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Homework Assignments, Spring 1995
Prof. Dennis L Bricker, Dept. of Industrial Engineering
University of lowa
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1. Theforeman of acasting section in a certain factory finds that on the average, 1 in every 9 castings made
is defective.

a. If the section makes 15 castings a day, what is the probability that 2 of these will be defective?
b. What isthe probability that 3 or more defective castings are made in one day?

2. A city's population is 55% in favor of a school bond issue. Suppose that the local newspaper conducts a
"random poll" of the citizenry.
a. What isthe probability that, if ten citizens are polled, the mgjority of those polled will oppose the issue?
b. What isthis probability if twenty citizens are polled?

3. The probahility that each car stopsto pick up ahitchhiker is p=3%; different drivers, of course, make
their decisionsto stop or not independently of each other.

a. Given that a hitchhiker has counted 20 cars passing him without stopping, what is the probability that
he will be picked up by the 25tN car or before?

Suppose that the cars arrive according to a Poisson process, at the average rate of 10 per minute. Then
"success' for the hitchhiker occurs at timet provided that both an arrival occurs at t and that car stopsto
pick himup. Let T bethetime (in seconds) that he finally gets aride, when he begins hiswait at time
zero.

b. What isthedistribution of T? What are E(T) and Var(T)?
c. Giventhat after 4 minutes (during which 42 cars have passed by) heis till there waiting for aride,
compute the expected value of T (histotal waiting time, including the 4 minutes he has aready waited).
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1. Generating Arrival Times in Poisson Process. Suppose, in preparation for performing a manual
simulation of the arrivals in a Poisson process (e.g., parts randomly arriving at a machine to be processed),
you wish to generate some inter-arrival times, where the arrival rate is 4/hour. First, you need some
uniformly-distributed random numbers. To obtain these, select arow from the table which appeared in the
Hypercard stack:

2821 4876 3071 5260 8634 O0L69 1746 6650 8605 9630
0218 3519 Q707 3695 A478 3977 2017 3644 7993 5547
105 8147 736h 2901 V228 2307 7241 4225 A0OT7E 9344
4549 1468 4395 38080 9446 5954 Agh1 2930 9217 H66AT
A7HE 7233 003 09831 5955 4881 L9116 3197 8hH32 9810
8431 5742 0744 3115 4411 5132 2175 5044 Le6E 3463
EO72 1129 0723 1390 0722 6669 8144 0434 3014 9675
1797 8050 3603 9301 2162 8267 6733 HOYE 9915 3984
280 5063 AAR63 6449 A400 0063 2414 4309 0851 3393
7223 4603 1542 9279 7217 2279 4575 5332 0000 6645
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Select arow based upon the last digit of your ID#: if 1, use row #1; if 2, use row #2; ... if 0, use row #10.

a. What isthe probability distribution of the time T4 of the first arrival?
b. What will be the probability distribution of the timet; between arrivals of partsi-1 andi (i>1)?

¢. Usetheinverse-transformation method to obtain random inter-arrival timest 1, to, ... tg (Where T1=

t1).
d. What arethearrival times (T, To, ... Tg) of thefirst eight partsin your simulation?

e. The expected number of arrivalsin the first hour should, of course, be 4. In your simulation of the
arrivals, however, what is the number of arrivals during the first hour?

2. Manua Simulation of Drive-In Teller Window In the Hypercard stack, the arrival of the first three autos
at the drive-in teller window was manually simulated. Continue the simulation manually until the

departure of the 10t auto, and give the event log and the event schedule at that time. What was the
maximum length of the waiting line during the simulation?

3. The numbers of arrivals during 100 hours of what is believed to be a Poisson process were recorded.
The observed numbers ranged from zero to nine, with frequencies Og through Oq:

24

0 1 2 3 4 5 3 7 & 9
The average number of arrivals was 3.93/hour. We wish to test the "goodness-of-fit" of the assumption that
the arrivals correspond to a Poisson process with arrival rate 3.93/hour.
Thefirst step isto compute the probability of each observed value, 0 through 9:
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Flxl

| 22

0 0.01964367
1 0.07719963
2 0.15169728
3 0.198T23544
4 0,19524573
g

6 0.10051822
T 0.05643359
2 0.027725315
9 0.012105873

a What is the value missing

Expected * of observations

HW Spring ' 95 Instructor: Dennis L Bricker

[ ]

above? (That is, the probability that the number of arrivalsis exactly 5.)
19587 1952

10.05

J.64

b. Now, we can compute the expected number of observations of each of the values 0 through 9, which

we denote by Eg through

Eg. What is the expected number of times in which we would observefive

arrivals per hour? Did we observe more or fewer than the expected number?

