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Upper Bounding Technique [ Consider the LP:

Max 2x1+4x>+5xz+ I3x4

subject to
X1 +3x>+06xz+2x4= 24
X1 +4x: + 4 x4 = 20
" 0=zx;<3
0=z x4

Simnie pnner Boungs 4
~ A - 0= x:=3

0= x4=3
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If the upper bounding technique (UBT)is NOT used,
the tableau is > 453 .00

=
=
=
=
=

0
0
1
0
0
0

and a bxb basis inverse matrix must be

maintained.

When using UG 7, only g =x2 "working 8asis”
Is used.

=



Upper Bounding Technique 8/20/00

When using the Upper Bounding Technique,

o BMIDLULERITRYEIGEDIEN may be at e724er

— lower bound
or

— upper bound

¢ a variable EINGCISEROUEREREN by

— increasing if it is at its lower bound
aor

— decreasing if it is at its upper bound

page
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When using the Upper Bounding Technique,

# choice of the :
ror

<Q if at lower bound e
SRR RTTI L T OWT

duced t
reduced cos {}0 if at upper bound /e

>0 if at lower bound /&
SRR TSR E T

relative pr‘nfit{ .
<Q if at upper bound Falatul st
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When using the Upper Bounding Technique,

e Choice of the:

The variable entering the basis from one bound
(either lower or upper) is "blocked” whenever

it reaches its other bound
g~ a variable currently in the basis reaches
its lower bound

g a variable currently in the basis reaches
its upper bound
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U1 Consider the LP
Bounding |

Maximize o©x

subjectto Ax=h
iz x= &

TechniqueEEE

£; might be, but need not be, zero |
Define a basis ("working basis") B such that
-1 ]
(AB) exists, 1.e, det (AE) = 0

and partition the non-basic variables into subsets
L={ilxi=Z;t and U={ilx; =4}
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APxg + Alxr + AY%u =0

APxp=b - Alx; - AV%y

x5 = [AP) " b - [AB] Alx; - (AF) Ay
The current basic solution is
FTOHT— { xy = &
SFsic
VigrrEhles x. = L
basic xp = (AF) " b - [AB] Atz - (AB) Aoy

e Al k)

page
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Selection of

A nonbasic variable may be in
Variable to

either set L (at lower bound)
or set U (at upper bound)

Enter Basis

The "relative profit” ("reduced cost” if mini-
mizing) specifies the change in the objective
function per unit s7crezse in the nonbasic
variable.
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Change in _
Non | «x;if sign of | change in
basic| entering | g=c;-nal | objective
sel | basis

U d positive decrease
ecrease . .
negative increase
] : positive increase
increase

neqgative decrease
Suppose that a nonbasic
variable x; were Lo be
selected to enter the basis...

Selection of

Variable to
Enter Basis




Substitution Effect on Basic :
Monbasic Rate in Row i | Yariable Xj E,l;;ﬁl;mg
Yariable L in Row i
inL positive decrease (X - Lk%‘-’-ij
INCREASING || negative increase Uy - Xk]/|c,._ij|
inu positive increase Uy - Xk]/|c:‘."|
DECREASING Ul
negative decrease (X - Lk%iij

Selection of
Pivot Row

If "blocking value” is greater than U; - L,
then the nonbasic variable is moved from
L to U {or vice-versa), but the basis B is

unchanged!
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When the nonbasic variable X; is
increasing from its LOWER BOUND:

By =1 - L
The bound on
the increase is | 9, = minimum { X '__Lk }
8, where: ) gy = [ Cij
B> = minimum {M}
oLy < [ |C='.ij|
0 = mimimum {B;, 6; , 85

Selection of |
vot Row
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od blocking change in
':D,_ 6 value partition:
) _

-~ | B0 | Uj-L; j transfers from L to U
e

= X - Ly ] enters B

— Hl —_—

= Clij 7| Kk leaves B, enters L
i=

5 | 0 Uk - X j enters B

i

I:I':L | U res| K leaves B, enters U

- When the nonbasic variable X; is
>election of | increasing from its LOWER BOUND

Pivot Row
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When the nonbasic variable is
decreasing from its UPPER BOUND:

