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Homework Solutions Fall 1996

Dennis L Bricker
Dept. of Industrial Engineering
University of lowa

Homework # 1
1. A telephone exchange contains 6 lines. A line can be busy or available
for calls and all lines act independently. Each line is busy 75% of the
noon period (so that the probability that a line will be busy at any given
time during the noon period is 75%).
a. What is the probability of there being at least three free lines at any
given time during this period?
Sol’'n: The number Ng of free lines at any given time will have the
binomial distibution with parameter n=6 and p=0.25, i.e., each of the
six lines corresponds to a “trial”, with the line being free corresponding
to “success”. Therefore

P{Ny2 3} = 5’ 869(0.25)i (1- 0.25)°"'=0.1694
° i-3€l @

b. What is the expected number of free lines at any time during this
period?
Sol'n: The mean (expected value) of a random variable having a
binomial distribution is np, which in this instance is 6(0.25) =1.5

c. You need to make three calls to this exchange, and each time you
receive a busy signal you try again. What is the probability that you
require exactly six tries in order to complete your three calls?

Sol’'n: Consider each call to the exchange to be a Bernouilli “trial”, and
Tk the number of the call on which you receive a free line for the kth
time. Then Tk has a Pascal Distribution (or, for the special case of k=1,
a geometric distribution). The required probability is therefore

- 1
P{T.=6}=¢_ 1§(O'25)3(1 - 0253

=0.1318 + 0.0326 + 0.0044 + 0.0002
= 0.0659

2. The foreman of a casting section in a certain factory finds that on the
average, 1 in every 8 castings made is defective.
N1o = # defects in 10 castings.
N1o has the Binomial Distribution with parameters n=10 and
p=1/8.
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a. If the section makes 10 castings a day, what is the probability that
none of these will be defective?
Sol'n: Applying the formula for the binomial distribution, we obtain

ao .0 ..10-0
P{N,,=0}=¢_2=20% 10

¢ To=0° =0.2631
€0 280 & 80

b. If the section makes 10 castings a day, what is the probability that
two of these will be defective?

Sol'n: According to the same formula used in (a),
ao .2 1._10—2
P{N, =2 =G 2205 10

=% R R =0.2416
e2 €84 € 80

c. What is the probability that 3 or more defective castings are made in

one day?
10
sol'n: P{N,, 2 3} =a P{N,, =i} =1- P{N,, <3}
i=3
= 1 - [0.2631+0.3758+0.2416]
= 0.1195

3. Alight bulb in an apartment entrance fails randomly, with an expected

lifetime of 20 days, and is replaced immediately by the custodian. Assume

that this bulb’s lifetime has an exponential distribution.

a. What is the probability that a bulb lasts longer than its expected

lifetime?
Sol’'n: T1, the lifetime of the first bulb (i.e., the time of the first
failure), has exponential distribution with parameters | =1 failure/20
days, i.e., the failure rate is 0.05 failures/day.

p{T,>20} =e P2d™ -0 3679

b. If the current bulb was inserted 10 days ago, what is the probability
that its lifetime (since it was inserted) will exceed the expected
lifetime of 20 days?

Sol’'n: Because of the Memoryless Property of the exponential
distribution, the time between the 10th day and the failure again has
the same exponential distribution as T;1. Therefore, since the
probability that the time from day 10 until the failure will exceed ten
days is

p{T,>10} =e %" =0 6065,
the probability that the total lifetime will exceed 20 days, given that it
Is at least 10 days, is 60.65%.

c. If you were to test 10 of these bulbs, what is the probability that
more than half will exceed the expected lifetime?

57:022 HW#1 2/1/97 page 2



Solutions

Sol’'n: Consider the testing of each bulb to be a Bernouilli trial, with
""success' corresponding to the bulb's exceeding the expected lifetime
of 20 days. Then the number of "successes” in the 10 trials will have
the binomial Distribution with parameters n=10 and p=0.3679 (from
the answer in (a)).
P{N,, >5} =P{N,, =6} +xw00¢-P{N,, = 10}
=0.083126 + 0.02765 + 0.00603 + 0.00078 + 0.00004
=0.11763

d. If the custodian has 2 spare bulbs, what is the probability that these
(including the one currently in use) will be sufficient for the next 60
days?

Sol'n: Consider the Poisson process in which an event is defined to be
a failure of a bulb. Then the number of events during a 60-day period
will have the Poisson Distribution with rate | =1 event per 20 days,

i.e., 1/20 = 0.05 events/day. The two spare bulbs will be sufficient for

the next 60 days, provided that the number of bulb failures is not
greater than 3. According to the formula for the Poisson distribution
with | = 0.05 events/day and t=60 days is

P{N £ 3 =0.6472
Homework # 2

up a hitchhiker is p=4%, i.e, an average of one in twenty-five drivers will stop;
different drivers, of course, make their decisions whether to stop or not
independently of each other.

1. Each car may be considered as a "trial” in a Bernouilli_ process, with "success"
defined as the car's stopping to pick up the hitchhiker.

2. Given that a hitchhiker has counted 15 cars passing him without stopping, what
is the probability that he will be picked up by the 25th car or before?

Soln: Let Z1 = the number of the Bernouilli trial in which “success”
first occurs, where p=0.04. Z; has the geometric distribution, and
because the Bernouilli process is “memoryless”, we want the
probability that success occurs on or before the 10th trial, i.e.,

%O J()O
P{z,£10}=aP{z,=n}=a @- p)"'p
n=1 n=1

= 0.04(0.96° +0.96" +0.96+......+0.96°) =0.33517
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P{Zi=n} |P{Zqzn}
0.04 0.04 |
0.0384 |0.0784 |
0.03686 |0.11526]
0.03539 | 0.15065]
0.03397 |0.18463]
0.03261 |0.21724]
0.03131 |0.24855]
0.03006 | 0.27861]
0.02886 | 0.30747]
0.02770

Lo T B B L ) I O T S S =

|

Suppose that the arrivals of the cars form a Poisson process, at the average rate of 15
per minute. Define "success" for the hitchhiker to occur at time t provided that both
an arrival occurs att and that car stops to pick him up. Let Y1 be the time (in

seconds) of the first "success", i.e., the time that he finally gets a ride, when he
begins his wait at time t =0.

3. What is the arrival rate of "successes"? 0.6
Soln: Arrival rate of "successes” | = (I 9 X p)=(15)%0.04)=0.6

(since the arrivals of the cars form a Poisson process at the average
rate of 15/min. and each of these cars have probability p=0.04 that

it will pick up a hitchhiker.)

4. What is the name of the probability distribution of Y1? Exponential

5. What is the value of E(Yy) ?2__ 1.6667
i o1 1
Soln: The mean of Exponential Distribution is I_:0_6

6.What's the value of Var(Y)?__ 2./778
1

i i T |
Soln: The variance of Exponential Distribution is I—Z:W

7. What is the probability that he must wait less than 2 minutes for a ride (P{Y1<
2y, 0.6988
Soln: The CDF (cumulative distribution function) for Y1, which has
the exponential distribution, is
Ft)=P{Y, £t} =1-e"'" where| =06.

Another equivalent approach:
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If P{Tn <t} is true, then P{Nt : n} is true, i.e., P{T, <t} P P{N, 3 n}
P{T.<2}=P{N,° 1} =1- P{N, <1} =1- PN, =0}
—1-g 0O (0.6)(2)}° — 0.6988
0!

8. What is the probability that he must wait more than 2 minutes for a ride(P{Y1>
2}2 Soln: __ 0.3012
P{Y,>3=1-P{y,£3 =1- F2)=e *?*=0.3012
Equivalently,
Using the property "P{T, >t} 0 P{N, <n}"
0812 1(06))}°
0!

P{T.>2} =P{N, <1} =P{N, =0} =e =0.3012

9. What is the probability that he must wait exactly 2 minutes for a ride? (P{Y1=

23?2 Soln: 0] .
The probability that the event occurs in a time interval of length zero
is zerol!

Note that your answers in 7-9 must have a sum equal to 1!

Suppose that after 2 minutes (during which 28 cars have passed by) the hitchhiker is
still there waiting for a ride.

10. What is the conditional expected value of Y1 (expected total waiting time,
given that he has already waited 2 minutes). 3.6667
Soln: Because of the memoryless property of the Exponential
distribution, the expected additional time until a car stops is identical
to the original expected time until the car stops. That is, he now

expects to wait a total of 2+E (Tl) =2+ §Oi6§: 3.6667

10. What is your ID number? _ 485-21-1250__ (Han-Suk’s ID #)

Note: Your solutions to #11, 12, 14, and 15 below will vary
because of the different random number seed used in the

simulation!

11. Using the first four digits of your ID number as the "seed" for the "Midsquare"
technique, generate a sequence of 10 pseudo-random numbers Rq, Ro, ... R10

uniformly distributed in the interval [0,1].

Soln: Starting with the “seed” Xp=4852, we get the “pseudo-random
sequence
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i X X R
1 4852 23541904 0.5419
2 5419 29365561 0.3655
3 3655 13359025 0.3590
4 3590 12888100 0.8881
5 8881 78872161 0.8721
6 8721 76055841 0.0558
7 0558 00311364 0.3113
8 3113 09690769 0.6907
9 6907 47706649 0.7066

10 7066 49928356 0.9283

12. Using the "Inverse Transformation" technique and the 10 numbers generated in
(10.), generate the interarrival times {1, t5, ... I 1o for the first ten cars with

arrival rate | = 15/minute, and then the arrival times T, To, ... T1g of those ten
cars.
Soln:
i R t; T
1 0.5419 0.05204452 0.05204452
2 0.3655 0.03032787 0.08237238
3 0.3590 0.02964839 0.11202077
4 0.8881 0.14600998 0.25803075
5 0.8721 0.13710044 0.39513119
6 0.0558 0.00382782 0.39895901
7 0.3113 0.02486330 0.42382231
8 0.6907 0.07822957 0.50205188
9 0.7066 0.08174789 0.58379978
10 0.9283 0.17568430 0.75948408

Ingﬁig_ INZ.- Rig

I
ie,t1=T1, to=T2-Tq, t3=T3- Ty etc., so that the arrival times are
Tq=tq, To=t1 +t,, Ta=t1+1, +13, etc.)

(Since t i =- , where tj is the interarrival time,

13. What is the expected number of arrivals during the first 20 seconds?

ER 5:(15/min)(%min)=5

Soln: & 1/32

14. What is the actual # of arrivals during the first 20 seconds of your simulation?
Soln: 4 arrivals in the first 20 seconds. ( Since the 5th arrival
occurs at 0.3952 minutes which is later than 0.3333 minutes(= 20
seconds). )

15. What is the probability that you would observe exactly this number of arrivals

in this Poisson process? _ 0.1755
Soln:
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15)(1/3)}* 4
P{N,, =4}:e'<15><1’3’—{( JAI3} _ 55" _ 1785
s 41 4!
Homework # 3

1. Consider again the proposed drive-up bank teller window in the Hypercard Stack
"Intro. to Simulation", but where the arrival rate of customers has increased to
20/hour (one every 3 minutes). The SLAM models for two models (one with a
single teller window and the second with two teller windows), together with
output, appear below.

®ooeooccsscsssscsee (Cose A Sing'e teller eoooccocccoccsccccs

GEN,BRICKER,BANKTELLERS,9/12/1996,,,,,,,72;

LIM,2,1,50;

INIT,0,480;

NETWORK;
CREATE,EXPON(3.0),,1;
QUE(1),0,4,BALK(OVFLO);
ACT(1)/1,EXPON(2.0);
COLCT,INTVL(1),CUSTOMER_TIME,20/.5/.5;

TERM,;
OVFLO COLCT,ALL,OVERFLOW;
TERM,;
END;
FIN;
SLAM (I SUMMARY REPORT
SI MULATI ON PRQJECT BANKTELLERS BY BRI CKER
DATE 9/12/1996 RUN NUMBER 1 OF 1
CURRENT TI ME . 4800E+03

STATI STI CAL ARRAYS CLEARED AT TIME . 0OO0O0OE+00

During the 480 simulated time units, there were a total
of 158 cars served by the bank teller. The average time
in the system for these cars was 5.86 time units with a
standard deviation of 5.20 time units and times ranged

from 0.0345 to 23.5 time units. The distribution for
time in the systemis depicted by the histogram generated
by SLAM 11. There was a total of 1 observation of

overfl ow.