¢. Complete the table below:

. a
1 F'i Ei Di (Ei—Dij
0 0.019644 1.9644 44,1438
1 0.077200 T TZ00 &2 0 0.0784
2 0,151697 15,1697 14  1.3623
2 0,198723 19,8723 16 14,9950
4 0,195246 19.5246 24 Z20.0294
5] | 12 | |
6 0.100512 10,0512 10 0.0027
T 0.056434 2 GS.6434 5 0 0.4139
2 0,027723 2.TVE2 B 4.9626
9 0.04i2106  1.2106 2 0.6232

d. Ignoring the suggestion that cells should be aggregated so that they contain at least five observations,
what is the observed value of

[¢] e 2
Dza(aaq)

~

.
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e. Keeping in mind that the assumed arrival rate | =3.93/hour was estimated from the data, what isthe
number of "degrees of freedom"?

f. Using avalue of a = 5%, what is the value of Cay such that D exceeds C5y: with probability 5% (if
the assumption is correct that the arrivals form a Poisson process with arrival rate 3.93/hour)?

g. Isthe observed value greater than or lessthan C%% ? Should we accept or reject the assumption that
the arrival process is Poisson with rate 3.93/hour?
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1. Monte-Carlo Simulation to Estimate Reliability. Suppose that a certain component failsif the
"stress’ s on the component exceeds the "strength™ S. It is assumed that the strength S has a Weibull
distribution with mean 1000 psi and standard deviation 150 psi, while the stress s has a Gumbel distribution
with mean 900 psi with mean 200psi .

a. What are the parameters of the Gumbel distribution? a = ,u=
b. What isthe "coefficient of variation" of the Weibull distribution? S/m=

¢. Using the table in the Hypercard stack, estimate the parameters of the Weibull distribution: first, the
parameter k = , and then the parameter u =

Y ou are to randomly generate 10 pairs (s,S) and test whether afailure occurs, i.e., s>S. To generate the
random values of s, select arow from the table which appeared in the Hypercard stack and is reprinted below:
if thelast digit of your ID#is 1, use row #1; if 2, use row #2; ... if 0, use row #10, etc.

3821 4876 3071 5268 BAE4 (169 1746 A6HE 5605 9A3E
0218 3519 0707 3695 A478 3977 2017 3644 7993 5547
105 8147 7365 2901 7228 2307 7241 4225 A075 9344
4549 14A8 4395 3808 9446 5954 AB51 2930 9217 L6608
6758 7233 0503 0981 5955 4881 5916 3197 8532 9810 ¢
8431 5742 0744 3115 4411 5132 2175 8044 L6685 3463 ¢
072 1129 0723 1390 0722 6669 8144 0434 3014 9675
1797 8050 3603 9301 2162 8267 6733 5E70 99185 3984
280 5063 AA63 6449 A400 0863 2414 4309 0351 3393 ¢
7223 4603 1542 9279 7217 2279 4575 5332 0000 6645

To randomly generate S, select a column, based upon the first digit of your ID#. (If 1, use column #1; if 2,
use column #2; ... if 0, use column #10, etc.)
ID#: - -

0
2
=1
>
109}

Failure? (circle)
Yes/ No
Yes/ No
Yes/ No
Yes/ No
Yes/ No
Yes/ No
Yes/ No
Yes/ No
Yes/ No

Simulation #i stress s

OCooo~NOOUIThWNPE
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10 | | Yes/No
Tota # of failures:
Estimated Reliability: _ /10= %

2. Regression Analysis. Testson thefud consumption of avehicletraveling at different speeds yeilded
the following results:

Speed s (mph) | 20 30 40 50 60 70 80 90
Consumption C (mile/gal.)| 11.2 181 221 253 264 279 287 294

It is believed that the rel ation between the two variablesis of theform C=a+ b/s.

a. Run the"Cricket Graph" software package (on the Macintosh), and enter the above observed values

of sand C (columns 1 and 2).

Untitled Data

= |
z
L3 Colurnn 3
1 20 11.2
2 0 1281
z 40 221
4 a0 233
3 &0 264
) 70 279
T 20 287
2 Q0 294

b. Plot the "scatter plot" of C versus s by choosing "scatter" on the Graph menu, and specifying son
the horizontal axisand C on the vertical axis. Doesthe plot appear to be linear?

¢. Choose "transform" from the "data" menu to create a new variable rs which isthe reciprocal of s.

(Put this new variable into Column 3.)

