01
1 50000E-01 -
1
1.00000E-01 —
Surn of Squares = J0000E-0Z I T I
0.00031 1.00E+H1 2 .00E+0l ZO0E+O

and a sum of squared errors = 0.00031.
Using a starting point further from the apparent optimum, namely a (=u) = 60 and b (=k) =

1.4, we get adlightly different result, with adlightly larger sum of squared errors (0.00033).
These coefficients are well within the ranges of estimated errors shown earlier.
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Estimated Errors in Coefficients:
a: 60.00109 + 3.21095
b: 1.43947 + 0.08432
a | &.00E+01] |
b 1.44E+00
Z.00000E-01
1.50000E-01 —
s
1.00000E-01 —
5 fs
S ooogs e 5.000006-02 | |
1.00000E+01 Z.00000E+01 Z.00000E+01

b. What are the values of the parameters for this new fitted distribution?
Solution: u=_60.91699 , k=_1.41648

c. According to these values of u & k, what is
... the expected lifetime of the device? _ 55.4213
... the probability that the device will have failed before its expected lifetime has passed?
58.3%

d. Using these new parametersu & k, compute the new expected number of failures (of the
100 units tested) in each of the intervals:

Solution:
Interva 0 Old E; New E;
0-8 5 5.514 5.482
8-12 6 4,062 4.046
12-20 7 9.149 0.126
20-24 5 4812 4.804
24-27 4 3.631 3.626
27-30 4 3.618 3.614

(Shown above are also the expected values using the Weibull distribution found in HW #4.)

e. According to these new estimates of u & k, at what time should
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... 5% of the motors have failed? 7.483 days

... 50% of the motors? 47.03 _ days

... 90% of the motors? 109.76 _ days
Solution: To do this computation, it is necessary to find T such that F(T) = P=10.05, 0.5,
and 0.9, that is, to compute the inverse of the CDF of the Weibull distribution:

F=P=1-e W p t=F1(P) =u(- In[1-P)Y%
evaluated at the three probabilities. This gives the results above.

f. You needn’t performa “ goodness-of-fit” test to confirmit, but state your opinion about
which Weibull distribution seemsto be a better fit of the original data.

\\\\\\\\\\\\\\\\\\\\\\\\\\\

3. System Reliability. A system contains 4 types of devices, with the system reliability
represented schematically by

R S

-
e RS
T L et
R R
RS RS
e "

It has been estimated that the lifetime probability distributions of the devices are as follows:

A: Weibull, with mean 800 days and standard deviation 1000 days
Note: Thisimpliesthat the Welbull distribution has scale parameter
u=709.9876 & shape parameter k = 0.80623 (which was determined by
first solving the nonlinear equation for k by the Secant Method).

B: Exponential, with mean 4000 days

C: Normal, with mean 3000 days and standard deviation 1000 days

D: Exponential, with mean 1200 days

a.) Compute the reliabities of a unit of each device for designed system lifetimes of 1000 and
2000 days:
Solution:

Rat) = e (tW" = ¢ (t700.9876
Ra(t) = 1- Fa(t) = eVa00c
Rc(t)= 1- Fe(t)=1- F(%) (which can be found in a standard table of the normal
distribution).

Ro(t) = 1- Fo(t) = eV120c

)0.80623

Device | R(1000) | R(2000)
A 26.766% 9.978%
B 77.880% 60.653%
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C | 97.733% | 84.088%
D | 43.460% | 18.888%

b.) Using thereliabilitiesin (b), compute the system reliability:

Solution:

Raa(t) = 1-(1- Ra(t)

Raasc(t) = Raa(t) ~ Re(t) " Rc(t)

Ropp(t) = 1-(1 - Rp(t))?

Reppp(t) = Re(t) * Rppp(t)

Rsys(t) =1 -(1- Raasc(t)) * (1 - Reppp(t))

Subsystem R(1000) R(2000)
AA 46.367 % 18.961 %
AA+B+C 35.293 % 9.670 %
DDD 81.925 % 46.634 %
B+DDD 63.813 % 28.285 %

Tota system: 76.578 % 35.220 %
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57:022 Principlesof Design Il

Homework #6 Solution
Spring 1997

1. Project Scheduling: A building contractor is preparing a project schedule for the construction
of ahouse. The activity descriptions and estimated durations for the project are:

------ Duration-----------}
Prede- | opti- most pessi- Std
Activity Description cessor(s)| migtic likelymistic| Mean | Dev'n
A Excavate foundations none 1 2 4 | 2Yg| 1
B Pour footings A - 1 - 1 0
C Pour foundations, including B 3 4 8 |4 | S
placing & removing forms
D Framing floors, walls, & roof| C 8 10 14 [101/3| 1
E Construct brick chimney C 2 3 4 3 13
F Install drains & rough plumbing D 2 3 4 3 13
G Pour basement floor F - 1 - 1 0
H Install rough wiring D 1 2 3 2 13
I Install water lines D 2 3 6 |33 23
J Install heating ducts DEG| 4 5 7 |5 | 1>
K Lathe & plaster walls H,I,J 7 10 12 | 9% | %/
L Finish flooring K - 2 - 2 0
M Install kitchen equipment L 1 2 3 2 13
N Install bath plumbing L - 1 - 1 0
@) Cabinetwork M,N 4 6 9 |6lg| 5%
P Lay roofing D 1 2 4 | 2%Y| 1
Q Install downspouts & gutters P - 1 - 1 0
R Paint walls & trim @) 3 4 5 4 1/3
S Sand & varnish floors R 1 2 3 2 1/3
T Install electric fixtures H,0 2 3 5 | 3Y | 1o
U Grade lot CQ 1 2 4 | 2Yg| 1
\Y; L andscape U 4 5 7 |5 | 1>
W End STV - 0 - 0 0
a D

raw the AON (activity-on-node) network representing this project.

Note: The table above indicatesthat H isa predecessor of T; however, thisisimplicit in the fact that
H precedes K, which precedes L, which precedes M, ... which precedes T. Thearrow fromH to T
has therefore been omitted (for the sake of convenience... including it will have no effect on the
results.)
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b. Draw the AOA (activity-on-arrow) network representing this project. Explain the necessity for
any "dummy"” activitieswhich you have included. Solution: see below

L=
OB O0s
2 1 T

Note: as stated above, the explicit restriction that H is a predecessor of T has beenignored, since it
isimplicit in the other precedence restrictions.

c. Label the nodes of the AOA network, sothat i <j if thereisan activity with nodei asits start and
node j asits end node.
Solution: seebelow for one possible numbering scheme. (Several others are possible as well.)

P Oﬂq&llfﬁ\. 1)

e 3

| 2
o ot p

In questions (d) through ( h), use the "most likely" as the duration:

d. Perform the forward pass through the AOA network to obtain for each nodei, ET(i) = earliest
possible time for event i.
Solution: seebelow

.-"ﬁ‘-. u
2 2 3
g
aH@@ @
;
86,6 € 0
- 6

gL AEN xE,-f

@a:e

GD
-
26
G
G

GDE
]

e. What isthe earliest completion time (# work days) for thisproject? Solution: 52  days

f. Perform the backward pass through the AOA network to obtain, for each nodei,
LT(i) = latest possibletime for event i
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assuming the project isto be completed in the time which you have specified in (g).
Solution: seebelow

g. For each activity, compute:
ES = earliest start time EF = earliest finish time
LS = latest start time LF = latest finish time
TF = total float (dack)

Activity Description ES | EF LS LF TF
A* Excavate foundations 0 2 0 2 0
B* Pour footings 2 3 2 3 0
C* Pour foundations, including

placing & removing forms 3 7 3 7 0
D* Framing floors, walls, & roof 7 17 7 17 0
E Construct brick chimney 7 10 17 20 10
F* Install drains & rough plumbing 17 20 17 20 0
G* Pour basement floor 20 21 20 21 0
H Install rough wiring 17 19 24 26 7
I Install water lines 17 20 23 26 6
J* Install heating ducts 21 26 21 26 0
K* Lathe & plaster walls 26 36 26 36 0
L* Finish flooring 36 38 36 38 0
M* Install kitchen equipment 38 40 38 40 0
N Install bath plumbing 38 39 39 40 1
o Cabinetwork 40 46 40 46 0
P Lay roofing 17 19 42 44 25
Q Install downspouts & gutters 19 20 44 45 25
R* Paint walls & trim 46 50 46 50 0
S Sand & varnish floors 50 52 50 52 0
T Install electric fixtures 46 49 49 52 3
U Grade lot 20 22 45 47 25
\% Landscape 22 27 45 52 23
W End 52 52

h. Which activitiesare "critical", i.e., have zero float ("dack")? Placean * besidethesein thetable
above. Solution: A,B,C,D,F, G, JK,L,M,O,R, &S

Schedule this project by entering the AON network into MacProject Pro (found on the ICAEN
fileserver for the Macintoshes). Specify that the start time for the project will be March 1, 1997.
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TS2e/97 TF28/97 4/2/97 4/4/97 SAZSAT

zAier

end

F A U W
begin 7
ZiZE 9T 4724097 SSRSM9T
H r E
“‘H-a\_‘_ P Y 7 %
ZIEMOTN BleS9T 297 Jﬁf?ﬁf?? 4f3i3?4f22f9? 1f28f9?k ﬁf12f9T\
& C B | E -~ L ] =
~ " ™
3/5/97, / T/26497 3/31/97 4/24/97, / 5/6,/97
1
B F G4/1 /97 N ™
"

312797, o J
E

i. What isthe earliest completion date for the project? 5/13/97
What are the critical activities? Solution: A,B,C,D,F, G, J, K,L,M,0O,R, & S (sameasin
().
(Note that 5-day work weeks and days off on holidays are assumed by default. It ispossible to
modify this calendar, if you choose to.)