A histogram of the values collected at a COLCT node can
be obtained. This is accomplished by specifying on input
the number of interior cells, NCEL; the wupper limt of
the first cell, HLOW and a cell width, HWD, for the
hi st ogram. The number of cells specified, NCEL, each of
which will have a width of HW D. Two additional cells
will be added that contain the interval (-¥,HLOW and
( HLOWANCEL* HW D, ¥) .

**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *
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MEAN STANDARD CCEFF. OF M NIMUM  MAXI MUM NO OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALUE aBS

CUSTOMER TIME .586E+01 .520E+01 .887E+00 .345E-01 .235E+02 158
OVERFLOW . 182E+03 .OOOE+00 .OOOE+00 .182E+03 .182E+03 1

The second category of statistics for this example is
the “file statistics”. The statistics for file 1
correspond to the <cars waiting for service at bank
teller window was 1.25 cars, with a standard deviation
of 1.473 cars, a maxi mum of 4 cars waited, and at the
end of the simulation there were no cars in the queue.

**FI LE STATI STI CS**

FI LE AVERAGE STANDARD MAXI MUM CURRENT AVERAGE
NUMBER LABEL/ TYPE LENGTH DEVI ATI ON LENGTH LENGTH WAIT TI ME
1 QUEUE 1. 250 1.473 4 0 3.797
2 . 000 . 000 0 0 . 000
3 CALENDAR 1.679 . 467 3 1 1.729
The | ast category of statistics for this example is
“statistics on service activities”. The first row of service
activity statistics corresponds to the server at bank teller
wi ndow who was busy 67.9 percent of the time. Since the

capacity of the server is one, the values 12.84 and 87.10
refer to the maximum |l ength of the server idle period and the
server busy period, respectively.

**SERVI CE ACTI VI TY STATI STI CS**

ACT ACT LABEL OR SER AVERAGE STD CUR AVERAGE MAX | DL MAX BSY ENT
NUM START NCDE CAP  UTIL DEV UTIL BLOCK TME SER TME/ SER CNT

1 QUEUE 1 . 679 .47 0 .00 12. 84 87.10 158

** Hl STOGRAM NUMBER 1**
CUSTOVER_TI ME

OBS RELA UPPER

FREQ FREQ CELL LIMO 20 40 60 80 100
+ + + + + + + + + + +

9 .057 .500E+00 +*** ) +
11 .070 .100E+01 +*** C | +
13 .082 .150E+01 +**** C | +
14 .089 .200E+01 +**** C | +
4 .025 .250E+01 +* C | +
8 .051 .300E+01 +*** C | +
9 .057 .350E+01 +*** c | +
2 .013 .400E+01 +* c | +
7 .044 . 450E+01 +** Cc | +
9 .057 .500E+01 +*** C +
4 .025 .550E+01 +* | C +
6 .038 .B00E+01 +** | C +
4 .025 .B50E+01 +* | C +
5 .032 .700E+01 +** | C +
5 .032 .750E+01 +** | C +
5 .032 .B800E+01 +** | C +
5 .032 .850E+01 +** | C +
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6 .038 .900E+01 +** | C +
2 .013 .950E+01 +* | C +

4 .025 .100E+02 +* | C +

3 .019 .105E+02 +* | C +
23 .146 INF ks ) C
--- + + + + + + + + + + +
158 0 20 40 60 80 100

** STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN ~ STANDARD COEFF. OF M NMUM  NMAXIMUM NO. OF

VALUE  DEVI ATI ON VARIATION  VALUE VALUE  OBS

CUSTOMER TIME ~ .586E+01 .520E+01 .887E+00 .345E-01 .235E+02 158

GEN,BRICKER,BANKTELLERS,9/12/1996,.,,,,,72;

LIM,2,1,50;

INIT,0,480;

NETWORK;
CREATE,EXPON(3.0),,1;
QUE(1),0,4,BALK(OVFLO);
ACT(2)/1,EXPON(2.0);
COLCT,INTVL(1),CUSTOMER_TIME,20/.5/.5;
TERM;

OVFLO COLCT,ALL,OVERFLOW;
TERM;
END;

FIN;

SLAM I SUMMARY REPORT

SI MULATI ON PRQJECT BANKTELLERS BY BRI CKER
DATE 9/12/1996 RUN NUMBER 1 OF 1

CURRENT TI ME . 4800E+03
STATI STI CAL ARRAYS CLEARED AT TIME . 0OO0O0OOE+00

During the 480 sinulated time units, there were a tota
of 179 cars served by the bank teller. The average time
in the system for these cars was 2.37 time units with a
standard deviation of 2.60 time units and times ranged
from0.0117 to 23.6 time units. The distribution for
time in the systemis depicted by the histogram
generated by SLAM II.

**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN STANDARD COEFF. OF M NIMUM  MAXI MUM NO. OF

VALUE  DEVI ATI ON VARI ATION  VALUE VALUE 0BS
CUSTOMVER _TI ME .237E+01 .260E+01 .110E+01 .117E-01 .236E+02 179
OVERFLOW NO VALUES RECORDED

The second category of statistics for this example is
the “file statistics”. The statistics for file 1
correspond to the cars waiting for service at bank
teller window was 0.099 cars, with a standard devi ation
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of 0.355 cars, a maximum of 4 cars waited, and at the
end of the simulation there were no cars in the queue.

**F| LE STATI STl CS**

FI LE AVERAGE STANDARD MAXI MUM CURRENT AVERAGE

NUVBER LABEL/ TYPE LENGTH DEVI ATION LENGTH LENGTH WAI'T TI ME
1 QUEUE . 099 . 355 4 0 0. 266
2 . 000 . 000 0 0 . 000
3 CALENDAR 1.785 . 794 4 1 2.164

The | ast category of statistics for this example is
“statistics on service activities”. The first row of
service activity statistics corresponds to the service
activity at the bank teller wi ndow: the average
utilization was 0.785 which is the average number of busy
servers. Since there are two servers, the utilization of
each individual server was 0.785/2 = 39.25% which means
t hat each server was busy an average of 39.25% of the
day. Note that since this activity has a capacity of 2,
the maxi mum i dl e and busy values refer to the number of
servers, instead of the service times.

**SERVI CE ACTIVITY STATI STI CS**
ACT ACT LABEL OR SER AVERAGE STD CUR AVERAGE MAX | DL MAX BSY ENT
NUM START NCDE CAP  UTIL DEV UTIL BLOCK TME SER TME/ SER CNT
1 QUEUE 2 . 785 .79 0 .00 2.00 2.00 179

** Hl STOGRAM NUMBER 1**
CUSTOVER_TI ME

OBS RELA  UPPER

FREQ FREQ CELL LIMO 20 40 60 80 100
+ + + + + + + + + + +

27 .151 .500E+00Q +***x*%*x - +
30 .168 .100E+01 +***x**x*x C | +
28 . 156 .150E+Q1 +***xx%%x C | +
16 .089 .200E+01 +**x* C | +
17 .095 .250E+01 +***** C | +
11 .061 .300E+01 +*** C | +
11 .061 .350E+01 +*** C | +
9 .050 .400E+01 +*** Cc | +

9 .050 .450E+01 +*** d +

4 .022 .500E+01 +* C +

3 .017 .550E+01 +* |C +

2 .011 .600E+01 +* | C +

2 .011 .G650E+01 +* | C +

2 .011 .700E+01 +* | C+

2 .011 .750E+01 +* | C+

1 .006 .800E+01 + | C+

0 .000 .850E+01 + | C+

1 .006 .900E+01 + | C+

1 .006 .950E+01 + | C+

0 .000 .100E+02 + | C+

1 .006 .105E+02 + | C+

2 .011 I NF +* ~ C
--- + + + + + + + + + + +
179 0 20 40 60 80 100
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**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN STANDARD CCEFF. OF M NIMUM  NMAXI MUM NO OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALUE 0BS
CUSTOVER _TI MVE .237E+01 .260E+01 .110E+01 .117E-01 .236E+02 179

a. How many cars were unable to enter the queue each day, because the queue was
filled to capacity?
Case A: 1 Case B: none
b. What fraction of the time was each teller busy each day?
Case A: 67.9% Case B: 39.25%
c. Estimate the mean (average) time in the system for the customers.
Case A: 5.86 min . Case B: 2.37 min.
d. What fraction of the customers spend more than 5 minutes (total of both waiting
and being served) at the bank?

Case A: 72/158 =45.6% case B: 17/179 =9.5%

Homework # 4

1. The numbers of arrivals during 100 hours of what is believed to be a Poisson
process were recorded. The observed numbers ranged from zero to nine, with
frequencies Og through Og:

ad

Frequency

£ 3 4 2 ] 7

# of Arrivals during Hour Interval
The average number of arrivals was 3.8/hour. We wish to test the "goodness-of-fit"
of the assumption that the arrivals correspond to a Poisson process with arrival rate
3.8/hour. The first step is to compute the probability of each observed value, O
through 9:
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0.2045%8

0.16151
0.14771

PiN=i}

0.0223708
0.0950089
0.161517
0.204585
[0.1943588 |
0.147713
0.0935513
0.050755
0.0241229
0.0101852

—

=
=
L
o0
=
=

0.09355

Probability

0.02237
0.05073

[l B B a1 I R T O ]

PP L FPLP L PIFEF A
# of Arrivals during Hour Interval

a. What is the value missing above? (That is, the probability that the number of
arrivals is exactly 4.)

25 (3.8)°

e " ——=0.1943588
41

b. Now, we can compute the expected number of observations of each of the
values O through 9, which we denote by Eg through Eq.
= What is the expected number of times in which we would observe four
arrivals per hour?
Soln: 19.44
= Did we observe more or fewer than the expected number?
Soln: The observed number (=24) is more than the expected number (=19.44)

c. Complete the table below:

(E;-0)2
Ei

0. 0223702 223708 4 Z.1079 1.38927

0.0250029 2.50029 =] 0.249107 0.02920327

0.161517 16.1517 15 1.22641 0.082121%
0.204538 20.4538 17 11.9634 0.534756

PiN=1} E; 0;  (E-05)%

—_

[0.1943584 |[1943588| 24 [2083119 | [1.07179 |
0.147743 14.7713 12  7.67991 0.5109922
0.0036613  9.38813 =  1.83639 0.10620%
0.050755 5. 0785
0.0241220  Z.41229
0.0104862  1.01862

1.16317F 0.229037
B.BIEES 2.775E9
0.9633 0.945732

[y

D =135 R W RS

d. Ignoring the suggestion that cells should be aggregated so that they contain at
least five observations, what is the observed value of

D= S (Ei'lfi)2 2
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Soln: 7.8241705
e. Keeping in mind that the assumed arrival rate | =3.8/hour was estimated from

the data, what is the number of "degrees of freedom"?
Soln: 8 (=10-1-1) degrees of freedom

2
f. Using a value of a = 5%, what is the value of the quantity C5% such that D

2 . . . . .
exceeds C5% with probability 5% (if the assumption is correct that the

arrivals form a Poisson process with arrival rate 3.8/hour)?
Soln: 15.507

2
g. Is the observed value greater than or less than C5% ?

2
soln: D (=7.82) < C5y, (=15.507)

Should we accept or reject the assumption that the arrival process is Poisson
with rate 3.8/hour?

Soln: Accept the assumption that the arrival process is Poisson with rate
3.8/hour.

2. Consider again the SLAM Il example of the garment factory with 50 sewing
machine operators and machines, 54 machines (including 4 backup machines) and
3 repairmen. The original system was modeled by the following SLAM statement.
Note that the time units are hours, and that the system is simulated for 2000 hours,
i.e., 50 weeks of 40 hours each.