=1 Untitled Data =
3
s s
1 20 11.2 0.050
2 z0 1841 0.0z3
Z 40 221 0.025
4 =0 253 0.020
3 &0 26.4 ooy
& 70 2749 o014
T 20 28.7 0o3
=] a0 294 o.oid
d. Plot the"scatter plot" of rs (horizontal axis) versus C (vertical axis). Does the plot appear to be
linear?
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.2+ scatter Plot k

Scatter

Horizontal (H) Axis Dertical (¥) Axis
5
C

[ | |-

i

4|
gl

0
— A
o
o
a
o]
T 20 mC
o]
o
10 T T T T T T T T
0.01 0.0z 0.0sz 0.04 0.03 0.0&
rs

e. After plotting C versusrs (=1/s), select "Simple" from the "Curve Fit" menu, in order to fit asimple

linear relationship between C and 1/s, i.e., to determine aand b such that C » a+ b(Y/g). What is
the value of a? of b?
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Z0 k
[ 2':' ] o] |:
10 T T T T T T T T

0.0 0.0z 0.03 0.04 .05 Q.08
rs

(Note: the above datais complete fictitious!)
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1. Suppose that your company wishes to estimate the reliability of an electric motor. Two hundred units are
tested simultaneously, and the time(in days) of the first 120 failuresis recorded.

g1 0.2 0.2 0.2 o 0.Ss 0. 0.7y 1.0 1.2 1.3

1.8 2.1 2.2 3.3 3.7 4.6 B BE B.H 9.7
0.7 10.8 11.6 11.5 11.9 11.9 12.5 13.0 13.0 15.9
16.0 16.1 16.85 17.1 1V.3 Z0.d 21.8 21.8 Zd.2 Z23.0
Z2.5 4.2 254 254 EZV.T 234 2203 29.0 30,0 339
2 FT.E I.e 29.1 406 4100 43,7 4408 44,9 46.5
46.2 47.5 .0 52.4 B4.1 5T.1 B1.Z Al1.9 BE.0 B3.E
F3.4 B3.9 B5.1 6B5.Y BRSO B9.1 1.1 YE.E O FILEOTT.G
T8.2 TE.6 B0.5 81.3 B2.4 83.3 848 86.1 87.4 BT.6
91.0 91.1 91.5 91.5 93.37 o94.0 94.6 101.2 1024.5 105.1
106.7 440.9 443.9 144.2 146.2 147.8 442.1 118.5 119.8 121.0
126,23 127.7 128.5 129.4 135.3 139.2 140.1 141.5 146.3 149.2

(The experiment was terminated after 150 days, giving us the unshaded curve below.If we had continued until
thelast motor had failed, the experiment would have lasted over five years!)
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fraction failed

LT T — T — D Y — Y = R — R — I — N
|t 5 S 5 BT Y 7 B T RS I o o I | ]

0 1000 2000
days
To simplify the computations, the data was aggregated, giving the table below showing the failure times of the
tenth, twentieth, thirtieth, etc. motor:

a. Plot the value of (InIn 1/R) on the vertical axisand In T on the horizontal axis of ordinary graph paper.
b. By "eyebalingit", draw a straight line which seems best to fit the data point.

c. What isthe slope of thisline?

d. What isthe y-intercept of thisline?

e. What istherefore your estimate of the parameters k and u of the Weibull distribution for the lifetimes of
these motors?

# failed Time ESurviving

113 T E LntTh LinLni-R
10 1.2 n.95 0.1582322 TZ2.9702
a0 9.7 n.9 2.27313 T2 28087
20 15.49 0.25 2.TEE32 "1 .21696
410 23 n.g 2.13549 1 .49994
&0 23.9 0.75 3.5234%2 T1.2459
& 46.5 0.7 2.83845 1.0z3093
T B3.2 n.65 4.1463 T0.E4E151
a0 T8 0.6 4.:35028 T0L.BTLTET
an 7.6 0.55 4.47278 T0.514437
100 105.1 0.5 4.65491 T0.366R513
110 121 0.45 4.73579 0225011
120 149.2 0.4 G.0093 0L 0ET4ZE16

f. What is the expected lifetime of the motors, according to your Weibull probability model? (Y ou may use

the table below for the gamma function in the computation of m Values of G(1+1/) are given for
k=0.1, 0.2, ... 3.9)

page 8



57:022 Principles of Design 1 HW Spring ' 95 Instructor: Dennis L Bricker

r[l 4 1_]
k
0.0 0.1 0.z 0.3 0.4 0.5 0.6 0.y 0.3 0.9

=2 3eze800 120 S.2605 3.3234 Z.0000 1.50468 1.2652 1.1330 1.0622
1.0000 0.9649 0.9407 0,9236 0.9114 0.9027 0.80966 0.89ZZ 0.2893 0.8874
0.5362 0.8857 0.5856 0.858%9 0.3865 0.8873 0.8832 0.8893 0.590% 0.3917
0.8930 0.8943 0.5957 0.8970 0.3934 0.3997 0.9011 0.9025 0.9033 0.9051