(B =T;-L,
1The bound on

the decrease is
B, where: <

Selection of |
Pivot Row

o3

8; = minimum
| L J

oy = [

ety < [

8 = minimum {B;, 6, , B2

B = mimmum {M}
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od blocking change in
':D,_ 6 value partition:
) )
_ _ ] transfers fromL to U
o B | Ui-L B unchanged
T
= 8 U - Xg j enters B
E 1 Ciij /| k leaves B, enters U
=
5 | 0 Ki - L j enters B
i
I:Il:l,J | Ul pepni k leaves B, enters L

When the nonbasic variable is
~»election of | decreasing from its UPPER BOUND

Pivot Row
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Examples, with output from APL workspace UBT

=

8/20/00

Min_imize 18X + 25X
subject to { 30 < 5X; + 4%, < 55
12 24X -3X, =4
22X =25, 4=X>=8

Max 2x; +4x2+3xz + Ixg
subjectto x| +3xr + 00Xz + 2xg4 = 24
9X] + 4x0 + 4x4 = 20
x1=£3,x2=4, x3=3 %423
ETJ':_"Q 7 ]
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Minimize 18X + 25X
subject to

30 =5X; +4X; <35
12 <4Xy -3Xs =4

2=aX1=25,4=X><8

The ordinary simplex or revised simplex method
would require a tableau with 8 constraints,

and 8 slack &/or surplus variables (in addition
to X; and X,). That is, an 8x8 basis matrix

is required.

&
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AR -3X = - 12

g AX -3Xp = 4
fifeasible] .
“regioniiy .

A SX |+ 4X, =55

{5}!{1 + 44X, =30

"
1

z 3 4 5 0§
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Add slack variables to the < constraints to
create equalities. Then put upper bounds on
these slack variables:

Using UBT,
Maximize 18X + 25X, + 0X3 + 0Xy4 only a 2x2
subject to basis matrix
{5X1 R s o 2 reduction
4}{: S FAe= 4 of nearly 94%
upper 2=X; =5 in the number
& lower deXs=8 of elements in
bounds | «X; <25 the inverse
L 0=X4x16 matrix!
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Constraints |

Objective & Bounds |
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Current partition: Iteration 1 |
B= 24+ L= 3 /7 U=1

Basis inverse matrix = 0,25 10
o.75 1
Basic solution= & 7.5 (2 6.5 with £ = 277.5
Il [ 1] Il
: 1 — —d
S = 2z
5 <% @ <3
- B3 79 @3
=y = T = =
o o E - =
: ol 1 ol
= w1 . | w1
=+ =
=3 = P
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o ;5:;15:_fe551 bl e.":

8/20/00

_,,_f—xq =16

mnitial pc-lnt

ﬁﬁ }
E‘Xg =)

- o

o :

1

0 ; —
g 1 z I 4 5 &

page 22

Initial partition |

{2,4}
{31}
i1}
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T =CglaB)" = 25, 0]

Simplex multipliers= 6.25 O 3/4 1
5 4 1 0
C -n A =[18,25,0,0]- [25/4’1:1]{ ]

LA 4-301

Feduced cocts= “13.25 0 TA.2H 0

Since we wish to minimize, we would choose to increase
either X, or Xz.. however, ¥X; 15 already at its upper
bound (U={1}) and so we choose to enter Xz into the
basis.
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Entering wvariakle 1s X[31 from set L
oubstitution Rates= 0,25 0,76

L—The substitution rates indicate that
for each unit increase by X3, the
first basic variable (X,) will be

reduced by 0.25 and the second
(X4) will be reduced by 0.75.

X2 15 currently 7.5, and its lower bound is 4,
so that it must leave the basis when it is

decreased by 3.5, 1.e., when X5 is increased
75-4 _
by =555 =14
Likewise, ¥4 can decrease by only 6.5 before 1t must

leave the basis, i.e, X can increase by only 65 -0 _ 26,

0.75 3
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Entering wvariable is X[3]1 from s=t L

aubstitution REates= 0025 0.75

L—The substitution rates indicate that
for each unit increase by X3, the
first basic variable (X,) will be

reduced by 0.25 and the second
(X4) will be reduced by 0.75.

