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Flementary
IIQow 'DDE ratmns

. Multiply any row of the matrix by a (positive
or negative) scalar

e Add to any row a scalar multiple of another row

¢ Interchange two rows of the matrix

(SLrictly speaking, the third is nol "elemeniar)
because 1L can be SCcomplished 01 & Sequence w‘
the ather two row operalionst/
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e Multiply any column by a (positive or negative)
scalar

e Add to any column a scalar multiple of
another column

e Interchange two columns of the matrix
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Matrix A is eguivalenf to matrix B (A~B)

iIf Bis the result of a sequence of elementary

row &/7or column operations on A.

If only row operations are used, then A is
row-eguivalent to B

If only column operations are used, then A s
column-eguivalen 1oB
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Echelon Matrix

——an mxn matrix with the properties

® cach of the first k (O<k<m) rows has some
nonzero entries, and the remaining m-k rows
consist only of zeroes

¢ the first nonzero entry in each of the first k
rowsisa 1°

¢ in each of the first k rows, the number of zeroes
preceding the leading "1" is smaller than it is
in the next row
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EXFIMDIE

1 50 3 -1 2 8 |]

0 01 -1 2 5 0 | rk=3 =rank
0 00 1 3 1 9|

0 00 0 0 0 0

0 00 0 0 0 0

Note.: every malrix 15 row-eguivalent Lo
some echelon malrix.
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If A is equivalent to B, then the rank of A
equals the rank of B.

RANK - size of the largest (square) nonsingular
submatrix
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An elemeniary malrix b is the result of
performing an elementary operation on an
identity matrix.

Example 1 00] [100]
(Elementar) row 01to0ol~lo1o0
operalion.: add == fimes
1irst row to third row/

00 1] L-20 1.
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by elemeniary
mairix

If E isan mxm elementary matrix and A 1is
an mxn matrix, then EA equals the result of
performing the same elementary zrow operation

on matrix A.
Example.

G =2 Limes
st row Lo
Lhird row

Solving Linear Eqns

10 0

010
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pre-muliiplication

2104 [2-10 4
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If E is an mxm elementary matrix and A 1s
an mxn matrix, then AE equals the result of
performing the same elementary cefumn operation

on matrix A.

Example. <10 {1 00] 2-190
Fad = Limes S 1 3 |11 3
fx‘?ﬁﬂf column 4 3 1 01 0F 5 3 1
to tirst column 20 1 |

SLied e “C;"?S{ff,f a7 e

subiracting twice third

post—multiplication
calimn trom rirst

z.'? 2 ) ﬁfemem‘ar "V malrix

Rriclar Il af |
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Calculation of

Matrix Inverse |

To compute A™', augment the matrix A on the right

by the appropriate identity matrix [A 1|, and
perform elementary row operations on this matrix
to obtain [I: P| . Then P= A"
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Calculation of
Matrlx Ilnverse

Fxample: |12 111 00| [100-4-53]

1-11010["[01033-2

' 013001) LOO 1-1-11.

121! [-4-53
and so

-1-11 =13 3 -2

L0 1 3 4 -1 -1 1 _
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Pivot operation on row r, column s
i.e., element AZ of mxn matrix A;
A sequence of elementary row operations:

® Fori=1,2,..m buti=r:

add 'Al/ﬁi Limes row r Lo row |

e Multiply row r by the scalar l/Ai

Ertect coltinn 5 Will consist of Zeroes, wWilh hHe
excepiion of @ 17 mnrow

GG LS 1§ nal Lhe onll sequence af elemeniary
row operalions having tis errect!
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AN

1 s
1 A
0 15
2 3

1 _4/3
0 14
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R, <R, -13R;
R; < R;- 1}{3 R;
R; « 4R,

Not 5 prvot!
R, «R,- R,
R, «R,- 15 R,
Rs < 1/3 R3
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Fivotl Matrix

A pivot matrix corresponding to a pivot on

row r, column s of a matrix A 1s the result

of performing the same elementary row operations
on the mxm identity matrix.