Next, assume that the durations are random, with beta distributions.

j. What are the expected value & standard deviation of each critical activity's duration? (Specify in
thefirst table above.) Solution: The expected values and standard deviations, computed by the
forumulae below, are shown in the table on page 1 of these solutions.

15 unimodal with finite endpoints

Mean: p= a*4m+ b
8]
Standard deviation:
- b-4a
- @]

k. What is the expected value of the duration of the critical path found in (h)? Solution: 4531/
(Assuming that the critical path found earlier using the "most likely" durationsis awaysthe
critical path.)

What is the standard deviation of this duration? Solution:_2.0069 days
Note: The expected value (51) differs from the answer in (€) because you used the "most likely"
(i.e. median) and not the "expected” (i.e. mean) value there.

The expected duration is found by summing the expected durations of the activities on this critica
path, while the variance of the project duration is found by summing the variances of the
activities. The standard deviation of the project duration is then found by computing the square
root of its variance.
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Activity mean std. dev'n Variance

A Excavate foundations 21/ 1/ 0.25

B Pour footings 1 0 0

C Pour foundations, including 41/, g 0.6944

placing & removing forms

D Framing floors, walls, & roof 10 Y5 1 1

F Install drains & rough plumbing 3 1/3 0.1111

G Pour basement floor 1 0 0

J Install heating ducts 51 1/ 0.25

K Lathe & plaster walls 9 5/ g 0.6944

L Finish flooring 2 0 0

M Ingtall kitchen equipment 2 1/3 0.1111

@) Cabinetwork 6 /g g 0.6944

R Paint walls & trim 4 1/3 0.1111

S Sand & varnish floors 2 1/5 0.1111
MEAN: 53%/g VARIANCE: 4.0278

m. Using the PERT technique, what isthe probability that the project duration will not exceed the
expected duration by more than 5 days?

Solution: According to one of the assumptions of PERT, the length of the critical path hasa
normal distribution, i.e., the distribution N(51, 2.0069). The requested probability istherefore
P{T £ 51+5} , which can be calculated by first "standardizing" the N(51, 2.0069) to express the
required probability in terms of the N(0,1) distribution. (Thisisdone by subtracting the mean and
dividing by the standard deviation.) Thus,

1 1 1 1
e ealoe) _ ol T-53% . 58%-53%| _ | [T-53% \
PATES3 6+ = P15 0060 £ 20080 | =" 12,0089 £ 2492

Consulting atable of the N(0,1) probability distribution, we find that the CDF at 2.4914 is 0.9937.

TR E
0.9937

MO, 1)disth o %

[t

That is, we can be 99.37% certain that the length of the project will not extend more than 5 days
past the expected compl etion date!
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2. System Reliability: Devices A through E are basic components of five different systems (#1
through #5). They are subject to failure, with the probability that each fails during itsfirst year of use:

Device

Failure Probability

10%

5%
20%
25%
15%

Compute, for each system below, the reliability, i.e., the probability that it will survive for at least one

year.
L Tn B
A B
4 |

A B
System #

1

2

3

4

5

C

Reliability

85.5 %
95 %
80.75 %

97.89 %
98.61 %

=RaRg =(0.9)(0.95) ° RaB
=1-(1-Rc)(1-Rp)=1-(0.2)(0.25) ° Rep
= Rcjp Re = (0.95)(0.85)
=1-(1-Rag)(1-Rag) =1-(1-0.855)2
=1-(1- ReRe)(1- Rcyp)

Note that the reliability is found by subtracting the above failure probabilities from 1.0. Thus,
Ra=90%, Rg=95%, Rc= 80%, Rp= 75%, and Rg= 85%.
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57:022 Principlesof Design Il

Homework #7 Solutions
Wednesday, March 12, 1997

1. Consider the Markov chain having 2 states, with transition probability matrix P=
€.60 .40 u

€25 7510
a. Draw adiagram, with the states represented by nodes and the transitions by arrows.

Solution:
0.6 0.4 i)
0.25 0.75

b. Compute the matrix P2.