Decreasing varlables: 4
Block at wvalue: 14, DDD 2.067
15-4 ) (‘es-o
025 0.75

Block at ¥[04]1 at walus 8.66667 < o
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;][’"_Xs.} =16 Initial partition
a—:. .................. ":"'”ix"lmt;] En:-lnt B = {2.4)
< - ,:-:1-:""':: i ‘ 1[_\ t L = {3}

2o . cpdirectiond S X:=0 U=1{1}

>, [zof move :7 .

As KXz is increased (while

4_..:. ............. .................... X1 15 kept at 1ts upper bound
& nonbasic), both ¥, and X4
3] will decrease.

>
- {Xg =25

-
- [
. .
|:| -
I I I 1
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-Fdirection:
0f move 55

_,,_f—xq =16

8/20/00 page 27

[ Initial partition [¢
: lﬂ]t}]{a] E,ﬂ]nt o B . {2,4}
N L = (3}
. E‘XS_D U=1(1]

when Xz 15 increased to 8§ 667,

the solution is here (X4 reaches
its lower bound, zero)

wWhen Xz 15 increased to 14
the solution is here (X; reaches its
lower bound, 4)
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Current partition:
B= 2 3+ L=4 ¢ TU=1

Basls inverse mnatrix = [D ‘D.HSEES}

B={2,3}, |
L={4}, U={1}

1 1.33333

Basic solution= 5 5.33333 8.66667 O with £ = 223.333
olmplex multipliers= 0 ~8.33333
Eeduced oosts= F1.3333 0 0 8.33333

T 7
r:’Sinrse we are minimizing, we would
choose to decrease either X; or X, .
However, X, is already at its lower
bound, and so we choose to enter X,
into the basis (from set U).
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Entering variliabkle is X[11 from set T
Substitution Eates= 71.333332 10.3333

The negative substitution rate indicates that the
first basic variable (X;) will also decrease as X,
1s decreased, while the positive substitution rate
indicates that the second basic variable (X3) will
Increase as X, 1s decreased.

Increasing variables: 3 Us--x 25 -8 %
Block at value: 1'581'1@H%_ff’ 3 3 _

Cf 1
Decreasing variables: 2 2 10 3
Block at wvalue: 1.000

1
Block at X021 at wvalue 1 _
(‘\ x-Lz 934
i B
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‘[idirection :
“of moy E-.q

8/20/00

X4 =16

-

. .
. -
-

X5 =0

l[_‘X.f.}:D

page 30

= 12,3}
= {4}
=11}

.'\.

A
'

L
-

-
I 1

4 3 ]

As X115 decreased, X» 15 also
decreased, while X3 1s increased.

(while X, is kept at its lower
bound, zero)

" [Xg =25
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~lidirection

X4 =16

-
-

X5 =0

8/20/00 page 31

~X4=0 B =1{2.3]

L = {4}
U=1{1}

£ : When ¥, has decreased by 1 unit,
...... J}{g reaches i1ts lower bound.

- .
T
- "
v "
. .
- L
. '
- .
. -
"

X5=250

When X, has decreased by 1.581
units, Xz reaches its upper bound.

-
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current partition:
B=1 3 / L= 4 2 ¢ U=

Basls inverse mnatrix = g .25
1 -1.25

Basie solution= 4 4 19 0 with £ = 172

almplex nmultipliers= O 4.5

Eeduced costs= 0 38.5 0 ~4.5
Entering wvarlabkle 1s X041 from set L
aubstitution Rates= 0,25 ~1.25

Increasing variables: 3
Block at walue: 4,800
Decreasing varliables: 1
Block at walue: g2 .000

Block at X031 at wvalus 4.8
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. -[direction;
" [Fof move:

As X, 15 Increased,

first X5 reaches its

) . upper bound, and then

. 3{3:25&-.‘_& X, reaches its lower
A bound.
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Current partition:
B= 14 ¢+ L= 2 ¢ U= 3

