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Simplex Initial BFS 8/20/00

The simplex method assumes that vou have an
initial tableau with a basic feasible solution.

In the LP problems solved by the simplex method
thus far, we have used as the initial basic
variables the objective (-Z) and the slack

variables,

What i the P has no sfack variahies wiich
we can use Ffor 1his purpose ?
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Introducing "Artificial” Variables

Eliminating Artificial Variables

page
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It an equation contains a slack variable
(and if the RHS is 201}, the slack variable

may be used as the basic variable in that row.

OLherwise,

If necessary, multiply both sides by -1 to
get a nonnegative RHS

Then add an "artificial” variable which will be
eventually forced to zero, and use this new
variable as the initial basic variable for this
F Oy,

&
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S 8/20/00

[ Lxample ) 4%, + %, 2 20

= d¥, + Ko -5 =20
It the wvariable S were used as the basic variable
for this equation, we would obtain an infeasible
solution, S=-20,
Therefore, add an artificial variable (a);

= 4+ XD +a=20

Letting the variable a be basic in this equation,
we obtain a "pseudo-feasible” solution with
a= 20,

page



Simplex Initial BF:

Example:
Maximize 2
subject to

8/20/00

:3}<1 +2}<g_}<3+4}<4

-~

—}{1+}{2—51}{3+2}{4351

X+ Ko — 2Hs < B
}{g _}{4:_1
u_>{1+}{2_}{3 =

Apz=0,1=1,2,5,4

page
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Simplex Initial BFS 8/20/00

First modity the 3rd constraint so as to have rhs20;
- }{g + }{4 =]

Mext, add slack & subtract surplus variables to

convert inequalities to equations:

Maximize z= 33X, + 2¥. — X3+ ¥y,
subject to X+ Ko - A¥g + 22X, - 5 -
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SiiisE | slach |

Masimize 7= 3}{1 N 2}{2 ~ }{3 N i}}{4 ...........................................................................................................
subject to X+ Ko — 4z + 2%, - S,
3}{1+}{2_2}{3 +Sg:6
_}{g+}{4 =]
_}{1+}{2_}{3 =

We can use (-Z) and S, as basic variables in the
objective row and the second constraint. The
other constraints need artificial variables!
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Max z= 3}{1 + 2}1’:2 - }<3 + 4}{4
5.1, —}<1+}{2—4}{3+2}:4_S1 T ay
3}<1+}<2_2}<3 +SE

A=, ]=1,2,5,4, 5 =0,1=1,2, a20,=1,3,

FrLITTCIE \waighies
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Max z= 3}{1+2}<2_}<3+4}{4
s.t. _}4:1"‘}{2_4}{3"'2}{4_51 + ay =4
3K+ Hp = 2X5 + S, =6 |
_}<2+}<4 + A=z
—A1 T R T A3 +a,=10

A=, ]=1,2,5,4, 5 =20,1=1,2, a;20,1=1,5.,4

Wwe can now use (=7), a,, S,, asz, and a4 as the

basic variables in the respective equations, getting

a pseudo-feasible” solution with basic variahles
/=0,a8,=4,5,=6,a;=1,a,=0

and nonbasic variables = zero
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oe OF Sinele 't is possible to obtain a
Artificial Variable |

‘nseudo-feasible” basic
solution using only a szegle artificial variable!

In this method, before adding the artificial variable,
pivot an arbitrary variable into the basis in each
constraint row (e.g., the slack or surplus variable
for that row, if there is one.) The result, in general,
is a basic ipfeasiffe solution Uwith one or more
basic variables negative).
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Example

Minimize —2:‘<1 + 2>ig+:}'<3+:"§4
5.1, Ky + ZHo + Hz + Kg LY
{ M- Ko+ Xz + DXg 2 4
nate the 1 2% = Xo + X3 > 2
EFLE—LRE W.o> 0 i=1.2.3 4
iRegiaTEies
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C el B roWs B0 SguiEiians,
MIinimize =7 —2Z¥) + 2o + Xz + X4 g =0
5.1, ><] + 2><g+>§3+><4 +S] =/
K1 - Kot Kz + DXa —5s =4
2:‘<1 —:"{g+>{3 —5322