Solution:
2 { 0.6°0.6+0.4 025 0.6 0.4+0.4 075 ]

) 0.25° 0.6 +0.75 0.250.25" 0.4 + 0.75 0.75
={ 046 054
0.3375 0.6625
c. If thesystemisinitialy in state #1, what is the probability that it isin state #2
after 1time period? Solution:pi2 = 0.4 ... after 2 time periods?Solution: _p(lzz) =0.54

d. Writethe linear equations which can be solved to obtain the steady state probabilities©; and O».

Solution: [p1p2}:[p1p2w09.265 (;)74:5}

| P1=0.6p1 +0.25p;

or,

| p,=0.4p; +0.75p,
o [ -0.4py+0.25p,=0
T | 04p,-0.25p,=0

These two equations are linearly dependent; solving either one, together with the "normalizing"
equation p; + p2 =1, will yield the steady state distribution p.

e. Solvethe equationsin (d).
Solution: p; =0.3846 ; p» =0.6154

f. Suppose that there isa cost of $5 per time period when the system isin state #1 and $8 per time period
when the systemisin state #2. What is the average cost per time period when the system isin steady
State?

Solution: $5p; + 8p, = $6.846 /period.
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2. Consider an (s,S) inventory system in which the number of items on the shelf is checked at the
end of each day. The maximum number on the shelf is8. If 3 or fewer units are on the shelf, the
shelf isrefilled overnight. The demand distribution is asfollows:

X 0 1 2 3 4 5 6

P{D=x} .1 15 25 25 15 05 .05
(Assume that the demand never exceeds 6.)

The system is modeled as a Markov chain, with the state defined as the number of units on the
shelf at the end of each day. The probability transition matrix is:

Trangition Probabilities :

to
; 1 2 ] ) a] 3] T g a
Pl oo 1] 0.05 0.0% 0.15 0.25 0.25 0.15 0.1
°z2l 0 1] .05 0.05 045 0.25 0.25 0.15 0.1
mooz 0 1] .05 0.05 0.15 0.25 0.25 0.15 0.1

41 0 1] .05 0.05 0.15 0.25 0.25 0.15 0.1

91 0.25 0.25 0.25 0.15 0.1 0 1] 1] 1]

Bl 0.1 0.15 0.25 0.25 0.15 0.1 0 1] 1]

Tl 0.05 0.05 0.45 0.25 0.25 0.45 0.4 0 1]

21 0 .05 0.05 0.45 0.25 0.25 0.15 0.1 0

gl 0 1] .05 0.05 0.15 0.25 0.25 0.15 0.1

a Explain the derivation of the values P19, P35, P51, Pg3 above. (Notethat state 1=inventory
level O, etc.)

The steady-state distribution of the above Markov chainis:

Steady State Distribution

0547151 2457
- 07E9235721E
1304613771
1355295351
163229654

L1E9ET 06746
i Bei= % e K yeic
07549207760
04520324656

b. Writetwo of the equations which define this steady-state distribution.
Solution: Besidesthe "normalizing" equation,
P1+ P2+ P3t Pat Pst Pet P7+ Pgt po=1
there are the equations represented in matrix form by p=pP, namely
p1 = 0.25ps + 0.1pg + 0.05p7
p2 = 0.25ps + 0.15pg + 0.05p7 + 0.05pg
p3 = 0.05p; +0.05p, + 0.05p3 +0.05p4 +0.25p5 +0.25p¢ + 0.15p7 + 0.05pg+ 0.05pg
etc.

[T iyen B s TRy I S PR o |
Lo o Y Y o R e e Y e Y o Y e |

How many equations must be solved to yield the solution above? Solution: nine
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c. What is the expected number on the shelf at the end of each day?
Solution: Opj; +1p2 + 2p3 +3p4 +4ps +5pg + 6p7 + 7Ppg+ 8pg = 3.968

The mean first passage matrix is:

First Pazzage Timee

10
1 2 3 4 2] 2] T 2 a
f 1| 15.4523 12.0898 7.6651 7.37847 5.69593 5.24463 6.39169 12.6646 ZZ.0756
r 2| 15.4523 12,0892 7.6651 T.3TE4T 5.59593 5.24463 6.30169 12 6645 22,0756
o 3 15.4523 12.0898 Y.6E51 Y.3TVE47 5.605932 L.24463 6030169 12,6645 Z2.070E
mo 4| 15.4523 12.0898 Y.6E51  Y.3TV247 5.60503 5.24463 6.30169 18,6645 22,0756
B 12,2711 10.4926 6.647T02 T.259383 6.12634 6.35574 T.50281 13.7TET Z23.1867
B 14,3163 11.5197 6.4773d4 6.42023 5.85772 5.886583 T.657T99 13.9609 23.37149
Tl 14,632 12.4406 7.01794 6.24734 5.25158 5H.TI025 T.22475 14,3004 23.7114
g2 4%5.2275H 412.1857 T.62978 6.77E18 5.10576 5.2084% T.10625 13,2454 24,1281
9] 15.4523 12,0298 T.6651  T.37247 5.60593 524463 6.30169 12,6646 22.070E

