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Homework Solutions, Spring 1993
Prof. Dennis L Bricker, Dept. of Industrial Engineering
University of lowa

LCOZLOILLOILCOZLOZCOZLOI L LI ZLOI L LT (L I 1C 920 4 HW #2 LCOLLOIZLOILCONZLOILCOILLOILLOILCOLLOILCOLLOIT O 120 4

(1.) The probability that a given driver stopsto pick up a hitchhiker isp=0.05; different drivers, of course,

make their decisionsto stop or not independently of each other.
(a) Given that a hitchhiker has counted 30 cars passing himwithout stopping, what is the probability that
he will be picked up by the 37th car or before?
The arrival processis"memoryless’, so the fact that 30 cars have passed without stopping is not relevant
in computing whether one of the next seven carswill stop. Consider the arrival of the carsto bea
Bernouilli process, with "success' indicating that the car stops. Then the number N1 of thefirst car to
stop will have geometric distribution, with p=0.05, i.e.,
P{N1 = 30+n} =(0.95)"%(0.05)

We need P{N1£37}, which can be computed in several ways.

;
P{N; £37} = & (0.95)"%0.05)

n=1
Each term can be computed and summed. Asan alternative, we could use the fact that the sum is afinite
geometric series (minusitsfirst term, 1) and use the appropriate formula. The easiest method, however,
isto compute P{N1£37} = 1- P{N1>37} =1 - (0.95)7 = 1 - 0.6983373 = 0.3016627. (That is, the event
{N1>37} occursif & onlyif thenext 7 cars do not stop.)

Suppose that the cars arrive according to a Poisson process, at the average rate of 5 per minute. Then
"success' for the hitchhiker occurs at timet provided that both an arrival occursat t and that car stopsto
pick himup. Let T be the time (in seconds) that he finally gets a ride, when he begins his wait at time
zero.

(b) Find thedistribution of T; compute E(T) and Var(T).

If the arrival of all carsis aPoisson process with | = 5/minute, then the arrival of carswhich stopisa
Poisson process with arrival rate pl = (0.05)(5/minute) = 0.25/minute. Therefore, T must have
exponentia distribution with mean E(T) = /pl = 60 sec./0.25 = 240 sec. = 4 minutes, and variance V(T)

= [E(T)]2 = 1/(pl)2 = 57600 sec? = 16 min2.

(c) Given that after 4 minutes (during which 20 cars pass by) heis still there waiting for a ride, compute
the expected value of T.

We use the fact that the exponentia distribution is"memoryless', so that the expected value of T, given
that T>4 minutes, is4 minutes+ E(T) = 8 minutes (= 480 sec.)

(2.) (a) Usingthelast four digits of your ID# as the "seed" for the "Midsguare" technique, generate a
sequence of 10 pseudo-random numbers uniformly distributed in the interval [0,1].
Each student should compute different numbers, assuming that the last 4 digits of their IDs are different.
For example, suppose that Joe's ID# ends with the digits "1234". Then he will compute the sequence R;,

i=1, 2, ...10:
i Ri (Ri)?
0 1234 01522756
1 5227 27321529
2 3215 10336225
3 3362 11303044
4 3030 09180900
5 1809 03272481
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6 2724 07420176
7 4201 17648401
8 6484 42042256
9 0422 00178084
10 1780

(Each number R; above should then be multiplied by 0.0001 so asto get a sequence of numbersin the
interval [0,1].)

(b.) Using the "Inverse Transformation™ technique and the 10 numbers generated in (a.), generate the
interarrival timesfor 8 vehicles which form a Poisson process with arrival rate |I=5/minute.

As explained on page D2 of your notes (Hypercard stack "Random Numbers"), we generate interarrival
timest; having exponential distribution by the transformation

. _.In(@-R) _ IR,
= -.