R — O

g. Perform a Chi-Square goodness of fit test to decide whether the Weibull probability distribution model
which you have found isa"good" fit of the data. Complete the table:

(O-E)°
Interval o} Ei Ei
0-12 10
1.2-9.7 10
9.7-15.9 10
15.9-23 10
23-33.9 10
33.9-46.5 10
46.5-63.2 10
63.2-77.5 10
77.5-87.6 10
87.6-105.1 10
105.1-121 10
121-149.8 10
Tota: D =
h. What is the number of "degrees of freedom"? (Keep in mind that two parameters, u & k, were

estimated based upon the datal)
i. Using a = 5%, should the probability distribution be accepted or rejected?

LCOZLOILCOILCOZLOILCOLLOILCOLLOZLOI L LTI I 1C 20 4 HW #5 LCOLLOILLOILCONLLOILCOLLOI L2 O LLOILCOLLOIL O 120 4

1. For each SLAM network below, state
» thetime at which the first entity leaves the system
* the time at which the simulation ends (or the last entity leaves the system, whichever isfirst)
» the number of entities which have left the system when the simulation ends.

Note that al activity durations are constants, and none random!

1

: ) (N2 A

— Qe

EﬁW “\\ '(/’I 2
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g2 @ ®2m >QW

| Timefirst Time second Time Simulation ~ Number of entities

Network |  entity leaves  entity leaves Ends which leave system
A |
B |
C I

2. Consider again the example of the drive-up bank teller window. Arrival of customers forms a Poisson
process, with an average of one arrival every 5 minutes. Time to serve each customer has exponentia
distribution with average of two minutes. Thereis sufficient space in the drive-up lane for four carsto wait
behind the car currently being served; the first car not able to enter the drive-up lane when it isfilled will
cause the simulation to terminate. The systems analyst believes that the time spent in the system (both
waiting time and service time) for the customers will have an exponentia distribution. He has prepared the
following SLAM model, and hasincluded COLCT ("collect") statementsto collect statistics on both the
timein the system (with histogram) AND the time that the first customer isturned away. The systemisto
be simulated for 480 minutes (8 hours), unlessit is terminated because of a customer's being turned away.

(a) How many customers were served during the simulation?

(b.) What fraction of the customers spend more than 5 minutes at the bank?

(c) What was the longest time spent by a customer at the bank during this simulation?

(d.) What isthe mean (average) time spent by customersin the system?

(e) Test the "goodness-of-fit" of the exponential probability distribution having this mean vaue. (Use
alpha = 10%, and group the histogram cells as necessary so that there are at least 5 observationsin
each cell.)

(f.) Atwhat time doesthe simulation end? Isit because of the maximum time (480 minutes) or because
of acustomer being turned away?

anuaay 15414

car —

"A" Street

GEN, BRI CKER, BANKTELLER, 2/ 23/ 1995, , , , , , , 72;
LIM 2, 1, 50;
INIT, 0, 480;
NETWORK;
CREATE, EXPON(5. 0) , , 1;
QUE(1), 0, 4, BALK(OVFLO) ;
ACT(1)/ 1, EXPON( 2. 0) ;
COLCT, | NTVL( 1), CUSTOVER TI ME, 20/ . 5/ . 5;
TERM

O©CoO~NOUOA~WNPRF
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10 OVFLO COLCT, FI RST;

11 TERM 1;
12 END;
13 FIN,
SLAM 11 SUMMARY REPORT
S| MULATI ON PROJECT BANKTELLER BY BRI CKER

CURRENT TIME  0.4081E+03
STATI STI CAL ARRAYS CLEARED AT TI ME 0. 0000E+00

**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN STANDARD CCEFF. OF M N MUM MAXIMUM NO. OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALUE 0BS

CUSTOVER _TI ME 0. 303E+01 0. 286E+01 0. 944E+00 0. 345E-01 0. 110E+02 88
0. 408E+03 0. 000E+00 0. OOOE+00 0. 408E+03 0. 408E+03 1

**F|I LE STATI STI CS**

FI LE AVERAGE STANDARD  NMAXI MUM CURRENT AVERAGE

NUMBER LABEL/ TYPE LENGTH DEVI ATION LENGTH LENGTH WAIT TI ME
1 QUEUE 0. 300 0.724 4 4 1.317
2 0. 000 0. 000 0 0 0. 000
3 CALENDAR 1.439 0. 496 3 2 2. 669

**SERVI CE ACTIVITY STATI STI CS**

ACT ACT LABEL OR SER AVERAGE STD CUR AVERAGE MAX | DL MAX BSY ENT
NUM START NCDE CAP  UTIL DEV UTIL BLOCK TME SER TME/ SER CNT