d. If the shelf isfull Monday morning, what is the expected number of days until the shelf is
first emptied ("stockout")? Solution: mg; = 15.4523 days

e. What is the expected time between stockouts? Solution: mg; = 15.4523 days
f. How frequently will the shelf be restocked? (or equivaently, what is the average number of
days between restocking?)

Solution: The steady-state probability of arestockingispy + p2 + p3 + pa = 0.40767,
i.e., the frequency will be once every Yo 40767 = 2.453 days
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57:022 Principlesof Design Il

Homework #8 Solutions
Spring 1997

1. Threetanks(X,Y, & Z) arefighting a battle, with Y and Z united against X. In each "round"
of this battle, the tanks fire simultaneoudy, and X alwaysfiresat Y unlessY has already been
destroyed, in which case hefiresat Z. Tank X has probability 1/5 of destroying the tank it fires

at, whilefor Y and Z the probabilities are 1/, and /5, respectively. They continue to fire until

either X isdestroyed or both Y and Z are destroyed. Using as states the set of currently surviving
tanks, set up aMarkov chain model.

a. How many states arein this chain?
Solution: There are atotal of six states, as shown below. For example, "XYZ" denotes
the stateinwhich X, Y, and Z are all "aive", "XZ" denotesthat X and Z have

survived (but Y has been destroyed), .... " A" denotes that none of the three tanks has
survived.

Computation of the transition probabilities:

p11 =P{X missesY and Y missesX and ZmissesX}:% % %:%

p12=P{X hitsY and Y misses X and Z misses X} :% % %:%
=2-|1,1(1-1)-4

piz=P{X missesY and (Y hitsX or ZhltsZ)} {4+5 7 5)} 15

p14=P{X hitsY and (Y hitsX or ZhitsZ)} = %+%{% %) :%

Note that P{Y hits X or Z hits X} = P{Y hits X} + P{Z hits X} - P{Y hits X and Z hits

X}.
Area of —
the union
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both ¥ & 2
hit H

area of area of

=2 4_8
p22 = P{X missesZ and Z misses X} 3 E s
P24 = P{X missesZ and Z hits X} :Z %:%—5
pos = P{Z hitsZ and Z missesZ } :7 %:1%
pos = P{X hitsZ and Z hits X} :l %:%5

to
F 1 =) 3 4 o &
a
o llB.4 8.2 B.2667 B.1333 8 5]
m @ B.3333 @ B.1332 O.2667 B.B8E7
ch s 5] 1 5] 5] 5]
4|a@ 5] 5] 1 5] 5]
ala 5] 5] 1 5]
&la 5] 5] 5] 5] 1

b. How many are absorbing? Solution: 4 statesare absorbing: YZ, Z, X, and A&
c. Find the expected length of the battle, i.e., the number of rounds fired.

Solution: Each timethe systemisinatransient state, around of shotswill be fired.

From the matrix E = (I - Q)-1, we see that if the system beginsin state #1 (XY Z), we
expect that it will bein state #1 for 1.66667 stages (i.e., theinitial visit plus 0.66667
additional visits) and in state #2 for 0.714285 stages. Therefore, we expect the system
to spend 1.66667 + 0.714285 = 2.380955 stagesin transient states before being
absorbed.

E = Expected Mo, Uisits
to Transient States

A = Abzorption Probabilities

to to

f 3 4 3 =] f 1 c

| -

o 1]8.444445 8.317459 B.198476 B.0476193 o 1]1.6REETY B.714285
B.285713 B.571429 8.142858 m 28 C.l4286

cla

d Find the probablllty that X ulti mately survives.

Solution: X will survive only if the system is absorbed into state " X" (#5). According to
the matrix A above, the probability that the system is absorbed into state 5, starting in
state 1, is0.190476, i.e., X has approximately 19% probability of surviving this battle.

e. If, during thefirst round, Y is destroyed, what is your revised estimate of the length of
the battle and the probability that X will ultimately survive?
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Solution: Again, according to A, starting in state "XZ" (#2), the system will eventually
be absorbed into state 5 with probability 0.571429, i.e., if X isableto destroy Y
without being destroyed, its chances of ultimately surviving this battle hastripled, i.e.,
its chances of ultimately winning the battle will be over 57%.