GEN, BRI CKER GARVENTFACTCRY, 9/ 18/ 1996, , , , , ,, 72;
LIM 2, , 55;
INI T, 0, 2000;
NETWORK;
QA QUE(1), 4
ACTI VI TY(50) / 1, EXPON( 157) ;
@ QE2);
ACTI VI TY(3)/ 2, UNFRM 4, 10) , , QL;
END;
FIN;

The output of this SLAM nodel is

SLAM I SUMMARY REPORT
SI MULATI ON PRQJECT GARMENTFACTORY BY BRI CKER
DATE 9/18/1996 RUN NUMBER 1 CF 1
CURRENT TI ME . 2000E+04

STATI STI CAL ARRAYS CLEARED AT TIME . 0OO00OE+00

**FI LE STATI STI CS**

FI LE AVERAGE STANDARD NMAXI MUM CURRENT AVERAGE

NUVBER LABEL/ TYPE LENGTH DEVIATION LENGTH LENGTH WAIT TIME
1 Q QUEUE 1. 420 1.311 4 0 4. 396
2 Q@ QUEUE . 802 1.578 11 4 2.473
3 CALENDAR 51.778 1.390 54 50 48. 778

**SERVI CE ACTI VI TY STATI STI CS**
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ACT ACT LABEL OR SER AVERAGE STD CUR AVERAGE MAX | DL MAX BSY ENT

NUM START NCDE CAP  UTIL DEV UTIL BLOCK TME SER TME/ SER CNT
1Q QUEUE 50 49.542 1.29 47 .00 10. 00 50.00 649
2 Q@ QUEUE 3 2.236 . 98 3 .00 3.00 3.00 642

The modified example, in which the repair of the failed machines is subcontracted if
there are already two machines in the repair queue, is modeled by the SLAM
statements:

GEN, BRI CKER GARVENTFACTCRY, 9/ 18/ 1996, , , , , ,, 72;
LIM 2, , 55;
INI T, 0, 2000;
NETWORK;
QA QUE(1), 4
ACTI VI TY(50) / 1, EXPON( 157) ;
@  QUE(2),,2, BALK(SUB);
ACTI VI TY(3)/ 2, UNFRM 4, 10) , , QL;
SUB  COLCT, BETWEEN, SUBCONTRACT;
ACTI VI TY, UNFRM 20, 30) , , QL;
END;
FIN;

The output of this SLAM model is

SLAM 11| SUMMARY REPORT
SI MULATI ON PRQJECT GARMENTFACTORY BY BRI CKER
DATE 9/18/1996 RUN NUMBER 1 CF 1
CURRENT Tl ME . 2000E+04

STATI STI CAL ARRAYS CLEARED AT TIME . 0OO0OOE+00
**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON**

VEAN STANDARD COEFF. OF M NIMUM  MAXI MUM NO. OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALUE 0BS

SUBCONTRACT .527E+02 . 729E+02 .138E+01 .881E-01 .262E+03 35

**Fl LE STATI STI CS**

FI LE AVERAGE STANDARD MAXI MUM CURRENT AVERAGE
NUMBER LABEL/ TYPE LENGTH DEVIATION LENGTH LENGTH WAIT TIME
1 QL QUEUE 1. 488 1. 270 4 1 4. 694
2 Q@ QUELE . 277 . 577 2 0 . 926
3 CALENDAR  52.235 1. 060 54 53 51. 086

**SERVI CE ACTIVITY STATI STI CS**

ACT ACT LABEL OR SER AVERAGE STD CUR AVERAGE MAX | DL MAX BSY ENT

NUM START NODE CAP  UTIL DEV UTIL BLOCK TME SER TME/ SER CNT
1A QUEUE 50 49.706 .83 50 . 00 7.00 50.00 633
2 Q@ QUEUE 3 2.082 .98 3 . 00 3.00 3.00 594
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Note: When “between” statistics are collected, the number of observations is the
number of intervals between arrival of entities, i.e., one less than the number of
arrivals!

Suppose that
= the hourly wage of a sewing machine operator (including benefits, etc.) is $15.
= the hourly wage of a machine repairman (including benefits, etc.) is $25.
< each machine operator (when busy) generates $27.50 per hour of revenue for
the company,
= the cost of subcontracting the repair of a machine is $250.

a. What is the annual payroll for machine operators?
Soln: $30,000 (=2000 ~ 15) per operator; total is 50($30,000) = $1.5 million
b. What is the annual payroll for repairmen?
Soln: $50,000 (=2000 ~ 25) per repairman; total is 3($50,000) = $150,000
c. What is the average direct cost of repairing a machine in-house?
Soln: $77.88/ machine =$25(2000/642)
d. How many repairs were subcontracted during the year?
Soln: 36 (Since there were 35 observations of the interval between such repairs,
the number of the subcontracted repairs is 36.)
e. How frequently were repairs subcontracted?
Soln: once every 52.7 hours (from SLAM Il output).
f. What is the average length of time that machines wait in the repair queue?
Soln: Without subcontracting: 2.473 hours
Soln: With subcontracting: 0.926 hours
g. What is the maximum number of idle machine operators during the year?
Soln: Without subcontracting: 10 operators
Soln: With subcontracting: 7 operators
h. What is the utilization of each repairman, i.e. the % of time busy?
Soln: Without subcontracting: 74.5%
Soln: With subcontracting: 69.4 %
i.. How many more man-hours of machine operator time per year are utilized when
the repairs are subcontracted?
Soln: 328 hours more (= 49.706-49.542)" 2000 )
j. How much more revenue per year is earned by the company when repairs are
subcontracted?
Soln: With subcontracting : (49.706° 27.5° 2000)-(250° 36) = 2,724,830
Without subcontracting, revenue is (49.542° 27.5° 2000) = 2,724,810
Difference is $20
k. Is the decision to subcontract the repairs cost-effective? That is, will the increase
in the company ‘s revenues compensate for the cost of subcontracting?
Soln: Yes, but the increase is so negligible that the company should decide based
upon other non-quantifiable factors.

Homework #5

Regression Analysis. Tests on the fuel consumption of a vehicle traveling at
different speeds yeilded the following results:

Speed s (mph) 20 30 40 50 60 70 80 90
Consumption C (mile/gal.) | 114 179 221 255 261 276 292 298

(Note: the above data is complete fictitious!)
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It is suggested that the relationship between the two variables is of the form C =a + b/s.

a. Run the "Cricket Graph" software package (on the Macintosh), and enter the
above observed values of s and C (columns 1 and 2).

s[I=——— Untitled Data =
R 1 ) z
L c s
1 1141 20
2 1794 a0
z 221 40
4 2335 a0
5 26.1 &0 |
& 276 7o
7 292 20
2 29.8 20

b. Plot the "scatter plot" of C versus s by choosing "scatter" on the Graph menu, and
specifying s on the horizontal axis and C on the vertical axis. Does the plot appear
to be linear? NO

Data from "Homework#5"

30 A g @
o]
o o]
o]
o]
o]
10 L e I E e B

0 20 40 60 80 100

c. Choose "transform" from the "data" menu to create a new variable 1/s which is the
reciprocal ofs. (Put this new variable into Column 3.)

NET— 1 2 z
E‘ C z 175
1 11.4; EDE D.DEDE
2 1791 30 0.033 §
z 221 40 00235
4 2551 a0 i 0.020 §
5 261 &0 oy
& ITE | 70 | 0014 |
T i I a0 o3
a8 238 a0 o011
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d. Plot the "scatter plot" of 1/s (horizontal axis) versus C (vertical axis). Does the plot

appear to be linear? Yes
=7+."| Scatter Plot h
Scatter
Horizontal (H) Axis Uertical (Y) Axis

o

5 5
C

s 1/s

o

4]

[ New Plot ] [ Cancel ]

Data from "Homework#5"

30 15,
o]
B g
o}
o]
o}
10 v 1 v T v T v T v 1
0.01 0.02 0.03 0.04 0.05 0.06
1/s

e. After plotting C versus 1/s, select "Simple" from the "Curve Fit" menu, in order to
fit a simple linear relationship between C and 1/s, i.e., to determine a and b such

thatC » a + b(1/5). What is the value of a? 34.604 of b? -476.94
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z0
u= [ 34604 |-[ a76.04]x R=0393
o 200 -
10
001 0.0z 0.0% 0.04 0.05 0.6

1/=

57:022 HW#1 2/1/97 page 18



Solutions

f. Another suggestion is that the relationship is of the form C=ax®. Perform the

appropriate linear regression to fit a curve of this type. What is the value of a?
_2.14067(=e 0.76112 y ofp? _ 0.60572 _

Data from "Homework#5"
3.4 - o

3.2 1

3.0 A

InC

In C
o]

2.8 1

2.6

-

2.4 . .
2 3 4 5

In's
y=0.76112 + 0.60572x R"2 =0.923

\\\\\\\\\\\\\\\\\\

ddadaaaaadaaaaaaaa
Next, start the shareware program “Curve Fit 0.7e " (author: Kevin Raner) which
can be found on the “Public Software” fileserver of ICAEN. This program can
perform nonlinear regression directly, without first linearizing the function.

g. Enter the values of C and s as before:

O
O
2.80000E+01 — 0
O
@)
2.40000E+01 —
@)

2.00000E+01 —

O
1.60000E+01 —
1.20000E+01 —

O
I I I
3.00000E+01 6.00000E+01 9.00000E+01
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=[] Untitled Data
A Coord. Y Coord. Plat  Fit sl = &+ b
Z.00000E+01 1.14000E+01 [
Z.00000E+01 1.79000E+01 [
4 00000E+01 2 Z1000E+01 [
5.00000E+01 2 SSO00E+01 [
& .00000E+01 2 & 1000E+01 [
7.00000E+01 2 TEOD0E+01 [
2.00000E+01 2 92000E+01 [
9. 00000E+01 2 FE000E+01 [
| ]
2.20000E+01 o
u]
N o
2 40000E+01
2 .00000E+01
]
1. £0000E+01
1.20000E+01
= T |
Z.00000E+01 & Q0000E+01

Next, enter the function “f(x) = a + b/x” and give initial values of 1 to the
parameters a & b. Then choose “Custom Fn” from the menu in order to find the
values of a & b which will minimize the sum of the squared errors, using a nonlinear
optimizing algorithm, e.g. a Quasi-Newton algorithm. (You may have encountered
this type of algorithm, e.g. Fletcher-Powell, in 57:021 “Principles of Design 1”.) Be
sure to indicate that both a & b are to be selected:
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A Coord. Y Coord. Flot  Fit s = a+ bex
2 00000E+01 1.14000E+01 ff 0 BRI
2.00000E+01 1.79000E+01 g
4.00000E+01 | 2.21
S.00000E+01 2.55 Custom Fit
€.00000E+01 | 261 Tolerance: 1E-06
7.00000E+01 | 274

Method:
e 1 Steepest Descent

2.00000E+01 2.9 L
3.00000E+01 295 Optimize: L1A

all O« @ Quasi Newton

e T Newton

a | 1.00E+00 2.40000E+01 —

b 1.00E+00

h. What is the optimal fitted curve? C = (34.6 ) + (-477 ) / s. What is the SSE (sum of
the squared errors)? 2.48990

O
@)
2.80000E+01
2.40000E+01
a=3.46E+01
b=-4.77E+02
2.00000E+01
1.60000E+01
Sum of Squares
=2.48990
1.20000E+01
I I I
3.00000E+01 6.00000E+01 9.00000E+01
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i. Next, enter the power function
[[I=——"—— Untitled Function
flx)= a*x"b

and find the optimal curve of this type: C = 3.04 sO0-519  what is the SSE for this
fitted curve? 19.80037

O
2.80000E+01 —
@)
O
2.40000E+01 —
a=3.04E+00
O b=5.19E-01
2.00000E+01 —
1.60000E+01 — Sum of Squares
=19.80037
1.20000E+01 —
O
I I I
3.00000E+01 6.00000E+01 9.00000E+01

j. You now have four candidate curves. Write them below, together with their SSE’s.
(You may need to compute the values of SSE for the curves fit by Cricket Graph
manually.)

Cricket Graph: | C=2.14067s0-60572 25 7847687 C=34.604-476.94/s 2.48989893

Curve Fit C =3.04s0-519 19.80037 C=346-477/s 2.48990

Which one has the smallest SSE?

Soln : The question was perhaps vague, in that “SSE” did not specify in which
equation the error was to be computed, i.e., InCi=[Ina+ b’ In si or G=as’. My

intention was the latter, i.e., the error in the original curve rather than the
linearized curve.
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There is neglible difference between the SSE in the fitted curves of the form C = a +
b/s found by Cricket Graph and Curve Fit 0.7e. (This is because the objective
functions for the optimization are identical.)