I I
If we use the numbers R, generated above, we obtain t1 = - (0.2 min.) In (1-0.5227) = - (0.2
min.)In(0.4773) = - (0.2 min.)(-0.73961) = 0.147922 minute, etc. To save a bit of computational effort,
we could instead use the sequence of numbers above as 1-R; instead of R, , sinceif R; isuniformly
distributed in [0,1], then (1-R;) isalso. In this case, we would compute t; = - 0.2 In (0.5227) = (-0.2)(-
0.6487475) = 0.1297495 minute, etc. The arrival times are found by computing partial sums of the

interarrival times:
i

o
Ti=a tk
k=1
The results of performing these transformations on the 10 uniformly generated random numbers are;
TR r. = nll-Ri)
_ i= i= ]
1 Ej 1-E4
T T; T T;
1 | 0.5227 0.4773 0.12975 0.12975 0.147922 0.147922
2 | 023215 0.67E5 0.226952 |0.356701 (0.077ET42 | 0.225496
2 | 0.3362 0.6R322 0.21801 0.574711 |0.0219549 | 0.307451
4 |0.203 0.697 0.238204 (0.2913515 |0.072194 0.37a645
5 |0.1209 0.8191 0.341962 [1.15542 0.0399092 | 0.419555
B | 0.2724 0.7276 0.260097 [1.41557 0.0636002 | 0.453156
T |0.4201 0.5739 0.173453 [1.52903 0.10398 0.592136
2 | 0.5434 0.3516 0.0266495 |1 .67563 0.200052 | 0.2301138
Q | 0.0422 0.9572 0.6323067 (2.20274 0.00862226( 0.209211
10 | o.1%2 0.822 0.345194 (2.653204 0.039203 0.249014

(c.) What isthe expected number of arrivals during the first minute? What isthe actual # of arrivalsin
your simulation? What is the probability that you would observe exactly this number of arrivalsin this
Poisson process?
The expected number of arrivals during the first minuteis, of course, It = (5/minute)(1 minute) = 5. The
first sequence of numbers (generated using R1=0.5227) 4 arrivalsin the first minute. (Thefifth arriva
occurs later than 1 minute, i.e., at 1.15548 minutes.) In this case, the probability of observing exactly this
vaue (4) is.

4
P{N;=x} = (i)l e5= % 0.0067379 = 0.1754673

The second sequence (generated using 1-R1 = 0.5227) shows 10 arrivals in less than one minute
(0.849014 minutes). The probability that there are exactly 10 arrivalsin 0.849014 minute is rather
unlikely:
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P{N; = x} :(lxtl)erlt

where x=10, t=0.849014, and | = 5/minute. We compute
10
P(N, =x} = 424507)7 4 24507 = 19004155 0143347 = 0,007507

10! 3628800
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1. Bargesarriveat the La Crosse lock on the Mississippi River at an average rate of one every two hours. It
requires an average of 30 minutes to move a barge through the lock.
Assuming that the time to move the barge through the lock has exponential distribution, find:

a. The average number of bargesin the system, i.e., either using or waiting to use the lock.

b. The average time spent by a barge at the lock.

c¢. Thefraction of the time that the lock is busy.

d. The standard deviation of the time to move a barge through the lock.
If the time to move a barge through the lock has, not exponential, but normal distribution N(30,15), what are
therevised valuesin (a), (b), and (c)?
Thelock system forms an M/M/1 queueing system (with infinite capacity), with arrival rate| = 0.5/hr. and
serviceratem = 2/hr. The utilizationr =1/m = 0.25.
a. L = average number of "customers" in the system = r/(1-r) = 0.25/0.75 = 0.33333
b. W = average time in the system per customer (including going through the lock) = L/l = 0.33333/(0.5/hr)
= 2/3 hr. = 40 minutes. Of these 40 minutes, 30 minutes is, on average, spent going through the lock,
leaving an average of 10 minutes (0.083333 hr.) waiting in the queue.
c. Thefraction of the time which thelock isbusy is 1-pg = r = 25%.
d. Under the assumption that the time going through the lock has exponential distribution, the standard
deviation of thistime equals the mean value, i.e., 30 minutes or 0.5 hr., and $2=0.25 hr2,
Suppose that the time required to go through the lock is N(30,152), i.e., mean value is, as before, 30

minutes, and the standard deviation is 15 minutes, i.e., 0.25 hr. and s2= 1/16 hr2. We cannot use the
formulas for M/M/1 system now, but rather M/G/1 (i.e., service time distribution is"Genera".)
We have

po=1-r
where
r=|/m
and
1?52+ 12
qui
2(1-r)