A simulation was performed of ten battles with the results shown below. Note that in
these smulated battles, X was the victor 3 times!
Stage

4 5 6

1

=
-
o
L]
-
ax]
w

Fun *
i S T w1 (T Y I O

el el el e el
Lol OB Sl W I el R O i FV I Y
LW VR LW I W ) I Y -
LW VR LW I W ) I Y -
LW LW I W ) I ) Y -
LW V) I I ) I ) Y -
LW V) I I ) I ) Y -
LW V) I I ) I ) Y -
LW V) I I ) I ) Y -
LW V) I I ) I ) Y -
LW V) I I ) I ) Y -

]

2. Wewish to model the passage of arat through amaze. Sketch amaze in the form of a4x4
array of boxes, such asthe one below on the | eft:

The solid lines represent walls, the shaded lines represent doors. We will assumethat arat is
placed into box #1. While in any box, therat is assumed to be equally likely to choose each of the
doors leaving the box (including the one by which he entered the box). For example, when in

box #2 above, the probability of going next to boxes 3 and 6 are each 1/2, regardless of the door

by which he entered the box. Thisassumption impliesthat no learning takes placeif therat tries
the maze several times,

Once you have sketched a 4x4 maze (not identical to the one above!), load the APL workspace
named RAT and enter the maze which you have designed. (Be sure that your maze is connected,
i.e. each box is reachable from any other box.) The functionsin thisworkspace construct a
Markov chain model of the movement of the rat through the maze.

Note: in the solutions given below, | have used the maze which appears above!

a. On the diagram representing your Markov chain, write the transition probabilities on each
transition in each direction.
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Solution:

] i l.I'IrE, l.l'IrE, e
ORI e o O

| Ly Ly

b. Isyour Markov chain regular?
Solution: A Markov chainisregularif each pair of states"”communicate” (i.e. each state
in the pair can be reached from the other) and if the states are not periodic. Although
every pair of states above communicate, this particular Markov chainisn't regular,
because, for example, if the system beginsin state # then it will never bein state #i after
an odd number of stages, so that itsperiod is2. Thisis apparent because all the "loops"
are of even length (such as the loop from box 5 through 9, 13, 14, 10, 11, 7, 6, and back
to 5). The same will be true however you design the maze, if the rat cannot move
diagonally between two boxes.

c. Compute the steady-state distribution of therat's location. Which box will be visited most

frequently by therat?
Solution: The steady-state probabilities, as computed by the RAT workspace, are:
i |Piir
1 | 8.82941
c b 2 | \.a5282
SE 3 | \B.85882
= 4 | B.@85382
= 5 | B.02824
£l | & |o.pzsee
e 7 | B.e58282
o g | |@.85882
|2 |o.e5ss2
mE 1@ | 8.@58382
o 11 |B.1178
FE 12 | @.@5882
o E 13 | 8.@5882
P 14 | B.@5832
_________ 15 | 8.@5882
................... ol B
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From this we see that the probability of each box is proportional to the number of doors
which enter that room, so that the most frequently visited state should be #11, where p11
= 11.76%.

d. Select some box far from box #1 in which areward (e.g. food) might be placed for the
rat. What isthe expected number of moves of the rat required to reach this reward?
Solution: Let's choose #16 as the box with the reward. Then the "mean first passage
time" my 16 iS the expected number of moves required to first reach #16 from #1. The
Mean First Passage Time matrix computed by the RAT workspace is