However, this SSE is considerably smaller than that of the two fitted curves of the

form C = asP. Note that for the form C = asP, the SSE in the curve found by Curve Fit
0.7e is less (19.8 compared to 25.78) than that in the curve found by Cricket Graph.
(In these two cases, the objective functions were different, namely

8

Minimize § (In Ci- [In a+b’In sﬂ)2 in the case of Cricket Graph,
i=1

o]

2
Minimize é (Ci - asf’) in the case of Curve Fit 0.7e.
=1

Homework # 6
Reasoning that the failure time of a mechanical device is the minimum of the failure
times of its individual elements (all nonnegative random variables), we will
therefore assume that the failure time of the device has approximately a Weibull
distribution. Suppose that 500 units of this device are operated simultaneously for
280 days, at which time 100 have failed, with the failure times:

22.985 432.639 355.393 23.733 .47l 99,379 182.81 111.84 118.25 112.32
119.35 121.84 123.12 132.9 124.85 134.98 141.16 144.6 144.93 147.61
145.41 15@.32 152.3 155.89 155.9 157v.25 198.72 lé2.14 1e2.78 163.68
1I¥li.49 1Fz.19 1F2.81 1F3.e2 1vVd4.82 17D.25 179.82 184.85 185.7 198.47
19g.28 193.92 195.72 1926.12 1926.81 197.08 192.3 28c 2Es .2 283.76
glli.4  2lz2.86 212.95 213.593 213.v2 2i4.68 212.81 221.37 221.63 225.57
e2o.94 228.11 230.14 2320.51 231.86 233.099 233.90 234.18 234.29 238.3F
238.04 238.84 242.49 244.23 245.23 245.92 248.19 242.70 249.85 200.82
god.4  258.9  2351.84 251.11 252.595 232.57 2328.7 g253.98 257.93 268.59
2el.85 262.92 263.02 26D0.73 266.77 26r.od 269.72 2F2.8e 274.08 277F.2l

To estimate the expected lifetime (and its standard deviation) by recording the failure
times of all 500 units would require perhaps several years, an excessive amount of
time. Hence, we wish to estimate the Weibull parameters u & k from only the data

above, and use these to estimate Mand S.

a. Group the observations as follows:
Cumulative

Interval # failures # failures % surviving
0- 50 2 2 99.6
50-100 4 6 98.8
100-150 15 21 95.8
150-200 26 47 90.6
200-250 32 79 84.2
250-280 21 100 80.0
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b. Enter the observed values of t and R (failure time & reliability, i.e., the fraction
surviving) into the Cricket Graph program.
c. Using "transform" on the menu:
- compute In t and place it into column 3 of the data matrix.
- compute R-1 and place it into column 4 of the data matrix.
- compute In R-1 and place it into column 5 of the data matrix.
- compute In (In R-1) and place it into column 6 of the data matrix.

t # of failures NS FS % Surviving
(=NF) (=%FS)

5.00E+01 2.00E+00 4.98E+02 9.96E-01 9.96E+01
1.00E+02 6.00E+00 4.94E+02 9.88E-01 9.88E+01
1.50E+02 2.10E+01 4.79E+02 9.58E-01 9.58E+01
2.00E+02 4.70E+01 4.53E+02 9.06E-01 9.06E+01
2.50E+02 7.90E+01 4.21E+02 8.42E-01 8.42E+01
2.80E+02 1.00E+02 4.00E+02 8.00E-01 8.00E+01

t R Int 1/R In (1/R) In (In(1/R))
5.00E+01 9.96E-01 3.91E+00 1.00E+00 4.01E-03 -5.52E+00
1.00E+02 9.88E-01 4.61E+00 1.01E+00 1.21E-02 -4.42E+00
1.50E+02 9.58E-01 5.01E+00 1.04E+00 4.29E-02 -3.15E+00
2.00E+02 9.06E-01 5.30E+00 1.10E+00 9.87E-02 -2.32E+00
2.50E+02 8.42E-01 5.52E+00 1.19E+00 1.72E-01 -1.76E+00
2.80E+02 8.00E-01 5.63E+00 1.25E+00 2.23E-01 -1.50E+00

d. Plot the scatter graph of the data, with In t (column 3) on the horizontal axis,
and In (In R-1) (column 6) on the vertical axis. Do the points appear to lie on a
straight line?

Yes, the points appear to lie on a straight line.
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Data from "data.bc"

_1—
o}
o]
_2—
o
~
& 3 =
3 8 In(In(1/R))
~ a4
[
- o]
|
£ -5-
o]
-6 T T 1
3 4 5 6
In t

e. Fit a line to the points, using the Cricket Graph program. What is the equation
of the line? What is its slope and y-intercept?

The Equation is "y =-15.225 + 2.4244 x "
with slope 2.4244 and y-intercept -15.225

Data from "data.bc"

-1 -
-2 -
—
~ -3 1
[a' s
3 @ In(ln(1/R))
N’
-4 -
C
- o]
|
£ -5
o]
'6 1 v T 1
3 4 5 6
In t

y = -15.225 + 2.4244x R"2 =0.984
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f. Based upon the fitted line, what are the parameters u & k of the Weibull
distribution? u= k=

k =slope =2.4244 » 2.4

y-intercept = -k Inu =-15225 P |1nu=62799 P u=e62799 =5337353

g. According to these values of u & k, what is
... the expected lifetime of the device? 473.1563 days
... the standard deviation of the device’s lifetime? 210.0341 days
... the probability that the device will fail during the first 400 hours is 0.3937

%426
m, =uXG 1+— .
soln: € k9= (533.7353)(0.8865) = 473.1563 = expected lifetime

Sy 0.9407
= =-1
P 473.1563 \ (0.8865) =0.4439 P Sy =2100341

Note: The above evaluations of the Gamma function were done using the tables
which were e-mailed to the class (& put onto the web site).
& 400 024

B el
F(400) =P{t £ 400} =1- e %% -03937 \ 39.37%

or using the "ProbLib™ APL workspace on the macintosh, we can find that
the expected lifetime of the device is 473.1468,

the standard deviation of the device’'s lifetime is 209.9998, and

the probability that the device will fail during the first 400 hours is 0.3937

h. Using the parameters u & k, compute the expected number of failures (of the
100 units tested) in each of the intervals:

Observed Expected

Interval # failures # failures
0- 50 2 17
50-100 4 72
100-150 15 143
150-200 26 220
200-250 32 2955
250-280 21 210

Note: The Weibull cumulative distribution function (CDF) may be evaluated
using the “ProbLib” APL workspace on the Macintosh, and used to calculate the
expected # of failures in the table above.

K s
. F(t)=1- ¢ (70
soln: Py =F(t)- F(t.1) " 131 where ®) e 2 Thus,

v P =F(t)- F() = Fs0) - FO) = (1' e-(SOIU)k)' (1' e-(om)k)

\ E=500p, =17
p, =F(t,)- F(t,) = F(100) - F(50) =
\ B =500p =72

and so on ...

=0.0034

) -(1oau)k)_( ) -(so:u)k)
(1 € 1-e =0.0144
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Following this procedure, we may obtain the following table:

(O -E)?

Interval Pi Oi Ei E

0-50 0.0034 2 1.7 0.05294118

50-100 0.0144 4 7.2 1.42222222
100-150 0.0286 15 14.3 0.03426573
150-200 0.0440 26 22.0 0.72727273
200-250 0.0591 32 29.550.20313029
250-280 0.0420 21 21.0 0]

D = 243983215

Perform a Chi-Square Goodness of Fit test to determine whether this distribution
provides an acceptable fit to the observed data, with a = 5%.
2
Cc

Soln: Since (from above) " D (2.4398) < “% (= 7.815) ", we can conclude that

this distribution provides an acceptable fit to the observed data with a =505,

According to these estimates of u & k, at what time should

... 5% of the units have failed? 156.77___ hours
... 50% of the units? 458.85  hours
... 90% of the units? 752.87___ hours

Soln: Exact estimates require solving the following equation for t:
k
FH) =1 - e'(t/U') where F(t) is 5%, 50%, and 90%, respectively. The inverse of

- 1

F(t) was derived in the notes: F 1(p) =u(-In [1 -pD /k, where k = 2.4244, u=
533.7353

Thus we obtain

F_1(0.05) =533.7353 (- In 0.95)1/2-4244 = 156.77 hours
F1(0.5) =533.7353(- In 0.5)1/ 2.4244 = 458 85 hours
F1(0.9) =533.7353 (- In 0.1)1/ 2.4244 = 752 87 hours
k. The manufacturer wishes to state a warranty period such that 99% of the

units produced are expected to survive the warranty period. According to these

estimates of u & k, what should be the length of the warranty period ?

- 1
Soln:  Again, we solve F 1(p) =u(-1In [1 —pD K where u & k are as above, and
p = 1%. This gives us a warranty period of 80 days (more exactly, 80.0352 days)

. According to the value of k, is the failure rate increasing or decreasing with

time?
Soln: k is greater than 1, which indicates that the failure rate is increasing
with time.

daaaaaaaaaaaaaaaaaaaaaaaaaa

Use the Curve Fit 0.7e software to try fitting a Weibull distribution in its original
(nonlinear) form. If x = upper limit of the intervals and y = fraction failed, then you
should enter the function f(x) =1 -2.718281828"(-(x/a)"b)

where a=u and b=k. (Note that Curve Fit allows only variables a, b, c, d, & e.)
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m. Using as starting values for a & b the values which you found in (f), try fitting
the curve to the data. What are the values of a & b?
a= +/-
b= +/-
Was Curve Fit able to find values with small error estimates (e.g. with error less
than about 5 or 10% of the parameter)?
If yes, proceed to question (n); otherwise, stop.

Soln:  According to the Curve Fit output, the parameters are
a=533.73486 +/- 23.74058
b= 2.35061 +/- 0.13497

Yes, the Curve fit can find values with small error estimates.

2.00000E-01 —
1.60000E-01 —
1.20000E-01 —
8.00000E-02 —
4.00000E-02 — O
o)
T T
1.00000E+02 2.00000E+02

Corr. Coeff. (R2) = 0.99607
Sum of Squares = 0.00013

n. What are the values of the parameters for this new fitted distribution?

u=534 , k=235

0. According to these values of u & k, what is

... the expected lifetime of the device? 473.2137

... the standard deviation of the device’s lifetime? 214.0274

... the probability that the device will fail during the first 400 hours? 0.3978
Soln:  See solution of (g) above.

p. Using these new parameters u & k, compute the expected number of failures (of
the 100 units tested) in each of the intervals:

Observed Expected
Interval # failures # failures
0- 50
50-100
100-150
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150-200
200-250
250-280

soln: P =F()- F(t.1) " 1% 1 where 9 Thus,

v P =F(t)- F(t) =F0) - FO) =
\ B =500p, =190

p, =F(t,)- F(t) =F00) - F(50) =
\ E=500p, =775

and so on ...

) —(100u)k)_( ) —(SQu)k)
(1 € 1-e =0.0155

Following this procedure, we may obtain the following table:

(G - B)?
Interval Pi Oi Ei E
0-50 0.0038 2 1.90 0.00526316
50-100 0.0155 4 7.75 1.81451613
100-150 0.0300 15 15.00 0]
150-200 0.0454 26 22.70 0.47973568
200-250 0.0600 32 30.00 0.13333333
250-280 0.0423 21 21.15 0.00106383

D= 243391213

g. According to these new estimates of u & k, at what time should
... 5% of the units have failed? 156.84 days
... 50% of the units? 459.09 days
... 90% of the units? 753.26 days

Soln: See solution of (j) above.

daaaadaaaaaaaaaaaaaaaaaaaaaaa

r. You needn’t perform a “goodness-of-fit” test to confirm it, but state your
opinion about which Weibull distribution seems to be a better fit.
Soln: If we were to perform the “goodness-of-fit” test, then since " D ( =2.4339)

2
<Csw (= 7.815) ", we would conclude that this distribution also provides an
acceptable fit to the observed data with @ =5%. The results are so similar that
there is probably no significant difference in the qualities of the fits. If each
program found the exact optimum of its objective function, then clearly the
result of Curve Fit would be a better fit. However, because Curve Fit is doing
computation with nonlinear functions while Cricket Graph is using linear
functions, the latter will perform the computations more accurately.

Homework # 7
1. A system contains 4 types of devices, with the system reliability represented
schematically by
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It has been estimated that the lifetime probability distributions of the devices are as
follows:

A: Weibull, with mean 1000 days and standard deviation 1200 days
B: Exponential, with mean 4000 days
C: Normal, with mean 3000 days and standard deviation 750 days
D: Exponential, with mean 1000 days
a.) Compute the reliabity of a unit of each device for a designed system lifetime of 1000
days:
Sol'n:
Device Reliability R(1000)
_? 1000 '90.8376
A 33.91% R,(1000) = 1- F,(1000) =e €910.6269
1000
B 77.88% R5(1000) = 1- F;(1000) =e 40
C 99.62% From CDF table of Normal Distribution
1000
D 36.79% R,(1000) =1- F,(1000) = e 10
b.) Using the reliabilities in (a), compute the system reliability:
Sol'n:
Subsystem Reliability R(1000)
AA 0.5632% Since 1- (1- R,)*=1- (1- 0.3391)°
AA+B+C 04370% R,, R; R
B+DDD 05821% R, Ry, =0.7788" {1- (1- 0.3679)°}
Total system: | 0.7647% 1- (1- R,, Rz Ro)(@- Ry Rypp)

c.) Draw a SLAM network which can simulate the lifetime of this system. (You need not
perform the simulation.)
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Time 1

Notes:

< The CREATE node indicates that only 1 entity is initially created.