Baslis inverse matrix = 9.2 0
0.8 1

Basie solution= 2.8 4 25 4.8 with £ = 150.4

almplex multiplisers= 3.6 0
Eeduced costs= 0 10.68 “3.6 0

R‘_

The positive reduced cost The negative reduced

indicates that lowering X, cost indicates that
would improve the solution... Increasing A7 would
but ¥, i1s already at its improve the solution..
lower bound. but X, is already at its

upper bound.
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Since no change in the nonbasic variables will
yield an improved solution, the current solution
is optimall

Optimal Solution

i | 1 2 3 4
K(11 | 2.800 4.000 25.000 4.800

Dbhjective £= 150.4
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Max 2x1+4x2+ 5x3+ 3x4

subject to

X1 +3x; +06x3+2x4= 24

OX] + 4x7 +4x4 < 20

[ 0=x123

’ 4 0<xpx4
SRS UBREr BOURTS 0<x3<3
0<x4x3

p

&
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current partitiopn: Lz EEEEiEEEﬂ .......... } E

E= 5 & f L=1 2 3 4 Fo U= sy

Basis inverse matrix = ll 0
a1

Basic soluticon= 0 O 0 Q 24 20 with £ = 0

Rpimplex multipliers= 0 0
Eelative profits= 2 4 5 3 0 0
Entering variable is X031 from set L B=0=3-0
cubstitution REates= 6 0

Decreasing variables: al
Block at walue: 4,000

Yariable does NOT enter basis,
but moves Lo opposite bhound
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Current partition:
BEB=856 +» L=12 4 U= 3

Bagls lnverse matrix = [ L D} basis inverse matrix

o1 .
15 girchanged?
Basig solution= 0 0 3 0 6 20 with £ = 16

Iteration 2

Rimplex multipliers= 0 0
Eelative profits= 2 4 h 3 0 0

Entering wvariabkle 15 X[21 from set L
aubstitution Rates= 3 4

Decreasing variables:
Block at wvalue:

Block at X[5]1 at valus 2

varighie 2 replasces 5,
ahd 5 enters £/
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Current partition:
B= 26 ¢/ L=14 58 s U= 3

Iteration 3

Basis inverse matrix = J

]
[
[N

Basic soluticon= 0 2 3 0 0 12 with 2

olmplex multipliers= 1.33333 0
Eelative profilits= 0.866667 O ~3 0.333333 ~1.33333 O

Entering variable 1s X[3]1 from set T
oubstitution Rates= 2 78

Increasing variables: 2

Elock at value: 1,000 3]
Decreasing varliables: f ; ]
poreasing rars 1 500 varighle 2 is replaced

by varighie T in B
Block at X021 at wvalue 1 ST varishio F opfors
st if
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current partition:
B= 386 ¢/ L=14%5 / 1= 2

Basis inverse matrlix =
i 1
Basie¢ solution= 0 4 2 0 0 4 with £ = 26

almplex multipliers=s 0.833333 0
Eelative profits= 1.16667 1.5 0 1.33333

[D.lﬁﬁﬁﬁ? G]

Entering variakle 1s X041 from set L
oubstitution Eates= 0.333333 4

Decreasing varliables: 3 f
Block at wvalue: b, 000 1.000

Block at X061 at valus 1

Iteration 4 B

page 41

TOL.833333 0

Variahie O is
replaced in B by
varighie 4 smid
erfers sef [
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Current partition:
B= 34 ¢/ L=158a / 1T= 2

Iteration 5 B

Basls inverse natrilx =
O.166667 ~0.0833333
0 0,25

Basic solution= 0 4 1.66667 1 O O with £ = 27.3333
almplex multipliers= 0.833333 0.333333

Eelative profits= 0.5 0,166667 0 0O "0.833333 'D.EEHEHEJﬁfFj)

variable bis |
in L and cannot|
be decreased |

variable 1 1s
in L and canno
be decreased

variable 215 |
in U and cannot |
be increased

variable 5 is
in L and canno
be decreased
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Optimal partition: B={3, 4}, L=1{1,56},U=1{2}

Optimal Solution

1 1 2 3 4 5 b
AL1] 0. 000 4,000 1.667 1.000 0,000 0. 000

Db jective £= 27,3333