e a 4 5 & 7 a 9 1@ 11 12 13 14 15 16
24 31 42,6 49,1 1 11.2 23.1 47.6 19,6 33 23,2 39 21.1 35.6 54.3 27.3
59.6 17 18.2 29.4 26.6 2.6 20.4 33.6 29.56 36 20.6 30.6 45.4 44,2 51.6 246
£5.2 11.2 17  15.7 32.2 15.2 23.7 24.4 44 37 2@.5 26 42.7 46.4 51.5 24.5
E2.7 8B.4 12,7 17 35.7 @88 25 12.2 46.4 26 18.4 19,2508  4£.5 49.4 22.4
23 3@ 42.6 48,1 11.3 18.2 22.1 46.6 18,6 32 22,3 32 30.1 24,6 52.3 26.3
S52.1 20,8 34.5 41,2 19.1 11.2 15.2 48.2 23,2 32 18,2 32,2 40.2 48.1 49.2 22.8
EE.7 29.4 39.7 43 2F.7 12 17  39.2 28.4 22 18.4 £2.2 42 322.5 41.4 74.4
FE.Z BF.6 25.4 16,2 37.2 22.6 24.2 17 4E6.2 32 14.2 10.6 49.2 44,6 45.2 7.2
43,8 35.2 46.6 51.0 1@.2 16.6 25.8 42.4 17 27 £21.2 32.6 16.@ 25.0 52.8 25.8
E4.4 32,8 46.2 47,8 31.4 22.6 21.2 41.2 24,2 17 2.4 22.6 29.2 18.4 29.4 72.4
EF.3 36 42,9 42.8 34,2 22 16.2 35.6 41.6 21 2.5 21.2 41.2 34,9 31 &4
£9.2 32.8 35.2 28,5 36.2 23.2 21.5 12.2 45.2 22 2.1 17 46,5 48,2 39.1 72.1
S52.7 32.4 42.7 52 19.7 21 26 42.2 12.4 20 19.4 3IF.2 17 12.5 50.4 232.4
59.6 39,5 42.2 SA,9 26.6 22.2 24.9 46 24.2 11 14,9 34 15.9 17 45,9 72.9
7E.Z 39 45,9 45,8 IF.2 25 19.2 39.6 44.6 24 2 24.3 44,2 IF.9 17 33
7Fl.2 48 46,9 46,8 32,2 26 20.2 39.6 45.6 25 4 25.245.2 22,9 1 34
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From thiswe seethat m1 16 = 87.3, that is, the rat requires an average of 87.3 movesto
first find the reward.

. Count the minimum number of moves (M) required to reach the reward. What isthe

probability that the rat reaches the reward in exactly this number of moves?
Solution: By examining the diagram above, we seethat it is possible for the rat to reach
#16, starting in #1, in only six moves. By displaying the first passage probability f1(,?)6’

we see that the probability that state #16 is reached in exactly six movesis only 0.006944.
f (1]
y 1,16

1

=

«BEES4 4

JAled

JB1c45

a185

Musiaic

Ll B B B o R B B o o B R

a3
&
v
2
el
1a
11
1z
13
14
15
15

Lazies
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f. What isthe probability that the rat reaches the reward with no more than 4 unnecessary
moves?
Solution: The probability that the rat reaches #16 in no more than 6+4=10 movesis
0.006944 + 0.01264 + 0.01649 = 0.036074.

g. Simulate twicethefirst 2M moves made by therat. Did he reach the reward in either
smulation?
Solution: Below aretheresults of ten simulations of the first 12 stages of this Markov
chain. Surprisingly, in the tenth smulation the rat reached #16 in only 8 moves, even
though thisresult is very unlikely to occur!
Stage

1 1
4 5 6 ¥ 858 2 8 1 ¢

a1e =
*E' 1 15913 9 5 1 5 913 913 9
3 z 15913 913 14 13 9 13 14 18 11
v = 159 5 6 2 6 2 & 5 & 7 &
. y 4 159 5 6 2 3 4 3 28 3 & =
oF = 5 159 5 & 711 18 11 12 8 12 11
i = 6 159 5 6 5 9 5 & 2 &6 5 &
=1 7 156 7111811 7 11 7 11 18 14
Ef g 151 5 1 5 1 5 1 5 9 5 &
2 151 5 913 913 14 13 14 13 9
10| 15913 14 18 11 15 16 15 16 15 16

h. Briefly discussthe utility of this model in testing a hypothesisthat areal rat isableto
learn, thereby finding the reward in relatively few moves after he has made severd trial
runs through the maze.

Solution: The"null" hypothesis could be that the probability distribution of N1 16 (the
number of moves required to reach 16, starting in 1) is given by the first-visit probability
distribution {ff‘l)e, n=6,7,8,9,10,11, ... } given by the Markov chain ("memoryless")
model. One might then run the rat through the maze many times, recording the number of
moves required to reach box #16 from #1. By performing a chi-square "goodness of fit"
test with a pre-selected a, one might then be able to reject this null hypothesis and to
therefore conclude that the rat is not memoryless, i.e., that he has accomplished learning.
(Thiswould perhaps require that you first verify that the Markov chain model aboveis
valid for asingle run, by testing alarge number of rats, each asingle time.)

i. Briefly discuss how you might modify your Markov chain model if the rat will never exit a
box by the same door through which he entered, unless he has reached a "dead end".
Solution: With these modified transition probabilities, the original stochastic processis
no longer "memoryless’, i.e., the probability of passing through a door depends no only
on the current location of the rat, but also the door by which he entered his current
location! To restore the memorylessness property, we must define the state to include
information not only about the rat's location, but also about the door by which he entered
that location. For example, state #5 above would be replaced by three states, such as 5s,
5g, and 5y indicating that the rat entered box 5 from the south, the east, and the north,
respectively. The number of states perhaps increases by afactor between 2 and 3. The
transition probabilities for this new Markov chain are easily defined, e.g.,