- “A” “B”, “C”, and “D” above should be replaced by the lifetime distribution of the
corresponding devices, i.e., WEIBL(, ), EXPON(4000), RNORM(3000,750), and EXPON(1000),
respectively.

e The parameters of the Weibull distribution as defined by SLAM are named ALPHA and

BETA, and are not (IMS), the mean & standard deviation. ALPHA is identical to the

parameter k in the class notes, and BETA is uK. To determine u and k from the mean and

standard deviation, one may roughly estimate k given the coefficient of variation S/m
=1.2 from the table below (taken from the class notes):

k 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0| — — 15/.8 .41 3.14 2.24 1.7 1.46 1.26 1.11
111 .91 Q. 8370776 0,724 0,679 0,64 0Q.805 Q.575 0,547
20523 0.5 0.48 0,481 0.444 0,428 0,413 0,399 0,387 0,375
210,363 0,353 0,343 0,334 0,325 0. 316 0. 300 0,301 0. 2040287
G | 0.281 0,274 Q0. 2680, 263 0,287 0,282 0,247 0,242 0,238 0,233
510,220 0,228 0,221 0. 217 0,213 0.21 0,206 0,203 0.2 0,197
b (0,194 0,191 Q. 1880, 185 0,183 0,18 O 177 Q. 175 Q.173 0,17
T o168 0166 0.164 0. 162 0,16 0,188 0,156 0. 154 0,152 0,15
G| 0.148 0,147 0,145 0,142 0,142 0.14 0,139 0,137 0,136 0.134
Q10,123 0,131 0,13 01290128 0,126 0,125 0,124 0,123 0,121
Coefficient of “ariation %

The value of k is between 0.8 and 0.9; interpolating would give k=0.8 + .1(0.06/0.15) =
0.84. Next, the parameter u may be found from

m=u@1+l|p u=_M = 1000 , 1000 = gp9 09
c{1+;) 1+¢)
k 0.84
where the Gamma function is evaluated by interpolating in the table below (also found
in the notes):
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0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

S ZEZEE0 120.0000 9.26R05 2.33234 Z.0000 1.5046 1.Z6532
1.0000 0.9649 0.940F7 0.9236 0.9114 0.9027 0.2966 0.2922
n.2862 0.2257 0.2256 0.9359 0.8865 0.2873 0.2822 0.2203
n.2930 0.8942  0.8957 0.8970 0.8924 0.3097 0.9011 0.9025 00,9038 0.9051 E
0.9064 0.907F 0.9089 0.9102 0.9114 0.9126 0.9137 0.9149 0.9160 0.9171 §
0.9152 0.9192 0.9Z202 0.9213 0,9322 0.9232 0.9241 0.9251 0.,9260 0.9269
20,9277 0.9286 0.9294 0.93202 0.9310 0,931% 0.9325 0.9333 0.9340 0.9347
n.9354 0.9361 0.93262 0.9375 0,9321 0.92327 0.9294 0.9400 0.9406 0.9412 E
0.9417 0.94232 0.9429 0.9434 0,9439 0,9445 0.9450 0.9455 0.9460 0.9465
n.94v0 0.94v4  0.947V9 0.9434 0,0428 0.9492 0.9497 0.9501 0.9505 0.9509 E

WO ] G R ) B e

Values of r(1+|1—) for k=0.1 through 9.9

Thus, “A” in the diagram above should be WEIBL(0.84, 909).

< The numbers in the ACCUMULATE nodes are: FR = number of arriving entities required
to cause the first entity to be “released” from the node; SR = number of arriving
entities required for subsequent entities to be “released” from the node.

« In the ACCUMULATE nodes N1, N3, and N5, the value of SR is irrelevant, since FR is
assigned a value equal to the total number of arrivals at the node, and no subsequent
entities will ever be released from the node. (The default value will be 1.)

< In the ACCUMULATE nodes N2 and N4, additional entities may arrive after the first entity
is released from the node, and therefore a value of SR (larger than the maximum
number of entities which might arrive) must be specified. In the diagram above, 9 was
specified, but any larger and some smaller values are possible.

< The COLCT (COLLECT) node will collect statistics on the time of the FIRST arrival; in this
case, the “1” on the TERMINATE node cause the simulation to then end, and so no
further arrivals can occur. For this reason, it would be equivalent to specify INTVL(1)
instead of FIRST if you also indicate on the CREATE statement that the creation time (O in
this case) is to be recorded in attribute #1 (i.e., the parameter MA = 1).

2. A system has 3 types of components (A, B, & C) which are subject to failure. As shown
below, the system requires at least one of components A and B, and at least two of
component C. One of component A is in “stand-by”. That is, when the first component A
has failed, the second is to be switched on, and until then does not begin to "age" or fail.
Assume that the sensor/switch has 95% reliability. In the case of components B & C, on
the other hand, all units of these components are in operation simultaneously, so that
each unit is subject to failure from the beginning of the system’s operation. Note that the
system requires at least 2 of component C for proper functioning.

Zautaf 3

required

4 —o0 L

0 A r —I C I
el

o

The lifetime distributions of the three component types are:
Component A: Erlang, being the sum of five random variables, each
having exponential distribution with mean 100 days.
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Component B: Exponential, with expected lifetime 200 days.
Component C: Exponential, with expected lifetime 300 days.

a. Draw a SLAM network which can simulate the lifetime of this system.
Sol'n:

Notes:

= Again, the values “A”, “B”, and “C” on the diagram above should be replaced by
the lifetime distributions, namely ERLNG(100,5), EXPON(200), and EXPON(300),
respectively.

= The parameters of the Erlang distribution in SLAM are not the mean and
standard deviation (which would be in this case 500 and

V5 100° =100\5 = 223.61), but the mean of each of the component exponential
distributions and the number of such distributions.

< The “1” in the GOON node (labelled N1) indicates that the entity which arrives
there (at the time of the failure of the primary unit of device A) must leave
node N1 via a single activity only.

< The two activities leaving the GOON node N1 represent (1) the lifetime of the
standby unit of device A, which receives the entity with 99% probability, and
(2) the failure of the switch, requiring time = 0, which receives the entity with
probability 1%.

< See the note in problem 1 about the values of the parameters FR and SR of the
ACCUMULATE nodes.

< See the note in problem 1 about the FIRST statistics collected by the COLCT node.

b. Enter the network into the computer, and simulate the system 1000 times,
collecting statistics on the time of system failure. Request that a histogram be
printed. Specify about 15-20 cells, with HLOW and HWID parameters which will give
you a "nice" histogram with the mean approximately in the center and with small
tails. (This may require a second simulation, with the histogram parameters selected
after observing the results of a preliminary simulation.)

Note: Be sure to specify on the GEN statement that you do NOT want intermediate
results, and that the SUMMARY report is to be printed only after the 1000th run. Also
specify on the INITIALIZE statement that the statistical arrays should not be cleared
between runs. The following should work:
GEN,yourname,RELIABILITY,10/16/96,1000,,N,,N,Y/1000,72;

LIM,,,8;

INIT,,,NO;

NETWORK;
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(SLAM Il network statements go here)

END;
FIN;
Sol’'n: The (edited) SLAM output appears below:
1 GCEN, Hansuk Sohn, Reliability, 10/9/1996, 1000, , N,, N, Y/ 1000, 72;
2 LIM,,S8;
3 INT,,,NG
4  NETWORK;
5 CREATE;
6 ACT/ 1, ERLNE 100, 5),, Na; Conponent A
7 ACT/ 2, EXPON( 200), , Nb; Conponent B
8 ACT/ 3, EXPON( 200) , , Nb; Conponent B
9 ACT/ 4, EXPON( 300) , , Nc; Component C
10 ACT/ 5, EXPON( 300) , , Nc; Component C
11 ACT/ 6, EXPON( 300) , , Nc; Component C
12 Na GOON, 1;
13 ACT, ERLNZ 100, 5), 0. 95, FAI L;
14 ACT, 0, 0. 05, FAI L;
15 No ACCUM 2; Node "b" will be released when both Bs fail.
16 ACT, ,, FAI L;
17 Nc ACCUM 2; Node "c" will be released when 2 out of 3 Cs fail.
18 ACT, ,, FAI L;
19 FAIL COLCT, FI RST, TI Me_OF_FAI LURE, 20/ 0/ 20;
20 TERM 1;
21 END;
22 FIN,
SLAM I 1 SUMMARY REPORT

SI MULATI ON PRQJECT RELI ABI LI TY

DATE 10/ 9/ 1996

CURRENT TI ME

STATI STI CAL ARRAYS CLEARED AT TI ME

BY HANSUK SCHN
RUN NUMBER 1000 OF 1000

. 1267E+03
. 0000E+00

** STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN  STANDARD COEFF. OF M N MUM MAXIMUIM NO. OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALULE  OBS
TIME_OF_FAILURE .174E+03 .116E+03 .669E+00 .224E+01 .666E+03 1000
** REGULAR ACTI VI TY STATI STI CS**
ACTI VI TY AVERAGE STANDARD MAXI MUM CURRENT  ENTI TY
| NDEX/ LABEL UTILIZATION DEVIATION  UTIL  UTIL COUNT
1  COWPONENT A . 1315 . 3380 1 1 0
2  COVPONENT B . 4178 . 4932 1 1 0
3 COVPONENT B . 3887 . 4874 1 0 1
4  COVPONENT C .3057 . 4607 1 1 0
5 COVPONENT C . 3012 . 4588 1 0 1
6 COVPONENT C . 3357 L4722 1 0 1
**H STOGRAM NUMBER 1**
TI ME_OF_FAI LURE
OBS RELA  UPPER
FREQ FREQ CELL LIMO 20 40 60 80 100
+ + + + + + + + + + +
0 .000 .O000E+00 + +
22 .022 .200E+02 +* +
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53 .053 .400E+02 +***C +
73 .073 .600E+02 +**** C +
75 .075 . 800E+02 +**** C +
85 .085 .100E+03 +**** cC +
84 .084 .120E+03 +**** C +
77 .077 . 140E+03 +**** C +
70 .070 .160E+03 +x*** C +
62 .062 .180E+03 +*** C +
58 .058 .200E+03 +*** C +
41 .041 .220E+03 +** cC +
53 .053 .240E+03 +*** C +
51 .051 .260E+03 +*** C +
35 .035 .280E+03 +** C +
25 .025 .300E+03 +* C +
24 .024 .320E+03 +* C +
22 .022 .340E+03 +* cC +
15 .015 .360E+03 +* c +
12 .012 .380E+03 +* C +
11 .011 .400E+03 +* Cc +
52 .052 I NF F ok C
--- + + + + + + + + + + +
* ko 0 20 40 60 80 100

**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN STANDARD CCEFF. OF M NIMUM  MAXI MUM NO OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALUE aBS
TI VE_OF_FAI LURE .174E+03 .116E+03 .669E+00 .224E+01 .666E+03 1000

c. What is your estimate of the average lifetime of this system, based upon the simulation
results?
Sol'n: 174 days ( from SLAM output )

d. Suppose that the system is required to survive for a 100-day mission. What is the
estimated reliability of the system, i.e., the probability that the system survives 100 days?
Sol’'n: From the histogram above, we see that 308 (the sum of the first six cells) failures
occurred during the first 100 days (and 1000-308=692 survived at least 100 days). Hence,

308
R(100) = 1-—— =0.692
1000

e. Suppose your company will offer a warranty on this system, specifying the length of
the warranty period such that 98% of the systems will survive past the warranty period.
What should be the length of the warranty?

Sol’'n: The above histogram doesn’t provide sufficient detail at the low end to allow an
accurate estimate, but if we use a linear interpolation we would estimate that the 20th
failure occurred at time 20(20/22) = 18.2 days, leaving at that time 980 survivors (98% of
the systems simulated.) Therefore, according to this estimate, 18.2 days should be the
length of the warranty (which undoubtedly would be rounded to 18 days for the sake of
convenience). Interpolating again to find the reliability of the system for an 18-day
lifetime, we would estimate that 22(18/20) = 19.8 systems, or 1.98% of the total, failed
during the first 18 days, leaving 98.02% surviving.