1 QUEUE 1 0.439 0.50 1 0.00 17.35 29.23 88
**H STOGRAM NUMBER 1**
CUSTOVER TI ME

OBS RELA  UPPER

FREQ FREQ CELL LIMO 20 40 60 80 100
+ + + + + + + + + + +

10 0.114 0. 500E+00 +****** :
9 0.102 0. 100E+01 +***** C .
16 0.182 0. 150E+01 +*x***x%*x c .
13 0. 148 0. 200E+01 +x*xxxxx c :
4 0.045 0. 250E+01 +** c .
7 0.080 0. 300E+01 +**** c N
5 0.057 0. 350E+01 +*** c .
1 0.011 0.400E+01 +* c .
3 0.034 0.450E+01 +** c .
0 0.000 0.500E+01 + p .
2 0.023 0.550E+01 +* c .
1 0.011 0. 600E+01 +* p .
3 0.034 0.650E+01 +** c .
0 0.000 0.700E+01 + e .
4 0.045 0. 750E+01 +** c .
1 0.011 0. 800E+01 +* c .
2 0.023 0.850E+01 +* c .
2 0.023 0.900E+01 +* -
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2 0.023 0.950E+01 +* C +
2 0.023 0. 100E+02 +* C+
0 0.000 0.105E+02 + C+
1 0.011 I NF +* C
+ + + + + + + + + + +
88 0 20 40 60 80 100

**STATI STI CS FOR VARI ABLES BASED ON OBSERVATI ON* *

MEAN STANDARD CCEFF. OF M N MUM MAXIMUM NO. OF
VALUE  DEVI ATI ON VARI ATION  VALUE VALUE GBS

CUSTOMER _TI ME 0. 303E+01 0. 286E+01 0. 944E+00 0. 345E-01 0. 110E+02 88
Fortran STOP

RCOZLOILCOILCOZLOILCOLLOI L OO Z LI LOITCOLLOI1C 20 4 HW #6 LCOLLOILLOILCONLLOILCONLLOILCOIL O LLOILCOLLOIL O 120

Project Scheduling. An equipment maintenance building isto be erected near alarge construction site.
An electric generator and alarge water storage tank are to beinstalled a short distance away and connected to
the building. The activity descriptions and estimated durations for the project are;

Duration
Activity Description Predecessor(s) | optimistic  most likely pessimistic
A Clear & leve site none 1 2 4
B Erect building A 4 6 9
C Install generator A 1 3 4
D Install water tank A 1 2 4
E Install mai ntenance equi pment B 2 4 6
F Connect generator & tank to bldg B,C.D 2 5 7
G Paint & finish work on building B 2 3 4
H Facility test & checkout E,F 1 2 3

a. Draw the AON (activity-on-node) network representing this project.

b. Draw the AOA (activity-on-arrow) network representing this project. Explain the necessity for any
"dummy" activities which you have included.

c. Labd the nodes of the AOA network, so that i<j if there is an activity with node i asits start and node |
asitsend node.

In questions (d) through ( h), use the "most likely" as the duration:

d. Perform the forward pass through the AOA network to obtain for each nodei, ET(i) = earliest possible
timefor event i.

e. What isthe earliest completion time for this project?

f. Perform the backward pass through the AOA network to obtain, for each nodei, LT(i) = latest possible
timefor event i (assuming the project isto be completed in the time which you have specified in (€).)

g. For each activity, compute:
ES = earliest start time EF = earliest finish time
LS=latest start time LF = latest finish time
TF =total float (dack)
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h. Which activities are "critical", i.e., have zero float ("dack")?

i. Schedule this project by entering the AON network into MacProject 11 (found on several of the Macintosh
I computers in the computer Iab on 3rd floor of the Engineering Building.) Specify that the start time
for the project will be November 15, 1995. What isthe earliest completion time for the project? (Note
that 5-day work weeks are assumed by default.)

Now, assume that the durations are random, with triangular distribution.

j- What isthe expected duration of the critical path found in (h)?

k. What isthe standard duration of the critical path foundin (h)?

m. Using the PERT technique, what isthe probability that the project duration will not exceed the expected
duration by more than 3 days?

n. Draw aSLAM network to simulate this project, and simulate it 1000 times.
0. What isthe average duration of the project according to SLAM? (Compareit to your answer in (j).)

p. What isthe standard deviation of the project duration according to SLAM? (Compareit to your answer
in (k).)

g. According to the SLAM simulation, what is the probability that the project duration will not exceed the
expected duration by more than three day?