Sincer = |/m is unchanged, the answer to (c) is the same as before, i.e., the lock will be busy 25% of the
time. The average length of the queue (not including a barge in the process of moving through the lock) is
2 2 2
Lo= (0.5%(0.25)* + (0.25)~ _ 0.0520833
2(1-0.25)
From this we can use Littl€'s formula L q=IWqto find Wy Wq = 0.0520833/(0.5/hr.) = 0.104166 hr. Thisis
the average time in the queue, so we add the average timein the lock, 0.5 hr., to get W=0.604166 hr., the
revised answer to (b). Then we use Little'sformula again to get L=IW = 0.3020833. Thiswould be the
revised answer to (@), which you will note is less than when the time had exponential distribution. This
illustrates the fact that, in general, if the variance of the service timeis reduced, both the average queue length
and the waiting time in the queue will be reduced. The output of the M/M/C APL workspace, for the original
M/M/1 queue, is as follows:
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i Fi CIOF

0] 0.750000 0.750000

1| 0.487500  0.937500

2| 0.046275  0.924370 |

3 0.044719 0.995004 E Hean (Queve Length (L2 = 0.083333
4 [ 0.002920 0.999022 § (tean momber of servers busy = 0.25
§ | 0.000732 0.999756 [ Frobability that at least one

6 | 0.000183 0.999939 § gerver iz idle = 0.75
7| 0.000046 0,999925 §

g | 0.000041  0.999996

Q| 0.000003 0.999999
10 | 0.0000014 A.000000

0.75

0.1875

0. 146
0.0117 p,p03

0 1 2 3 4
# of Barges in Systemn

2. Inaparticular manufacturing cell, one repairman has to maintain four machines. For the machines, the
time between breakdowns is exponentially distributed with an average of 4 hours. On the average, it takes
half an hour to fix a machine (exponentially distributed).

a. What isthe steady-state probability distribution of the number of machines which are broken down?

b. What fraction of the time will the repairman be busy?

c. What isthe average number of machinesin need of repair (including those in the process of being

repaired)?

d. What isthe average time between a machine breakdown and that machine being restored to operating

condition?

a We usethe formulas for the M/M/1/4/4 queueing system. That is, thereis afinite source population (the 4
machines). Machinesin need of repair then queue in front of the single server, i.e., therepairman. The
steady state probability that the system is empty, i.e., no machines need repair, is

1

= :L
Po N . -Wherer o

a oy "

j=0 (N-J)'

In our case here, N=4, | = arrival rate per machine = 1/(4hr.) = 0.25/hr., and m = repair rate = 1/(0.5hr.) =
2/hr. We therefore obtain r = (0.25/hr.)/(2/hr.) = 1/8 and
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_ 1
Po=
41 ;)0 LA ;)1 LA ;)2 LA ;)3 LA ;)4
41\8 318 21\8 HEAYS] ong
1 1 _
= 0.5746

" 1+05+0.1875 + 0.046875 + 0.005859  1.7402344 _ o
We then use pg and the terms in the denominator above to get the remaining probabilities.

p1 = 0.5pg, p2 = 0.1875pq, p3 = 0.046875pg, and p4 = 0.005859pq, as confirmed by the computer outpult:

-State Diztribution

The mean nunber of customers in the system
Cincluding the one being served) izi

0.5970519304

Fi CIF

-

0.574635 0.574630

U.287318 0.261053 1 average arrival rate of customers
0.107744 0.969597 iz 08607205174

0.026936 0.996633
0.003387 1.000000 Uzing Little'sz formula, the average time
gpent in the ayetem, per ocustomer, iz
¥ = 0.7012469657
b. pgisthefraction of the time that the repairmanisidle, so 1-pg = 42.5% isthe fraction of thetime heis
busy, i.e., the server utilization.