P{55® ew}:% , P{55® 93}:%,butP{55® 1} = 0.
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57:022 Principlesof Design Il
Homework #10 Solutions
Spring 1997
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1. Bargesarrive at the La Crosse lock on the Mississippi River at an average rate of one every two
hours. It requires an average of 30 minutes to move a barge through the lock.
Assuming that the arrival processis Poisson and that the time to move the barge through the lock
has exponential distribution, find:

a. The average number of bargesin the system, i.e., either using or waiting to use the lock.

l/m r _ ]/4 :]/3

L= =
121/ r 1Yy

b. The average time spent by a barge at the lock (including waiting time).

w=-1 =1 _ -3, hr. |minutes.
m-1 2 1
r

hr.

c. Thefraction of thetime that thelock isbusy.| 1- pg= I/m: ]/4: 25%

Note: This system can be modelled as an M/M/1 queue, with| = 0.5/hour & m= 2/hr. Note
also that the above formulae for L and W are valid for M/M/1 queues only!

2. A machine operator has sole responsibility for keeping three semi-automatic machines busy.
Thetime required to ready a machine (unloading & reloading jobs) has exponential distribution
with mean 15 minutes. The machine will then processiits job without human attendance for an
average of 1 hour (but with actual time having exponentia distribution) before it requires the
operator's attention again. The continuous-time Markov chain model for this systemis:

f"‘un‘ ?H‘ 5’“2‘
Hy Lo H
a. Isthisabirth-death process? Yes

b. Indicatethevauesof | j and m on the diagram above.

| ,=1/hr.
[1=2" 1,=2r. | & |m =np=my=4/hr.
|0:3' I2=3/hr.

c. Compute the steady-state probability pg .
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d. The operator will be busy what fraction of the time?

1- po=54.93%

e. What fraction of the time will the operator be busy but with no machine waiting to be

serviced?

P1 :ZS Po = 33.8%

f. What isthe value of L (average number of machinesin the system)?

L=

- Qyocs

0

=0.8028

i pi =0 0.4507 + 1" 0.33803 + 2" 0.169 + 1" 0.04225

3
0. Whatisthevaueof | = é | ip; (the average arrival rate)?

i=0

Qo

0

=2.1972/hr.

| pi = 3/hr.” 0.4507 + 2/hr.” 0.33803 + 1/hr.” 0.169 + O/hr.” 0.04225

h. According to Little's Law, what is the average time from a machine's completion of one
job until it begins processing its next job?

VV::LL:

0.8028
2.1972/hr.

=0.36538 hr.= 21.923 min.

i. What will be the utilization of this group of 3 machines?

3

ace , , ,
U =0 _30.4507 +2/0.33803 + 1" 0.169 + 0" 0.04225
3 3
= 2-1372 = 73.24%

j- What is the expected number of jobs per 40-hour week which this machine center will

process?

73.24%

" 3machines” 1 —

job .
hr

40 hrs —
ek 87.88

job
week
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Use ARENA to simulate this same system. Specify asimulation run of length 50 hours, with a
warm-up period of 10 hours. (That is, the statistics will be collected between the 10th hour,
when the system should approximate steady-state, and the 50th hour.) According to the ARENA
output,

k. The operator will be busy what fraction of thetime? 52.2 %
(c.f. (d) above, which predicts 54.93%.)

l.. The operator will beidlewhat fraction of thetime? 47.8 %
(c.f. (c) above, which predicts 45.07%.)

m.. What isthe value of L (average number of machinesin the system)? 0.81 machines
(average #in queue + utilization of server [i.e.,average number being served]).
(c.f. (f) above, which predicts 0.8029 machines.)

n. What isthe average time from a machine's completion of one job until it begins
processing its next job? 23.88 minutes (average timein queue + average service time).
(c.f. (h) above, which predicts 21.923 minutes.)

0. What will be the utilization of this group of 3 machines? 73 % (c.f. (i) above, which
predicts73.24%.)

p. What isthe number of jobs processed by this machine center during the 40-hour period
for which you kept statistics? 77 jobs/week
(c.f. (j) above, which predicts 87.888 jobs/week.)

Suppose that the processing time for the jobs no longer has exponentia distribution, but instead
has normal distribution with the same mean value (60 minutes) but standard deviation 10 minutes
(compared to 60 minutes for the exponential distribution). Modify your ARENA model to reflect
this change and re-run the simulation.

g- What isthe number of jobs processed by this machine center during the 40-hour period
for which you kept statistics? 88 jobs

r. Did reducing the variation in processing timesincrease or decrease the throughput of this
machine center? increased
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