To get a more accurate estimate of the correct warranty period, we should
< increase the number of runs from 1000, e.g., to as many as 10000
= change the specifications for the histogram so as to get a count of failures each
day, e.g.,
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FAIL COLCT, FI RST, TI ME_OF_FAI LURE, 30/ 0/ 1;
which would give 30 cells, each of length 1 day.

Homework # 8
1. Project Scheduling. Consider the home-building project:

Predecessor Duration (days)
Activity Description Activities Mean Std Dev

A Walls & ceiling B 5 2

B Foundation none 4 1

C Roof timbers A 2 1

D Roof sheathing C 2 1

E Electrical wiring A 4 2

F Roof shingles D 2 1

G Exterior siding H 5 1

H Windows A 4 1

| Paint F.G,J 3 1

J Inside wall board E,H 3 1

1. Complete the AON network by labeling the nodes:
C D F

S \

G e [T 13 s
\H/G/

2. Complete the AOA & the corresponding SLAM networks below by inserting any
"dummy" activities which are necessary, and labeling the nodes.

3. Give numerical values (0O, 1, 2, 3, 4, or ¥ ) for parameters "a" - "i"" and a statistic
type for “j” on the SLAM network below which would simulate the project and
collect statistics on the completion time. (You needn’t insert the probability
distributions for the durations!)
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NEVE

T o] AN NN -
G 0 A s
&
a b c d e f g h i j
1 1 1 3 2 1 3 1 1 FIRST

5. Complete the ETs (earliest times) & LTs (latest times) in the network below, using
the expected activity durations, as indicated. Don't forget any "dummy" activities
which you entered above!

1214 13 (16

0|0 4 | 4 0

9
.H ;.H E
5

6. What are the critical activities?
Soln :B-A-H-G-1

7. What is the "total slack” or "total float"” in activity D? _3 days

8. What is the expected completion time of the project? _21 days
...the standard deviation of the project’s completion time? _2.8284 days

2

Activity i j m S
B 0 1 4 1
A 1 2 5 22
H 2 5 4 1
G 5 7 5 1
| 7 8 3 1
sum 21 8

s, =+/8=28284
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2. Building a Hydroelectric Power Station. Below is a rough breakdown of a
building project into tasks or activities. (In practice, each of the tasks below, e.g. #11
“Dam building”, would itself be divided into many individual jobs.) The task
descriptions and estimated durations (in days) are:

Activity Description Predecessor(s) Duration
A Ecological survey of dam site none 137
B File environmental impact report A 201
and get EPA approval
C Economic feasibility study A 161
D Preliminary design & cost estimation C 93
E Project approval & commitment of funds B,D 225
F Call quotations for electrical E 95

equipment (turbines, generators, etc.)

G Select suppliers for electrical equipment F 69
H Final design of project E 143
| Select construction contractors E 60
J Arrange construction mat’ls supply H,I 115
K Dam building J 546
L Power station building J 405
M Power lines erection G,H 447
N Electrical equipment installation G,L 150
O Build up reservoir water level K 47
P Commission the generators N,O 27
Q Start supplying power M,P 25

a. Draw the AON (activity-on-node) network representing this project.

F .G »M
’ B

N

v __w
A E
R p
A 4
J/
C .D K (0]

b. Draw the AOA (activity-on-arrow) network representing this project. Explain
the necessity for any "dummy" activities which you have included.
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c. Label the nodes of the AOA network, so that i<j if there is an activity with node i
as its start and node j as its end node.

@—'G -~ OO

@y @—»@/

L o)

-0~
d. Perform the forward pass through the AOA network to obtain for each node i,
ET(i) = earliest possible time for event i.
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780 780 1494 1519
O—"- - ’Q—>Q—‘> ®
P
759 _ 7 ~ \ 1279

B ! 1467
0 137/ P !
Opns !
|
C 4

® O—*O—*@
208 874 1420
e. What is the earliest completion time for this project?_1519 days

f. Perform the backward pass through the AOA network to obtain, for each node i,
LT(i) = latest possible time for event i (assuming the project is to be completed in
the time which you have specified in (e).)

1047 1047 1494 1519
O-*& - >O—> @O
_ P
391 _ 618 759 7 \1317 1467
OO O @~
B |
0 137/ P l L o)
O A |
|
l |
C Y
® @—*@—*@
298 1420

g. For each activity, compute and record below:
ES = earliest start time
LS = latest start time
EF = earliest finish time
LF = latest finish time
TF = total float (slack)
Sol'n:
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Critical Activity| Activity ES LS EF LF TF
Yes A 0 0 137 137 0
No B 137 190 338 391 53
Yes C 137 137 298 298 0
Yes D 298 298 391 391 0
Yes E 391 391 616 616 0
No F 616 883 711 978 267
No G 711 978 780 1047 267
Yes H 616 616 759 759 0
No | 616 699 676 759 83
Yes J 759 759 874 874 0
Yes K 874 874 1420 1420 0
No L 874 912 1279 1317 38
No M 780 1047 1227 1494 267
No N 1279 1317 1429 1467 38
Yes @] 1420 1420 1467 1467 0
Yes P 1467 1467 1494 1494 0
Yes Q 1494 1494 1519 1519 0

h. Which activities are "critical”, i.e., have zero float? (Circle the labels A-Q of the

critical activities above.) Indicate the critical path in your AOA network in part
(b).
Soln :A-C-D-E-H -J-K-0-P-Q

|
|
ox S :
|

o Do

i. Schedule this project by entering the AON network into the MacProject PRO
software Specify that the start time for the project will be November 1, 1996.
What is the earliest completion date for the project? _August 28, 2002
(Note that
= stated to the left and right of each node, i.e., acitivity, are the earliest start and

latest finish dates, respectively.
= MacProject PRO assumes 5-day work weeks by default, so that the time between
beginning & completion date isn’t the same as your answer in (e).)

ES EF

ES : Earliest Start Time
EF : Earliest Finish Time
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5/13/97 2/17/98 7/26/99 10/28/99 7/25/02 8/28/02

B G Q
N /-]

/ 10/29/99 7/16/01
N v
3/15/99 7/23/99 M
F
11/1/96 5/12/97
A
9/27/01 4/24/02
- \
N
3/15/99 9/29/99
/ 3/9/00 9/26/01
5/4/98 3/12/99 L
9/30/99 3/8/00
5/13/97 12/23/97 6/18/02 7/24/02
P
3/15/99 /6/4/99 4/12/02 6/17/02
[ 0
12/24/97 5/1/98 3/9/00 4/11/02
Homework # 9
Building a Hydroelectric Power Station. Below is a rough breakdown of a

building project into tasks or activities. (In practice, each of the tasks below, e.g. K
(#11) “Dam building”, would itself be divided into many individual jobs.) The task
descriptions and estimated durations (in days) are:

Activity Description Predecessor(s) Duration
A Ecological survey of dam site none 137+ 12
B File environmental impact report A 201+ 18
and get EPA approval
C Economic feasibility study A 161+ 14
D Preliminary design & cost estimation C 935
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Project approval & commitment of funds B,D 225+ 20

Call quotations for electrical E 95+ 10

equipment (turbines, generators, etc.)
G Select suppliers for electrical equipment F 695
H Final design of project E 143+ 12
| Select construction contractors E 60+ 5
J Arrange construction mat’ls supply H,I 115+ 15
K Dam building J 546 £ 30
L Power station building J 405 £ 25
M Power lines erection G,H 447 + 15
N Electrical equipment installation G,L 150+ 10
O Build up reservoir water level K 47+ 15
P Commission the generators N,O 272
Q Start supplying power M,P 25+ 3

(This is the same data as given in Homework #8, except that the durations are now
given as intervals centered around the originally-given duration.)

The AOA network representing this project is shown on the next page.

a. Use SLAM to simulate the project 1000 times, with a triangular distribution for the
activity durations, e.g., TRIAG(125,137,149) for activity A. (Note that the mean
value for each duration is the central value which was used in Homework #8, e.g.,
137 days for activity A.)

Warning! In the case of a “dummy” activity with duration 0, or any other

constant, don’t specify a probability distribution such as TRIAG(0,0,0), which
would lead to an error message!
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Solutions

| -ecn015% rsl am la-1

1 GEN, Hansuk Sohn, Hydroel ectric Power Station,11/5/1996, 1000,,N,, N, Y/ 1000, 72;
2 LIM 20,50, 500;
3 INT,,,NO
4 NETWVORK;
5 CREATE, , , , 1;
6 ACT/ 1, TRI AG( 125, 137, 149),, N1; Activity A + - 12
7 N ACCW , , , 2;
8 ACT/ 2, TRI AG( 147, 161, 175),, N2; Activity C +/ - 14
9 ACT/ 3, TRI A 183, 201, 219), , N3; Activity B +/- 18
10 N2 GOON;
11 ACT/ 4, TRI A 88, 93, 98),, N3; Activity D +/- 5
12 N3 ACCUM 2;
13 ACT/ 5, TRI AG( 205, 225, 245), , N4; Activity E +/- 20
14 M ACCW , , , 3;
15 ACT/ 6, TRI AQ 85, 95, 105), , N5; Activity F +/- 10
16 ACT/ 7, TRI A( 131, 143, 155) , , N6; Activity H +/ - 12
17 ACT/ 8, TRI AF 55, 60, 65),, N7; Activity | +/- 5
18 N5 GOON;
19 ACT/ 9, TRI AG( 64, 69, 74) , , N8; Activity G +/- 5
20 N6 ACCW , , , 2;
21 ACT/ 10, ,, N7; DummyAct 1
22 ACT/ 11, ,, N10; DummyAct 2
23 N7 ACCUM 2;
24 ACT/ 12, TRI A 100, 115, 130),, N9; Activity J +/- 15
25 N8 GOQN, 2;
26 ACT/ 13, , , N10; DummyAct 3
27 ACT/ 14, ,, N11; DummyAct 4
28 N9 GOON, 2;
29 ACT/ 15, TRI AG( 516, 546, 576), , N12; Activity K + - 30
30 ACT/ 16, TRI A 380, 405, 430),, N11; Activity L +/- 25
31 NIO ACCW 2;
32 ACT/ 17, TRI AG( 432, 447, 462), ,N14; Activity M +/- 15
33 N11  ACCW 2;
34 ACT/ 18, TRI A¢( 140, 150, 160),, N13; Activity N +/- 10
35 N12 GOON,;
36 ACT/ 19, TRI A¢( 32, 47, 62), , N13; Activity O +/- 15
37 N13  ACCWM 2;
38 ACT/ 20, TRI AQ( 25, 27, 29), , N14; Activity P +- 2
39 N4  ACCW 2;
40 ACT/ 21, TRI A 22, 25, 28) , , EFT; Activity Q +- 3
41 EFT  COLCT, FIRST, Earl i est Finish_Tine, 50/ 1450/ 3
42 TERM 1;
43 END;
44 FIN
SLAM 1|1 SUMMARY REPORT
S| MULATI ON PRQJECT HYDROELECTRI C PONER BY HANSUK SOHN
DATE 11/ 5/1996 RUN NUMBER 1000 OF 1000
CURRENT TI ME . 1488E+04

STATI STI CAL ARRAYS CLEARED AT TIME . 000O0E+00

**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *
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MEAN STANDARD  CCEFF. OF M NI MUM  MAXI MUM NO. OF
VALUE DEVI ATI ON VAR ATION  VALUE VALUE aBS