LI EOILOI LI LM LOI IO N> HW #7 LEMLOIOILILOI I LOI LI OILI LI OIONKO>

1. Markov Chain Model of a Reservoir: A city'swater supply comes from areservoir. Careful study
of thisreservoir over the past twenty years has shown that, if the reservoir was full at the beginning of one
summer, then the probability that it would be full at the beginning of the next summer is 80%; however, if the
reservoir was not full at the beginning of one summer, the probability that it would be full at the beginning of
the next summer is only 40%.

The below computer output may be consulted to help answer some of the following questions. Note that state
#1 represents the condition "full" and state #2 represents the condition "not full”
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P=[b
P b
P [
pi- [o.e752

0.6496

P5= 0.67003
0.65954

0.312
0.376

0.3248
0.3504

0.32992
0.34016

Steady State Distribution

Expected no.

HW Spring ' 95
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of vigite during first 5 stages

to

2

E O R

1|3.55728 1.44R72
2|2.89344 2.10656

-

S

Pi

.BEEEEEET
033333333

Mean Tiret Paszsage Times

to

First Passage Probabilities |

stage 1
stage 2
stage X
stage 4:

stage Do

0,043
0,144

0.0z22g
0.0264

0.01728
0.05184

138
« 6
024
0512

08192
« 14 096

1 Z

S 0O R

1{1.5 5
2|2.5 3

a. Draw adiagram of aMarkov Chain model of this reservair.

b. Why are we guaranteed that this system has a steady-state probability distribution?

¢. Write eguations which could be solved to compute the steady-state distribution. (Y ou need not solve

them!)

d. Over a100-year period, how many summers can the reservoir be expected to be full?

e. If thereservoir wasfull a the beginning of summer 1994, what is the probability that

« it will befull a the beginning of summer 1995?

« it will befull a the beginning of summer 1996?

f. If the reservoir was full at the beginning of summer 1994, what is the expected number of summers

during the next 5 years that the reservoir will not be full?
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g. If thereservoir wasfull at the beginning of summer 1994, what is the expected number of years
before the reservoir will not be full at the beginning of the summer?

2. Absorption Analysis of Markov Chain. Inresponseto pressure from the Board of Regentsto
increase the number of students who compl ete their degrees within four years, the Engineering College
admissions office has modeled the academic career of astudent asaMarkov chain:

Each student's state is observed at the beginning of each fall semester. For example, if astudent isajunior at
the beginning of the current fall semester, there is an 80% chance that he/she will be a senior at the beginning
of the next fall semester, a 15% chance that he/she will still be ajunior, and a 5% chance that he/she will have
quit. (For simplicity we will assume that once a student quits, he/she never re-enralls.)

State Description
Freshman

Sophomore
Junior
Senior
Drop-out
Graduate

U, WN P

a. Draw adiagram for this Markov chain.

b. Which states are transient?

¢. Which states are recurrent?

d. Which states are absorbing?

e. Doesthis system have a steady-state probability distribution? Justify your answer.
Consult the computer output below to answer the questions that follow.

f. If astudent entersthe college as a freshman, how many years can he or she expect to spend asa
student in the college?

0. What isthe probability that, at the beginning of the fourth year in the college, he or sheisclassified
asasenior?

h. What is the probability that he or she eventualy will graduate?

i. If astudent has survived to the point that he or she has been classified as ajunior, what is then the
probability that he or she eventually graduates?
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Transition probabilities (P) |

to
£ 1 =2 3 4 5 A Expected Ho. Vizite to Transient Statesz
r
o 1| 0.1 0.8 0 o o4 0 ta
m 2| 0 0.4 0850 0.050
2l 0 0 0.16 0.2 0.05 0 f‘\ 1 2 3 4
4l 0 0 0 0.1 0.0% 0.35 r
g5l o0 0 0 0 1 ] o 1 1.1111111 0.,95765432 0.95765432 0.57791495
gl o0 0 0 a a 1 w2l @ 1.4444441 41.4441444  0.9876EG432
3l 0 1] 1.4764706 1.0457516
41 0 1] 1] 1.4414441
™, 10
i 4 5 5]
f
¢ 1] 0.01 016 063 0 n.45 0
s &l 0.01 0.2125 0.62 0.0975 0
w20 1] 0.0225 0.2 0.0975% 0.68
4|1 0 1] 1] 0.04 0.085 0.935
&l 0 1] 1] 1] i 1]
Gl 0 1] 1] 1] 1] 1
Lx]
i 3 4 5 5 & = Sdheorption Probabilities
f
P4l 0.001 0,024 0.238 0.544 0,193 1]
e ozl 0 0.001 0.040375 0,238 0.142625 0.578
nozlon 1] 0.003375 0.033 0.103625 0.85 1o
4| 0 0 0 0.0014 0.0555  0.9435 £, 5 B
Gl 0 1] 1] 1] 1 1] P
Gl 0 0 0 1} 1} 1 o 1| 0.25377229 0.74622771
2| 0.16049383  0.83950617
™ozl 0.14141444  0.85858559
4| 0.055555556 0.94444444
1o
i 2 3 4 5 ]
f
roi( 0.0001 0.0032 0.0561 0.2448 0.2334 0.4624
o2 0 g.0001 0.00690625 0.0561 0.15859375 0.7303
mo3l 0 1] 0.00050625 0.006% 0.1106R9375 0.8323
4] 0 1] 0 0.0001 0.05555 0.94435
gl o 1] 0 1] 1 1]
gl o 1] 0 1] 0 i
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1. Wewish to model the passage of arat through amaze, in the form of a4x4 array of boxes, such asthe
one below on the left:
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The solid lines represent walls, the shaded lines represent doors. We will assumethat arat is placed
into box #1. Whilein any box, therat is assumed to be equally likely to choose each of the doors
leaving the box (including the one by which he entered the box). For example, when in box #2