[N N ]

c. The probabilities p; give usthe probability distribution of the number of machinesin need of repair, so the
average number of machines needing repair is the mean value of this distribution:

4
L=8 jpj=0po+1py+:-- +4p,
j=0
which is approximately 0.5971, as given in the output above.

d. The quantity requested is denoted by W, the average time in the system each time a machinefails. This
can be obtained from Little'sformula L=IW if we first calculate |, the average arriva rate:

I =4(0.25/hr)pg + 3(0.25/hr)p1 + 2(0.25/hr)p2 + 1(0.25/hr)p3 + 0(0.25/hr.)p4

= gpproximately 0.85/hour, as given in the computer output above. (That is, when there are 0 machines"in
the system”, i.e., al 4 machines are"up & running”, failures will occur at the rate of 4 times the failure rate of
each machine, but if 1 machineisin the system, only 3 machines are running and the failure rateisonly 3
times the failure rate of each machine, etc.)

Now Little'sformulagives us W=L/ = 0.5971/(0.85/hr)= 0.7018 hour

3. Customersarrive at a service center with two servers at therate 10/hour. Averagetime for serving a
customer is 10 minutes (exponentially distributed). Compare the average customer waiting times and the
server utilization of two alternative systems:
a. Each server hasa queue, and customers are equally likely to enter either queue (so that in effect, the
arrival ratefor each queueis 5/hour).
b. All customers enter the same queue, and a server selects the next customer to be served from the head
of this queue.

a. Analysis of the M/M/1 queueing system for each of the two servers:
Using the formula given in the notes,

r
L=
1

, Wherer =L
n
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we obtain L = average number of customer in the system (including the one being served) =
(5/6)/(1/6) = 5. We can then use Little'sformula, L=IW, to get W=L/A=5/(5/hr.) =1 hour. Ten
minutes of thistimeisthe service time, leaving Wq = 50 minutes = average waiting time.

Results obtained from the computer outpuit:

i 4 Fi CIF M/M/ 1 system, with

0 0.832333 0.166667 0.166GET

1 0.233333 0.132920 0.205556 A= S/hour

2 0.833333 0.115741 0.421206

3 0.833333 0.006451 0.517747 po= Bihour

5 0.333333 0086360 D.cplpz  [ewn Qusus Leagnh (L) - 4.1667
6 0.233333 0.055916 0.72001% o gaaaa
7 0.233333 0.046514 0.767432 . = U

g 0.833333 0.038761 0.306103  Frobability that at least one

9 0.833333 0.032301 0.539404 gerver iz idle = 0.1B687
10 0.833333 0.026018 0.265412

(To obtain average waiting time given the average number in queue obtained from the computer output above,
we use Little'sformula L =W, to get W= L4/l = 4.1667/(5/hr.) = 0.83333 hr. = 50 minutes.)

b. Analysisof the single M/M/2 queueing system:
First compute pg, the probahility that system is empty:
1

_ 1 _
Po = =
1 2 0 1 2
(cr)"  (cr) 10° (10})* (10
RGP
o ' o 1 2 ;.10
12
1 = 1 =0.0009

T1+1.66667+8.3333 11

The formulafor the average number of customersin the queueis

_r(d)°po( 1 )2

q=

! 1-r
m(@)z
_12le) - 1.1
20 11 |4.10
12

= 0.1157407 "~ 0.090909 ~ 36 = 0.37878
This agrees with the output of the computer program:

P Fi CIF M/M/2 system, with

0 1.6EEEET 0.090909 0.020909

1 1.GEEEET 0.151515 0.242424 _

2 1.BEEEET 0.126263 0.363637 A = 10/hr.

2 1.666EE7 0.105219 0.472906 L= B/hr

4 1.6EEEET 0.037622 0.561522

E 1.BEREET 0.072060 0.524E57 tlean Queve Length <L) = 3,7879
6 1.BEEEET 0.060201 0.6Q5547 Mean mmber of servers busy

7 1.BEEEET 0.050742 0.746259 = 1,6667
& 1.BEEEAET 0.042285 0.789575  Probability that at least one
9 1.GEEEET 0.035238 0.823912 zerver iz idle = 0.24242
10 1.6666E7 0.020366 0.253177

To obtain average waiting time, given the average queue length obtained from the computer output, we use
Littlesformula L=IW, to get W = L/l = 3.7879/(10/hr.) = 0.37879 hr. = 22.73 minutes.
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Use of system (b), the M/M/2 queue, would result in approximately 55% reduction in waiting time for the
customers!
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