SLTEHS |
_Z }{ 1 }{ 2 }{3 }{ ‘1 S 1 S 2 53 I'“hS D DR

1 72 2 1 1 o0 0
y 1 2 1 1 1 0 0
y 1 71 1 5 o 71 0
0 a 71 1 0 oo 71

fabies
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CAAEE T
LAy Ay A3 By By By By s JitiEl hasis (hol
| necessarie
Fegsihiel
Al \geriahies
e Bhe fEsis)

fnteasihiel
{7 fasie
VR EE e
negaiive )
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For every row
hawing an infeasible
hasic variable,
insert —A,

where A 15 the
artificial variable:
-7 ¥, Hy H; Hy 5, S; 33 A rhs

Friiricial |
g iE e |
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-7 ¥, ¥, H; My 3, 8, 35 A rhs  Pivot the

- artificial
variable into
" the basis in
the row with
maximum
infeasibility
(most negative
right-hand-side)

The resulting tableau gives a paeuda —feasible”
basic solution!
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The choice of initial basic variables, except for -7,

5 arbitrary .
_Z }{1 }{2 }{-3 }{.-_1 Sl SE 53 I“hS

% C%) - 2 1 1 0o 0 0

,EE 1 1 1 0 0]

5|0 5 0 "L 0

g |0 2z T o 0o 0 -1

-\1\-\'\-\:' :':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':':'E:E

4

:3 _Z }{ 1 }{ Z }{-3 }{ 4 S 1 S = 53 I“hS
o 1 o o 0 ~15§ 1 3 T3
L1001 0 0 75 0 1 "1
£ o0 1 “1.33 0,333 0,333 0
5[0 0 0 8.67 0.333 "1.67 1
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Simplex Initial BFS

FESITE]

Subtract artificial variable in rows 2&.3;

rhs

Hy

_Z }{1 }{2 }{3




Simplex Initial BFS 8/20/00 page 19

Pivot 1n constraint row with most infeasibility

w
v

Hight-hand-sides of constraints now non-negative!
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Example | Aiale that 2/ consiraints are inequalities

Maxrimize —-30xX, + dXo + 2Xz —7H4 —0X5 - 9¥g
5.1, }{1 _}{2 +}{4_}{5+2}{5: ]
}{g _}{4+}<5+}<5 = -4
}{g+}<3+}<4+2}{5_2}{5:_4

A2 0,1=1,2,5,4, 5,6

-7 }{1 :‘{2 }{3 ka :‘{5 }{EZ' rhs

4 2 7 "8 79
1 0 1 71 2
o "1 1
1 1 2

0
0
0
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we arbitrarily select

L M g My ReRs Re THS o ciables XX . & X

C13730 4 2 ~F "8 9

0 -1 0 1 "1 2 ' . .
0 I>o 1 11 for basic var“llab]ea n
0 0 1C1> 1 2 ~2 | "4 the 3 constraint rows,

and pivol them into the
basis

i

-7 }{1 }{2 }{3 }{"—1 }{5 }{Ei' rhs

o o 7 714 83
0 o3

o 0
1 o "1 1 1
o 1 2 1 73
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}{1 }{E }{3 }{"—i }{5 }{Eﬁ rhs

8/20/00 page 22

Subtract the artificial

4n

-7 714 &3
0 o3

! 1 1
2 1 73

¥y ¥y ¥y ¥4 X5 ¥

variable from rows
2 & 3 (which have
infeasibilities]

-7 714 83
0 0 a

"1 1 1
2 1 73
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8/20/00

Simplex Initial BFS

Pivol in the
canstraint row
wilh rmaximum

infeasibility
2R My Ry He K5 He A TRS . pecylting
0 :
0 tableau is
o "pseudo-feasible”,

with nonnegative
rhs.
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Forcing

Artificial ¥Yariables
from the Solution:

| "Big-M" method

o | Two-FPhase method

&
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‘ "Big-*\" MMethod |

To eliminate an artificial wariable from the solution,

we can attach a very high cost (M) to the
variable 1t we are minimizing, or a very large
penalty (=M1 if we are maximizing the objective.
1T M 1s sufficiently large and if there 15 a feasible
solution of the LP, then the artificial variable(s)
will be zero in the optimal solution.

&



Simplex Initial BF

‘ "Big-*\" MMethod |

Drawbacks:

& we don't know o007 how large M should be,

® Using very large values for M may lead Lo
numerical difficulties (round-off, etc.)in a
computer implementation of the simplex method,

S 8/20/00 page 2
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Example revisited:
a,, az, & a, are artificial variables:

Max 2= 3X, + 2%, - X3 + 4X,4 ~-Ma,-Ma,-Ma, |
st XK+ M- A+ 22X -5+ =4
3}4:1 + }ig - 2}<3 + Sg =
—Agt Ag + Az
=Ryt A - K3 +a,=0]

A=, ]=1,2,5,4, 5 =20,1=1,2, a;20,1=1,3.,4

-Ma; for i=1,3,4 is added to the objective,
where M 15 some large number.