above, the probability of going next to boxes 3 and 6 are each 1/2, regardless of the door by which

he entered the box. This assumption impliesthat no learning takes placeif the rat tries the maze
several times. (Note that the assumptions imply that the mouseis as equally likely to exit a box by
the door through which he entered as any of the other exiting doors.)

Based upon this "memorylessness’ assumption, the movement of the rat through the maze can be modeled as
adiscrete-time Markov chain:
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The steadystate probability distribution exists because the chainis regular, and is:
PLil

i

[T R w7 Bk I O O R

10
11
12
13
14
15
16

| Steady State Distribution |

o Y Y e o Y o Y o o R o R e e o s B e |

=

0204
. 0523
0523
0553
0853
0822
. 0523
. 0523
0523
0553
118

0528
. 0523
. 0523
0523
0294

The mean first passage time matrix (M) is
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Thefirgt-visit probabilities from box #1 to the reward in box #16 are:

to State 1A
()
1,16

Firet Vizgit Probabilitiez
from State 1

noead
0. 0126

0. 0165
The shortest path from box 1 to box 16 is: 1->5->6->7->11->15->16, or 6 moves. The matrix P8 is
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9 10 11 12 13 14 15 16
n.243 0 n.i01 o 0 n.1z o 0.00634
n 0.0442 0 n.111 0.0522 0 n.0421 0
n.0471 0 n.154 0 0 n.oz 0o n.01z
n 0.0521 0 0.193 0.0143 0 0.0529 0
n 0.0355 0 0.0357 0.182 0 0.0322 0
0137 0 .16 0 0 0.0%72 0 0.0301
n 0.412 0 n.116 0.0273 0 0.142 0
n.012z 0 n.25 0 0 n.0468 0 0.0469

P, n.256 0 n.1z6 0 0 n.202 0 n.0113
n 0.193 0 n.1z 0.186 0 0.159 0
0.0673 0 n.343 0 0 0.123 0 n.112
0 0.4z 0 0.i98  0.08502 0 .19 0
n 0.426 0 n.0503 0,272 0 0.0522 0
n.202 0 n.247 0 0 n.26 0 0.0469
n 0.153 0 0.153 0.0522 0 n.331 0
0.0226 0 n.443 0 0 0.0938 0 n.:219

a Which box will be visited most frequently by the rat?

b. A reward (e.g. food) is placed in box #16 for therat. What is the expected number of moves of the
rat required to reach this reward?

¢. The minimum number of moves required to reach the reward is six. What isthe probahility that the
rat reachesthe reward in exactly this number of moves?

d. What isthe probability that the rat reaches the reward with no more than 4 unnecessary moves?

e. Briefly discussthe utility of thismodel in testing a hypothesisthat areal rat isableto learn, thereby
finding the reward in relatively few moves after he has made several trial runs through the maze.

f. Briefly discuss how you might modify your Markov chain model if the rat will never exit abox by
the same door through which he entered (i.e., heis no longer completely "memoryless’, in that he
remembers the door through which he entered), unless he has reached a"dead end", in which case
he reverses his path.