A pivot matrix is the product of elementary
matrices!
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Pivot Matrix || | A B
[Fivot Matrix Jf [ Al
Ay
A5
Lirrers rrom o 1 - - ﬁgg 0 0
the mxm identity '
malrix only in .
column r 0o 0 - ;’g 0 0
r
AS
0 0 - W 1 0
A
Asr
0 0 -7 -0 1
. Ay .
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Fivot MMatrix

To 5tor*e a pivot matrix, we need not store the
entire matrix, but only

® the number (r) of the pivot row

e column #r of the pivot matrix (the efz vector)

[_Afj Ay 1L Ay

n = e R --__,f-f"s'

. c ..
AT TAY Ar’ Al

7516 16 su7Ticrent inrarmalion Lo reconsiriyct the
DAL ALY,
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Product Torm
of the Inverse |

If matrix A 1s nonsingular, then a sequence of
pivots down the diagonal of A (with possible row
interchanges to avoid zero pivot elements) will
reduce A to the identity matrix. This 1s equivalent
to pre-multiplying A by a sequence of pivot
Al EAleaE (Pr--- (P3(P2(P1A) ))--- ) = I

—  (Pm--- P3P2P)A=1

— A =Py.-- P3P, P
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FProduct Form
of the |I nverse

In the Rewsed Slmple>< Method, computation of
values in the tableau is done, not by pivoting in

the tableau, but by either pre-multiplication or
post-multiplication by the inverse matrix:

¢ Computation of simplex multipliers usedin

-1 Sefect g
n = cBA") ol
| | ‘ CONNTHT
¢ Computation of substitution rates
wsed it

B,-1,s
_ DTG
®=(A7) A oo
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Computing | R R Y P
Simplex B -1

lier n = cP(A”)
c¢® (Pg Pg-1--- P3P2Py)

(((---(cPPg)Pg.1 - - -P3)P2)P )

Backward fransformalion’, or OTRAN

The pivot matrices are processed in the reverse

of the order in which they were generated,
e, PeRo-y... P3P, P,
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For each pivot matrix P,
we need to calculate n=vP

calumn —/?

p—

{ 0.1y -0 0
0 1--m; ---00
Vpi Vm ]| 0 0--m, -0 0
b 6 tiyd 0
0 0-my -0 1
- (Z vy Vit vm}
i
r3



e
Vi forj=r

TL]= <
> v forj=r
R |

Step 0: Set v=c¢P and k = # of ETA vectors
Step 1: Using BTRAN formula above, compute
with ETA vector #k
Step 2: Ifk>1, let v=xn and k =k-1, and go
to step 1; else proceed to step 3.
Step 3: The final value of = is the solution
of n AP =cB
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Solve AP o= A® for substitution rates o

a= (AB)A®
= (PgPg1--- P3PoP A’
= (Pg(Pg1 -+ -P3(P2(P1A%))--+))

Forward [ransiformalion’, or FIRAN

The pivot matrices are processed in the same
order that they were generated,

i.e., p],pz,p3,"‘ pk—1’p|<
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That 1is,

Solving Linear Eqns

0
1

0 -

O O

coltimn /2

e 1) -0 0

R | D) =0 0 ) i
. .. Vi
n, -0 0 A

MmO [

s M ses ) 1_

Vit NV, fori=r
MN:Vy fori=r
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vi+ Ny fori=r
=
N Ve fori=r

Step 0: Set v =4A° (e.g., column of original tableau),
and k=1,
Step 1. Using the FTRAN formula above, compute o
Step 2. If k < # of ETA vectors, thenlet v=«a
and k=k+1, and go to step 1, else proceed
to step 3.
otep 3 The final value of v 1s the solution o of
the equation AP o = A®
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GCauss Elimination

-—a method for solving Ax=b by performing
a sequence of elementary row operations

on the augmented matrix

Ab

to reduce it

to an echelon matrix. The solution is then

obtained by "back-substitution”.