EARLIEST_FINISH . 152E+04 .190E+02 .125E-01 .147E+04 .157E+04 1000

**REGULAR ACTI VI TY STATI STI CS**

ACTIVITY AVERAGE STANDARD MAXI MUM CURRENT  ENTITY
| NDEX/ LABEL UTI LI ZATI ON DEVI ATI ON UTI L UTI L COUNT
1 ACTIVITY A . 0903 . 2866 1 0 1
2 ACTIVITY C . 1062 . 3080 1 0 1
3 ACTIVITY B . 1323 . 3388 1 0 1
4 ACTIMITY D . 0611 . 2395 1 0 1
5 ACTIVITY E . 1481 . 3552 1 0 1
6 ACTIVITY F . 0625 . 2420 1 0 1
7 ACTIVITY H . 0940 . 2919 1 0 1
8 ACTIVITY I . 0395 . 1948 1 0 1
9 ACTIVITY G . 0454 . 2081 1 0 1
10  DUMWYACT 1 . 0000 . 0000 1 0 1
11 DUMWACT 2 . 0000 . 0000 1 0 1
12 ACTIMTY J . 0756 . 2644 1 0 1
13 DUMWACT 3 . 0000 . 0000 1 0 1
14 DUMWACT 4 . 0000 . 0000 1 0 1
15 ACTIVITY K . 3596 . 4799 1 0 1
16 ACTIMITY L . 2665 . 4421 1 0 1
17 ACTIVITY M . 2940 . 4556 1 0 1
18 ACTIVITY N . 0986 . 2981 1 0 1
19  ACTIMITY O . 0309 . 1732 1 0 1
20  ACTIVITY P . 0178 .1321 1 0 1
21 ACTIVITY Q . 0165 1272 1 0 1
**H STOGRAM NUMBER 1**
EARLI EST_FI NI SH_
OBS RELA  UPPER
FREQ FREQ CELL LIMO 20 40 60 80 100
+ + + + + + + + + + +
0 .000 .1455+04 + +
0 .000 .1459+04 + +
0 .000 .1462+04 + +
0 .000 .1465+04 + +
0 .000 .1468+04 + +
0 .000 .1471+04 + +
0 .000 .1474+04 + +
3 .003 .1477+04 + +
1 .001 .1470+04 + +
3 .003 .1483+04 + +
1 .001 .1486+04 + +
6 .006 .1489+04 +C +
9 .009 .1492+04 +C +
15 .015 .1495+04 +*C +
24 .024 .1498+04 +* C +
38 .038 .1501+04 +** C +
40 .040 .1504+04 +** C +
36 .036 .1507+04 +** C +
37 .037 .1500+04 +** C +
49 .049 .1513+04 +** C +
57 .057 .1516+04 +*** C +
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57
47
53
78
60
35
48
55
48
39
36
29
31
16
16
13

5

COO0OOCOO0OOCOONNEFE R~

* % %

b. In your simulation,
< average completion time? _ 1520
« standard deviation? 19 days

. 057
. 047
. 053
. 078
. 060
. 035
. 048
. 055
. 048
. 039
. 036
. 029
. 031
. 016
. 016
. 013
. 005
. 006
. 004
. 001
. 002
. 002
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000
. 000

. 1519+04
. 1522+04
. 1525+04
. 1528+04
. 1531+04
. 1534+04
. 1537+04
. 1530+04
. 1543+04
. 1546+04
. 1549+04
. 1552+04
. 155E+04
. 155E+04
. 156E+04
. 156E+04
. 156E+04
. 156E+04
. 157E+04
. 157E+04
. 157E+04
. 158E+04
. 158E+04
. 158E+04
. 159E+04
. 159E+04
. 159E+04
. 159E+04
. 160E+04
. 160E+04

I NF

4* * %
4% *
R
FR R R
R
+**
4% *
+* * %
+* %
+* %
+* %
+*
4% *
+*
+*
+*

O+ ++++++++++++ 4+ + +

what are the

+

+

C +

C +

C +

C +

C +

C +

C +

C +

C +

C +

Cc +

C +

C +

C+

C+

C

C

C

C

C

C

C

C

C

C

C

C

C

C

+ + + + + +

60 80 100
days

e minimum completion time? _1470 days
« maximum completion time? _1570 days
(Recall that in Homework #8, the duration was determined to be 1519 days.)

c. According to PERT, the critical path which you found in Homework #8, assuming
the durations to be equal to their expected values, namely

[A-C-D-E-H -J-K-0-P-Q],
Determine whether that is true for the 1000

is always the critical path.

simulations you have performed. (Because of the relatively large “float” of the
noncritical activities found in Homework #8, it might be true. If necessary,

modify your SLAM model to determine this!)

was this path not the critical path?
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Soln: For the 1000 simulations performed *A-C-D-E-H-J-K-O-P-Q" is “nearly always” the crit
path. This was determined by making the adjustments below to the previous SLAM Il model

| -ecn008% r sl am 1c- ok

1 GEN, Hansuk Sohn, Hydroel ectric Power Station,11/5/1996, 1000,,N,, N, Y/ 1000, 72;

2 LIM 20,50, 500;

3 INT,,,NG

4  NETWORK;

5 CREATE, ,, 1, 1;

6 ACT/ 1, 137, , AL, Activity A

7 Al ASSI GN, ATRI B( 1) =1;

8 N ACCUM , , LAST, 2;

9 ACT/ 2, 161, , N2; Activity C
10 ACT/ 3, 201, , A3; Activity B
11 N2 GOON;

12 ACT/ 4,93, , N3; Activity D

13 A3 ASSI G\, ATRI B( 1) =0;
14 N3 ACCUM 2, , LAST;

15 ACT/ 5, 225, , N4; Activity E
16 M ACCUM , , LAST, 3;

17 ACT/ 6, 95, , A5; Activity F
18 ACT/ 7, 143, , N6; Activity H
19 ACT/ 8, 60, , A7; Activity |

20 A5 ASSI GN, ATRI B( 1) =0;
21 N5 GOON;

22 ACT/ 9, 69, , N8; Activity G
23 N6 ACCUM ,, LAST, 2;

24 ACT/ 10, , , N7; DurmyAct 1
25 ACT/ 11, , , A10; DurmyAct 2

26 A7 ASSI GN, ATRI B( 1) =0;
27 N7 ACCUM 2, , LAST;

28 ACT/ 12, 115, , N9; Activity J
29 N8 GOON, 2;

30 ACT/ 13, , , Al10; DummyAct 3
31 ACT/ 14, ,, Al1; DumyAct 4
32 N9 GOQN, 2;

33 ACT/ 15, 546, , N12; Activity K
34 ACT/ 16, 405, , Al1; Activity L

35 AL0  ASSI GN, ATRI B( 1) =0;
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36 NIO ACCWM 2,, LAST,;

37 ACT/ 17, 447, , N14, Activity M
38 All ASSI GN, ATRI B( 1) =0;

39 N1 ACCWM 2, , LAST;

40 ACT/ 18, 150, , N13; Activity N
41 N12  GOON,

42 ACT/ 19, 47, , N13; Activity O
43 N13  ACCW 2,, LAST;

44 ACT/ 20, 27, , N14; Activity P
45 N14  ACCWM 2, , LAST;

46 ACT/ 21, 25, , CHECK; Activity Q

47 CHECK COLCT, ATRI B( 1), Nunber _Same_CP
48 EFT COLCT, FIRST, Earl i est _Finish_Ti nme

49 TERM 1;
50 END;
51 FIN,
SLAM I 1 SUMMARY REPORT
SI MULATI ON PRQJECT HYDRCELECTRI C POAER BY HANSUK SOHN
DATE 11/ 5/1996 RUN NUMBER 1000 OF 1000
CURRENT TI ME . 1519E+04

STATI STI CAL ARRAYS CLEARED AT TI ME . 0000E+00
** STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN STANDARD CCEFF. OF M NIMUM  MAXI MUM NO. OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALUE OBS

NUMBER_SAME_CP 100E+01 .OOOE+00 .OOOE+00 .100E+01 .100E+01 1000
EARLI EST _FI NI SH . 152E+04 .OO0OOE+00 .O0OOE+00 .152E+04 . 152E+04 1000

A new COLCT node was inserted to collect statistics on the value of ATTRIBUTE #1,
which is equal to 1 if the path of interest[A-C-D-E-H -J-K-0-P-Q]is
critical, and zero otherwise. We see that the minimum value and maximum value of
attribute #1 are both equal to 1, indicating that the path was always the longest
path in the network. Warning: this isn’t true in general! In this particular
example, all noncritical activities had rather large values of slack (“float”), as
found in the previous homework assignment!

Based upon your simulation, if you wish to set a deadline for completion of the project
so that you are 90% certain of meeting this deadline, what should this deadline be?

Sol’n: See the histogram of the project completion time.
36 .036 .1549+04 +** C +
29 .029 .1552+04 +* cC +

By summing the counts of the cells, we find that at time=1549 days, 875 (i.e., 87.5%) of
the simulated projects had been completed, while at time=1552 days, 904 (i.e. 90.4%) of
the projects had been completed. Using a linear interpolation, we estimate that 90% of
the simulated projects should be completed at time= 1549+ 3(25/29) = 1551.6 days.

To get a more accurate estimate of the correct warranty period, we should
< increase the number of runs from 1000, e.g., to as many as 10000
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= change the specifications for the histogram so as to get a count of failures each
day, e.g.,
EFT COLCT,FIRST,Earliest_Finish_Time,50/1545/0.05
which would give 50 cells, each of length 0.05 days.

e. Suppose that, by using improved procedures, the variability in the duration of
activity J, “Arrange construction mat’ls supply”, which presently is £ 15 days, might

be reduced to £ 5 days. How would this effect the deadline which you set in (d)?

Sol’'n:  Modify the SLAM statement for activity J, i.e.,
24 ACT/ 12, TRI AG( 110, 115, 120),, N9; Activity J +/- 5

and re-run the simulation. In the new histogram, we find that at time=1548 days 895
projects had been completed, and at time=1551, 918 projects had been completed:

38 .038 .1548+04 +** C +
23 .023 .1551+04 +* c +

Using linear interpolation as before, we estimate that 900 projects would be complete at
time = 1548 + 3(5/23) = 1548.7 days (2.9 days earlier than estimated in part (d).)

To get a more accurate estimate of the correct warranty period, we should
= increase the number of runs from 1000, e.g., to as many as 10000
= change the specifications for the histogram so as to get a count of failures each
day, e.g.,
EFT COLCT,FIRST,Earliest_Finish_Time,50/1543/0.1
which would give 50 cells, each of length 0.1 days.

f. According to PERT, the project duration should have approximately a normal
distribution. Use the chi-square goodness of fit test to determine whether this
assumption is valid for this project.

Solution: To reduce the computational burden somewhat, the below table was
computed with each interval of 6 days length, rather than the 3 days in the SLAM

histogram. Using normal distribution tables with mean m= 1520 and standard
deviation S = 19, we compute the probability p; that one of the 1000 observations
falls into cell #i, and then multiply this by 1000 to get Ej, the expected number of
observations in cell #i:

# Interval Oi Ei Pi (G - Ei)2
E

11470 - 1475 2 4.682 0.004682 1.53633575
21475 - 1480 3 8.648 0.008648 3.68870305
31480 - 1485 3 14.980 0.014980 9.58080107
4 1485 - 1490 12 24.354 0.024354 6.26678640
51490 - 1495 25 37.068 0.037068 3.92890428
6 1495 - 1500 55 52.590 0.052590 0.11044115
7 1500 - 1505 59 69.306 0.069306 1.53253161
8 1505 - 1510 68 84.775 0.084775 3.31938219
91510 - 1515 92 96.525 0.096525 0.21212769

10 1515 - 1520 84 102.802 0.102802 3.43879695
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11 1520 - 1525 99 102.802 0.102802 0.14061209
12 1525 - 1530 112 96.525 0.096525 2.48096996
13 1530 - 1535 66 84.775 0.084775 4.15807284
14 1535 - 1540 85 69.306 0.069306 3.55382847
15 1540 - 1545 74 52.590 0.052590 8.71625975
16 1545 - 1550 53 37.068 0.037068 6.84764821
17 1550 - 1555 50 24.354 0.024354 27.00654170
18 1555 - 1560 25 14.980 0.014980 6.70229640
19 1560 - 1565 17 8.648 0.008648 8.06613136
20 1565 - 1570 9 4.682 0.004682 3.98229902
21 1570 - 1575 3 2.368 0.002368 0.16867568
22 1575 - 1580 4 1.110 0.001110 7.52441441

sum = 1000 D= 112.96256000

Note: P, = F(ti)- F(ti-l) "3, where t~N(1520,19) Thus, for example,
\ p,=F(t)- F(t,) = F(1475) - F(1470) = 0.004682
\ E;=1000" P; =4.682
P, = F(t,) - F(t,) =F(1480) - F(1475) = 0.008648
\ E,=1000" P, =8.648

We perform a Chi-Square Goodness of Fit test to determine whether this normal
distribution provides an acceptable fit to the observed data, with a = 5%.

Since " D (112.96) > Cg% (= 30.15) ", we can conclude that this distribution does not

provide an acceptable fit to the observed data with a =5%.