&
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‘ Two-Fhase *ethod |

while in the "Big-I"" method, we simultaneously
consider the original objective and the objective
of eliminating the artificial variables, in this
method we first eliminate the artificial variables
(Phase One) and then optimize our original
objective function ( Phase Two ).

&
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S 8/20/00

‘ Two-Fhase *ethod |

Example:
Maximize 2= 33X+ 22X, — ¥z + d¥,4
subject to

_}<1+}<g_4}<3+2}<424
__13}{1+}<g_2}<3 < B
}ig _}<4:_1
m_}<1+}{2_}{3 = {J

Az 0,1=1,2,5,4
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Max z= 3}{1 + 2}1’:2 - }<3 + 4}{4
5.t _}4:1"‘}{2_4}{3"'2}{4_51 + A
X+ K — 2Xs + 55
_}<2+}<4 + Az
_}4:1"‘}{2_}{3 + A4 =

Il

A=, ]=1,2,5,4, 5 =20,1=1,2, a;20,1=1,5.,4

We can use (-7), a,, S,, az, and a4 as basic
variables initially.
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we need to find a basic solution which has
d1 = dz =dag= C',
so we introduce a new ("Phase One”) objective;

in Wy =

a1t daz t ay
_E+3}<1+2}<2_}<3+q}<4

= (J

5.t _}{1 + }{g_ﬂr}{3+ 2}{4—51 + Ay = 4
- Ko+ Xy + as

—A1 T A2 As +a4=0
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8/20/00

After "Phase One” is completed, 1.e., all
artificial variables are removed from the
basis, then we discard the Phase One
objective and the artificial variables, and
use the current basic solution as the initial
basic feasible solution for "Phase Two",
which optimizes the original objective.
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L Ry Ay A3 A St Se NS e add Phase—1 row

1 3 2 "1 4 0o 0 . Ve
8 _% % 351 % _% ? - with W and artificial
5 h -1 5 i 8 @ variables:

0 -1 0 0o o0

}'{1 }{2 }'{3 }{4 51 52 a1 53 514 FhS
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_W _Z }{1 HE }{3 }{4 51 32 51 33 54 PhS

1 0 0 0 0 0 0 1 0
1 3 2 -1 0 e choose
_4 "1 W, -7, a,,
S5, 8@z, and ag
I I B —— s a 5 th E -i n.i t-i a'l

\ur variables

(R valing 75
rEgUired Lo
SIRELS e

L ALIicaE!
wariables 1rom First
I

pan R o
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o H'I }{2 HE Hq 51 52 a1 33 34 rhs .
1 0 z 1 5 3 1 0 0 o o0]5f olnceweare
0 1 3 2 71 4 0 0 0 0 0] 0| minimizing W,
0 0 "L 1 4 2 71 0 1 0o 0| 4@
B SEEEEEE E Niveiii
0 0 1c¢int 0 0 o 0 0 1| o @ ~gqtoenterthe

basis.
Let's choose X,

fhnte hat
SRR
i fest is Fara
i fasd o J

b ) o B ) o
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Simplex Initial BFS

MNext we enter
a4 Into the

hasis,

K, Wz K4 S S, 8, @ag a, rhs

"

W -2

replacing as

Ky, Hz Kq Sy Sz @ ag a, rhs

"

=W =7




Simplex Initial BFS 8/20/00 page 37

W o-Z My W, Hs My S Sy @, aga, rhs  Cinally, X
1D-2G1010034-25Hter“5the
e basis
o0 1 o 11 6060 1 1|1 replacing a
oo "1 1 "1 0 U R A R | i
Al
artificial
variables
are Nowy
nonbasic

(=zera)l
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8/20/00

Simplex Initial BFS

o)

e,

Gl

e,

Lrtt]

0

9.5 0 4.5 0 4.

We can now drop
the Phase One

objective row and

the artificial variables

| from the tableau

S- rhs

"

-Z
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7 ¥, K, Mz Hs S S, rhs Wenow have an
:Initial basic feasible

solution for the

original problem.

we begin "Phase Two',

which optimizes the

original objective,
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_Z }{1 HE HE H_q_ 51 52 FhS
0 0 "14.5 "9.5|°32 §
.5

.0
.0

5
5
5
5

0
2
2
2

0
1
1
1

This 15 the optimal tableau for Fhase Two,
1.e., the optimal solution is

L =32,
Xy =2, X,= 4, Xg=2, X4=5
51 =52=':'

Ka