Solving Linear Eqns
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(X1 + X2+ x3= 4

X2 + X3=-2
| X2= J
s —> X1 =0

. (X1 + X2+ x3=4
Example. { X1 +2X2+2x3=2
| -X1- X2+ X3=2
11114 [t 11 4]
122 27011 2|=+
111 2] loo1 3.
Backsubstitution:
(x| = 4 - x2-Xx3 )
. X2 = -2 - X3 B
i X3= 3 }jxg__sx‘

Solving Linear Eqns
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GCauss-Jlordan
Elimination

-—-similar to Gauss elimination, except that the
coefficient matrix is diagonalized by further
elementary row operations, eliminating non-
zeroes above as well as below the diagonal.
Eliminates the need for "back-substitution”,
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Example. {4 X1 +2x2+2x3=2
| -X1- X2+ X3=2

(11 1 4
122 2

111 2.

That 1s,

Solving Linear Eqns

[ X1+ X2+ x3=4

111 4

011 -2

001 3.

( x; = 6
{ Xo =-5
. X3 =3

8/26/2003

1.0 0 6

01 0 §-5

001 3.
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Compared to "Gauss Elimination Flus Back
Substitution , Causs- fordan Elimination
Fequires more compulation—-

espectallyv f the equations are (o be solved
for several right-hand-srde vectors/
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A =PLU

Pis a permutation matrix (which performs the
interchange of rows for partial pivoting)

L is a lower triangular matrix, [0

|||||

U is an upper triangular matrix
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1 2 1] 1 21

1-11 . 01 2

01 3] 013
Ro—R2+Ry

(1 0 0 100

=111 0|,E2=|0 1 0

0 0 1. 0 -1 1
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R3¢R3-R»

012 |=U
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E,E;A=U

— Loner
~ Lrianguiar
L ) ) ) ) ALY
1 0 0 1 0 0 >
P Fat _1
L = 1 1 0 |» L "= |._ 1 1 0 =L
-1 -1 1. 01 1

Matravr A a5
LA=U = aA=Lu=LU factored mto a

roduct of
oner & upper
Lrvanguiar
matricesy
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Suppose that we need to solve

i X +2X2 +x3= 2
-X1 -X2 +X3= 9

M

X2 + 3x3=-1

‘1t 00|12 1]
A =LU =1_110 01 2

L0 1 11L0 0 1._
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To solve Ax=b, i.e., LUUx)=b:

¢ solve Ly=b for vy (rorward substitution)

1 0 0 2 F gy =2
11 0|¥y=|5|] = §¥2=5+y1=7

01 1 1 Yz rve=

o

® solve Ux=y for x (Back ward substitulion/
(121 2 (xy= 2-2x-x3=-36
01 2 |x=|7 — 4 Xo= 7-2x3=23

. X3=-8

L0 0 1 _ -8 _
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CHOLESKY FACTORIZATION
Suppose that A is a symmetric & positive definite matrix.
Then the Cholesky factorization of A is

A=L1I

where L is a lower triangular matrix.

Computation:
Suppose that we have the factorization
A=LDL
Then if D' 20, we can define a new diagonal matrix D where

f)lz\/a

Then A=LDI' =L D DL =(LD) (LE)T =1 [ where [, =LD
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Example:

We wish to find the Cholesky factorization of the matrix

Solving Linear Eqns

A

2 0
0 1
11

8/26/2003
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Cholesky factorization...

o o
~Q =
.:f L : _
- 1 & 1 0 0 2 0 1
100/201] @ 1 00 2 0 1
010011 —[0 1t 0 0 1 1 61 01011
A4 1
001 112 14 0 1 |0 1 3] | 15 4 1 0 0 15
QE' . L y A LN " A
P o A L! tower U (upoer
) D o Lriangular!  triangulerd
T o 2l
T Y ] 2
Ki‘d o
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The lower triangular matrix L is found by performing (on the
identity matrix) the inverse of the row operations used to reduce

the A matrix:

1 0
R3<_R3+%RI}Z>L: 0

R, « R, +R,

_— O O

\
[\)
| —

We now have the LU factorization of matrix A:

IOO
A=LU= 0 1 0

5!

01
1 1

).

S O N
-
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Define the diagonal matrix D:

Note that

Solving Linear Eqns

D=0 1

2 0 0
0 |= D'

oo%

Ofl2 0 1
ollo 1 1
2 1
Joo }

8/26/2003
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And so,

_— O
oS O

A=LDL" =
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Define the diagonal matrix D where D' =,/D'.

J2 0 o

N

Then compute L=LD =| 0
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