Homework # 10
1. Consider an inventory system in which the number of items on the shelf is
checked at the end of each day. The maximum number on the shelf is 8. If 3 or
fewer units are on the shelf, the shelf is refilled overnight. The demand
distribution is as follows:

X o 1 2 3 4 5 6

P{D=x} 1 A5 .25 .25 A5 .05 .05

The system is modeled as a Markov chain, with the state defined as the number of
units on the shelf at the end of each day. The probability transition matrix is:
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(n]
c 1 ) 3 < ] 3] T g a
P4l o0 ] 0.05 0.05 0,15 0.25 0.25 0.15 0.1
o210 ] 0.05 0.05 0.45 0.25 0.25 0.15 0.1
30 ] 0.05 0.05 0.15 0.25 0.25 0.15 0.1

a4 0 ] 0.05 0.05 0.15 0.25 0.25 0.15 0.1

S 0.25% 0.25 0.25 0.15 0.1 0 ] ] ]

Bl 0.1 0.15 0.25 0.:35 0.15 0.1 0 ] ]

Tl 0.05 0.05 0.45 0,25 0.25 0.45 0.4 0 ]

21 0 0.05 0.05 0.45 0.25 0.25 0.15 0.1 0

gl 0 ] 0.05 0.05 0.15 0.25 0.25 0.15 0.1

a. Explain the derivation of the values P,g, P35, P51, Pg3 above. (Note that
state 1=inventory level O, etc.)

State| Definition

SOH =0
SOH=1
SOH =2
SOH =3
SOH =4
SOH =5
SOH =6
SOH =7
SOH =8

OCoO~NOUIR~hWNE

Solution:  P; = F’{Xn =jX,.1 :i}
if i > 4 (SOH >3), no replenishment occurs :
_a@[D=(i-j} for j>1 (SOH>0)
" eP[D3 (- j) for j=1 (SOH=0)
\ Pg=P{D=(8-3) =5} =0.05
P, =P{D 3 (5-1)= 4} =0.15+0.05 + 0.05=0.25

if i £5(SOH £ 4), the SOH at the beginning of the next day is 8 :
P, =P{D=(8-(-1)
\ Py,=P{D=(8-(9-1))} =P{D=0} =01
Py =P{D=(8-(5-1))} =P{D=4} =0.15

The steady-state distribution of the above Markov chain is:
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S oHMm

Steady State Digtribution

1131

1~

0. 06471513457
0.07692357218
0.12304613771
0.1355295251
0.1622296

0. 1693706746
0.1354131423
0. 0754920776
0. 045292246565

b. Write two of the equations which define this steady-state distribution. How
many equations must be solved to yield the solution above?

[ nn g B ) B R O

Solution: 9 equations must be solved to compute the values of the 9
probabilities. One equation must be

Pyt P +Ps+PstPs+ P+ P, P tPg =1
while the remaining 8 are obtained by setting pPj equal to the inner product of

column i and p. For example, using column i=1 we would obtain the equation
p, =0.25p, +0.1p, +0.05p,

c. What is the average number on the shelf at the end of each day?

Solution: Since in state i the stock on hand is (i-1),
9

o /.
Average Stock-on-Hand = @ (i - Dp, = 4.968123
i=1

The mean first passage matrix is:

[T s I T OO TN o Y

o
i 2 3 4 ] B T 2 a

15.4523 12.0298 Y.6651 Y.37247 5.60503 5.24463 6.320169 12,6645 22,0756
15.4523 12.0898 7.6651 T.37E4V 5.69593 5.24463 H.39169 12,6646 22,0756
15.4525 12.05898 7.6651 T.37847 5.69593 5.24463 H.39169 18,6646 22,0756
15.4523 12,0902 T.6651 T.2T247 5505032 D.24463 6.39169 126646 22,0756
12,2711 104926 6.64702 7.26023 6.12634 6.366F4 T.50281 13.7T5T 23,1867
14,3163 11.5197 6.47734 6.42023 5.85772 5.23683 T.68T09 13,9609 23.37149
14 .632 12.4406 7.01794 6.24734 5.2518 S5.TI028 T.22475 14,3004 23,7114
15.2275 12.1857 7.62978 6.77218 5.19576 5.29548 T.10625 13.2454 24,1281
15.4525 12.05898 7.6651 T.37847 5.69593 5.24463 H.39169 18,6646 22,0756

d. If the shelf is full Monday morning, what is the expected number of days
until the shelf is first emptied ("stockout™)?
Solution: My, = 15.4523 (days)

e. What is the expected time between stockouts?
Solution: Mg, = 15.4523 (days)

f. How frequently will the shelf be restocked? (i.e. what is the average
number of days between restocking?)
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Solution: Since the shelf is restocked whenever the state of the system is
1,2,3, or 4, the steadystate probability that the shelf is restocked on a day is
4

[¢)
a pP=0.4076=1/2.4534,
i=1
i.e., we expect the shelf to restocked with frequency once each 2.4534 days.

2. Consider a manufacturing process in which raw parts (blanks) are machined on

three machines, and inspected after each machining operation. The relevant data
is as follows:

Station | Machine Operation| Inspection

i T c = T C S ER
1 0.5 20 10 n.1 15 10 5
2 .75 20 5 n.2 15 10 3
] n.25 20 2 n.25 15 5 2

Pack & Ship: 0.1 hre at 10 #-hr
Cozt per blank: #H0; Scrap Yalue: #10

time Chrer per operation
cogt (F-hr) of operation
aorap rate OF2
rework rate (%)

Hoy A
nounonon

For example, machine #1 requires 0.5 hrs, at $20/hr., and has a 10% scrap rate. Those
parts completing this operation are inspected, requiring 0.1 hr. at $15/hr. The
inspector scraps 10%, and sends 5% back to machine #1 for rework (after which it
is again inspected, etc.)

The Markov chain model of a part moving through this system has transition
probability matrix:

Trangition Frobabilitiez

(n]
1 2 ] 4 3] 3] T =]
f
r 1 0 0. n 1] 1] 1] 1] n.1
o 21 0.0% 0 n.s5 0 1] 1] 1] n.1
m 23| 0 1] 1] n.95 0 1] 1] .05
4] 0 1] 0.0z 0 0.27 0 1] 0.1
51 0 1] 1] 1] 1] n.az 0 0.0z
Gl 0 1] 1] 1] n.oz2 0 0.92 0.05
Tl 0 1] 1] 1] 1] 1] 1 1]
gl 0 1] 1] 1] 1] 1] 1] 1

a. Draw the diagram for this Markov chain and describe each state.
Solution:
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0.05

1 .
* State| Location
03 1 Machinel
2 Inspection stationl
3 Machine2
0.1 4 | Inspection station?2
5 Machine3
6 Inspection station3
7 Pack-&-Ship Dept.
8 Scrap bin
b. Which states are transient? which are absorbing?
Solution: Transient States : 1, 2,3,4,5,and 6
Absorbing States : 7 and 8
The absorption probabilities are:
4 = dhgorption Probability Matrix
():4 Scrap
1 0.62335 0. 2665
a 0.7039 0.2961
3 0.7a09 0.2091
4 0.5325 0.1675
3 0. 9296 0.070238
f 0. 946 0.05141
The matrix E is as follows:
Expected Ho. Vizits
1 2 3 4 ) 5]
1] 1.047 0.9424 0.59245 0.7833 0.6951 0.6812
2] 0.05236 1.047 0.9462 0.8704 0.7722 0.75649
2|0 0 1.029 0.9779 0.8678 0.8504
4|0 0 0.03088 1.029 0.9134 0.8952
)0 0 0 0 1.02 0. 9996
G| 0 0 0 0 0.0204 1.02
c. Explain how matrix E was computed. Explain how matrix A was computed,
given E.
Solution: _
0 09 O 0 0 0 0 0.1
005 O 08 O 0 0 0 0.1 _ —
0 0 0 09 O 0 0 0.05 Q R
0 0 003 O 087 O 0 0.1 -
o 0 0 0 0 098[0 002 0 |
0 0 0 0 002 O 0.93 0.05
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

matrices E and A could be computed by equations E = (1 - Q)'1 and A=E" R,
respectively.

57:022 HW#1 2/1/97 page 54



Solutions

d. What percent of the parts which are started are successfully completed?
Solution: A, =0.6335=63.35%

e. What is the expected number of blanks which should be required to fill an

order for 100 completed parts?

Solution: 100 = 100 = 157.8532
Aok 0.6335

f. What percent of the parts arriving at machine #2 will be successfully
completed?

Solution: Ao =0.7909 = 79.09 %

g. What is the expected total number of inspections which entering parts will
undergo?

Solution: E,, + E, + E;s = 2.4069

h. Explain the meaning of the number appearing in row 3, column 2 of the A
matrix.

Solution: A, =.2091 indicates that parts arriving at machine 2 have a

20.91 % probability of being failed.
i. Explain the meaning of the number appearing in row 3, column 3 of the E

matrix.

Solution: E,; =1.029 indicates the expected number of times that parts
arriving at machine 2 returns to machine 2 before successfully finished or
failed.

j. To fill the order for 100 completed parts, what is the expected man-hour
requirement for each machine? for each inspection station?

Solution:
Operation state Man-hour / 100 completed part
Machine 1 1| 1047 05 (1/0.6335) 100= 82.64
Inspection1| 2| 1.047° 0.1 ~ (1/0.7039) 100= 14.87
Machine 2 3| 1.029° 075 (1/0.7909) 100= 97.58
Inspection2| 4| 1.029° 0.2 = (1/0.8325) 100= 24.72
Machine 3 5| 1.02° 025 (1/0.9296) 100= 27.43
Inspection3| 6| 102 025 (1/0.9486) 100= 26.88
Pack-&-Shig 7| 1 =~ 01 (11 " 100= 10
Total = 284.12

k. What are the expected direct costs (row materials + operating costs - scrap
value of rejected parts) per completed part?

Solution:
Each completed part requires an expected 1/0.6335, i.e., 1.5785 entering
parts.
Materials : $ 50 °~ 15785 =% 78.925
Scrap value of rejected parts : $ 10 ~ 15785  0.3665=$5.785
Estimated Man-hour requirements per completed part
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Operation state Man-hour / completed part
Machine 1 1| 1047 05 (1/0.6335) = 0.8264
Inspection1| 2| 1047 0.1 ~ (1/0.7039) = 0.1487
Machine 2 3| 1029 0.75 (1/0.7909) = 0.9758
Inspection 2 4| 1.029 0.2 = (1/0.8325) = 0.2472
Machine 3 5| 102 025 (1/0.9296) = 0.2743
Inspection 3 6| 102 025 (1/0.9486)= 0.2688
Pack-&-Ship 7] 1 01 (1 =01
Total = 2.8412
Operation cost :
Operation statg Hourly Rate’ Man-Hours
Machine 1 1 20 0.8264 = 16.528
Inspection 1 2 15" 0.1487= 2.2305
Machine 2 3 20 0.9758= 19.516
Inspection 2 4 15" 0.2472= 3.708
Machine 3 5 200 0.2743= 5.486
Inspection3| 6 15" 0.2688= 4.032
Pack-&-Ship 7 10 01 =1

Total =$52.5005

Total Direct Cost = row material + operating costs - Scrap value of rejected
parts
=$78.925 + $52.5005 - $5.785
=125.6405

3. A city's water supply comes from a reservoir. Careful study of this reservoir over
the past 20 years has shown that, if the reservoir was full at the beginning of the
summer, then the probability it would be full at the beginning of the following
summer is 80%. On the other hand, if the reservoir was not full at the beginning of
one summer, the probability it would be full at the beginning of the following
summer is only 25%.

a. Defining the states to be "full” and "not full”, draw a transition diagram for a

Markov chain model of this reservoir.

Solution:
. 0.80
statel definition 0.20 0.75
1 full
2 not full 0.25
b. Write the transition probability matrix.
Solution:
o €080 0200
~ .25 075§
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c. If the reservoir was full at the beginning of summer 1996, what is the

probability that it will be full at the beginning of summer 1998?
¢0.6900 0.3100( ¢

Solution: P2, = 0.69 gefrom PP =

€0.3875 0.6125H @

d. Write equations which determine the steadystate probability distribution for
this Markov chain, and solve them.

Solution:

=0.80p, + 0.25p, j p,=0.20p, +0.75p,
or 1 _

+p,=1 Iptp,=1

‘% Py
1P
\ P = > P2 = !
"9 "% 9
e. Over a long period of time, in what percent of the years would we expect the
reservoir be full at the beginning of the summer, according to this model?

Solution: P, :g = 55.56 %
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