2. A machine hastwo critical partsthat are subject to failure. The machine can continue to operateif one part
hasfailed. Only inthe case where both parts are no longer intact does arepair need to be done. A repair
takes exactly one day, and after arepair both parts are intact again. At the beginning of each day, the
machine is examined to determine whether or not arepair isrequired. If at the beginning of aday apart is
intact, then it will fail during the day with probability 0.25. Each repair costs $50. For each day the
machine is running, it generates $100 in profit. (For the sake of simplicity, assume that all failures occur
very latein the day, so that if the machineis operating at the beginning of the day, it will generate the full
$100 in profit, and repairs will not begin until the following morning.) Below is adiscrete-time Markov
chain model of this system, with three states:

(1) Both partsintact

(2) One part intact

(3) Both partsfailed

The transition probabilities are found as follows:

p12 = P{one part of two fails} = 2( 0.25) (0.75)

p13 = P{two partsfail} =(0.25)(0.25)

P11=1-p12- P13

etc

Note that if the morning inspection finds that both parts have failed, that day is spent in repairing the
machine, so that at the beginning of the next day it will be restored to its origina condition, so that

p31=1.0
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2 32 L
16 & 16
ST
0 0

a. Write the system of linear equations which must be solved to compute the steady-state distribution.
b. Find the steady-state distribution for your Markov chain.
¢. Compute the average profit per day for this machine.

3. (Exercise 6, page 1083-1084 of text by Winston) Bectol, Inc. isbuilding adam. A total of 10,000,000
cu ft of dirt is needed to construct the dam. A bulldozer is used to collect dirt for the dam. Then thedirt is
moved viadumpersto the dam site. Only one bulldozer is available, and it rents for $100 per hour. Bectol
can rent, at $40 per hour, as many dumpers as desired. Each dumper can hold 1000 cu ft of dirt. It takesan
average of 12 minutes for the bulldozer to load a dumper with dirt, and it takes each dumper an average of five
minutes to deliver the dirt to the dam and return to the bulldozer. Making appropriate assumptions about
exponentiality so asto obtain a birth/death model, determine the optimal number of dumpers and the minimum
total expected cost of moving the dirt needed to build the dam.

Hint: We have to use 10,000,000/1000=10,000 loads of dumper to deliver al the dirt.

Case1: One dumper :
Define state 0 : no dumper in the system,
state 1 : one dumper in the system.
Then we obtain a birth/death model:

Steady-state Distribution

12/hr
OO
S/hr 0 0.294118 0.294118

1 0.705882 1.000000
where the steady-state distribution is found by

1oy e 17 5 g

Po 5h 5 17’

The average departure rate of dumper is (1-pg)5=0.705882(5)=3.52941(times/hr)
Thetotal cost = (10,000/3.52941)($100+%$40)=396667.

Usetria & error to find the optimal number of dumpers.
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The following exer cises should be done assuming that the queueing system operates in steady state.
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1. Each airline passenger and hig/her luggage must be checked to determineif he/sheis carrying weapons
onto the airplane. Suppose that at C.R. Airport an average of 10 passengers/minute arrive (with
exponentially-distributed times between arrivals). To check passengers for weapons, the airport must have a
checkpoint consisting of a metal detector and baggage X-ray machine. Whenever a checkpoint isin operation,
two employees are required. A checkpoint can check an average of 12 passengers/minute (one at atime), with
the time for each having an exponential distribution. Assume that the airport has only one checkpoint.

a. What isthe probability that a passenger will have to wait before being checked?
b. Onthe average, how many passengers are waiting in line to enter the checkpoint?
c. Onthe average, how long will a passenger spend at the checkpoint?

d. Draw aSLAM network model of the above system, with a COLCT to collect the statistics which you
enable you to answer the questions above.

2. Anaverage of 100 customers arrive each hour at a bank, forming a Poisson process. The service time per
customer has exponentia distribution, with mean 1 minute. The manager wants to ensure that the average
time which customers will have to wait in line is no more than 0.5 minute.

a. If the bank follows the policy of having al customers join a single queue to wait for ateller, how
many tellers should the bank hire?

b. Draw a SLAM network model of the above system, with a COLCT to collect the statistics which you
enable you to answer the question above.

3. Anaverage of 60 cars per hour arrive (forming a Poisson process) arrive at the MacBurger's drive-in
window. However, if four or more cars arein line (including the car at the window), an arriving car will not
enter theline (i.e., "balk™). It takes an average of 3 minutes (exponentially distributed) to serve acar.

a. What isthe average number of carswaiting for the drive-in window (not including acar at the
window)?

b. On the average, how many carswill be served per hour?

c. If you havejust joined the line, how many minutes will you expect to pass before you receive your
food?

d. Draw aSLAM network model of the above system, with a COLCT to collect the statistics which you
enable you to answer the questions above.

4. Choose one of the three SLAM networks above, and simulate it on the computer for an 8-hour period.
Compare the simulation results with your previous answers based upon steadystate queueing theory.

LEMLOIHOILNLOIEOILOI I LM LOI I LN LI LOILI I LI LI I LI LI I LOI LI LDI LI LI LI OINKO>

page 22



