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PRODUCT MY PROBLENT

® Five products can be manufactured: o, & £ 40 & £

® Each product reguires time on each of three machines:

MACHIME
Srogiicd £ =

FERFCITITE FRTRe
ST
frrriaitasaih

L Uil N

&
9
4
0
l

® |28 hours per week are availlable on each machine
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® Any amounts which are produced may be sold at prices of
$5, §4, §5, $4, & $4 per pound, respectively

® Yariable labor costs are $4 per hour for machines 1 & 2, and 3
per hour for machine 3

® [Material costs for products A and C are $2 per pound, and for
products B, D, and E: $1 per pound

Howy much of each product should be manufactured
per week, in order to maximize profits?
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Cefinition of

Decision Yariables |

A = quantity of product 4 to be produced (Ib/week)
B = quantity of product & to be produced (lb/week)
C = quantity of product ¢ to be produced (lb/week)
[ = quantity of product £ to be produced (Ib/week)
E = quantity of product £ to be produced (lb/week)
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LINDO output |

LOOK ALL

Max 1417 A+ T143B+185C+2183D0+1.7E

SUBJECT TO
2) 12A+7B+8C+10D+7E<= 7680
3) 8A+9B+4C+11E <= 7680
4) SA+10B+7C+30D+2E <= 7680
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OBJECTIVE FUNCTION VALUE

1) 161759985

YARIABLE WALLE REDUCED COST

A, 0.000000 1. 379667
E 0.000000 0248334
C 512.000000 0.000000
b 0.000000 0.072334
E = 12.000000 0.000000
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Sensitivity Analysis-1

ROW  SLACK OR SURPLUS

DUAL PRICES

2) 0.000000
3) 0000000
4] 3072000000

D0 .Bricker ). of 14, 2000

0225833
0010833
0.000000
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RAMGES [N WHICH THE BASIS 15 LINCHANGED

YARIABLE

m O & M -
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OBJ COEFFICIENT RANGES

CURREMNT
COEF

1417000
1. 430000
1.650000
2183000
1700000

ALLOWABLE
IMCREASE

| 379667
0245334
0092857
0075334
0.1 13001

ALLOWABLE
DECREASE

IMFIMITY
IMNFIMITY
00471091
IMFIMITY
0081250

page
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RIGHTHAND SIDE RANGES

RO CURREMNT ALLOWABLE ALLOWABLE

EHS INCREASE DECREASE
2 FEE0.000 20671.304199 27927275349
3 FEE0.000 4385571289 3540000000

4 7EE0.000 INFIMITY 3072000000

D0 .Bricker ). of 14, 2000
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RELUICEDR COST (W00 s getimfiont

The reduced cost of a NONMBASIC variable 15 the rate of
"deterioration” of the objective function as the

variable 15 forced Lo increase by a small amount.

Secguse of Lae anlpmalil e af 1ae solulion, Lee qusriil)
reporied e fae LA anlonl shouid He nonnegsineeld

Ina MARKIMIZATION problem, the "reduced cost” gives the
rate of decresse inthe cbhjective, while ina MINIMIZATION
problem, it gives the rate of rrcresse in the objectivel

£ The rodiced cosd o & 4500 wariaihie is, o of
==Y
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Exampfe: Suppose that, in the product mix example,

it 1s necessary to produce ten pounds of product A for
use as a sample for customers. What will be the cost
(1.2, opportunity cost, or loss of profit] in doing this?

(inde Bl ihe anfimel sofufion =0 1e, warishie A
5 fosE s S

YARIABLE WALUE REDUCED COST

A 0000000 [ 1379667 ) "Bl
B 0.000000 0248334

C 512.000000  0.000000 ¢ Assic
D 0.000000 0075334

E 512000000  0.000000 ¢ Hasic

Fire proalid wili be rediiced B T oS v T 008 Kapaid
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- (also known as "simplex multiplier")

The dual variable ®; forrowimay be considered as
the rate of change of the optimal objective value £#
with respect to the right-hand-side b;

1 9 ZX

d b
fis 15 free ol for cases
WSS TS CLTETE SONE IO
15 O egenerEl e, olerivise : . :
L5 ol GRrteneniiaiie : ; L b;
o)

Faganarele sared

le.
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Cual VYariable | ny = 927

I
f a constraint is of type 3 &% < by
j=1
then as the right-hand-side by /reregses, the
constraint becomes /Zess restrictive, and so
the optimal wvalue should fmorove.
L F¥
niz0
MAXIMIZATION

MINIMIZATION
<0

sl sl
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Cual VYariable | ny = 927

I
f a constraint is of type 3 a5 2 by

j=1
then as the right-hand-side by /reregses, the
constraint becomes mare restrictive, and so

the optimal value should deferioraie.
L F¥

MINIMIZATION
niz0

MAXIMIZATION
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h h
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In the case of an
equality constraint
we cannot predict
whether increase
in EH= will make
the objective fn.
better or worse,
ie, thesignof m;
cannot be deter-
tritied!

MM

A X

Type of Objective
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LINDO reports, instead of the dual wvariables,
a quantity called "dual price” defined as:

LDual Price of g constrainl. the rate af
which the obijective valve witl tmprove”
&5 Lthe right -frand-side of lhe consiram’
Is Increased by @ smalf amouni

S rove” = increase in a MAx problem
P decrease in a MIN problem
MAH problem: MIM problem:

"dual price" = "dual variable"
D0 .Bricker ). of 14, 2000
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AT LT IOECE TR ST e, The apl msl sodiron raport
A lerctiedd D LAVECE g Bae Fofiowing Giisl peices:

ROW  SLACK OF SURFLUS  DUAL PRICES

2] 0.000000 ( 0225833 ) <7
3) 0.000000 0010833
4) 3072000000 0.000000

Fis wntesies Ensl (since e curreml onlimal Solulion 15 ol
Fegenersie fe Ihere she Mo posiiive Hesic Warhshies
£, &nd SER L g Bree consingimisl e peaftd will incresse

SO AEGA T oy Sl L ronis ! irainil e oF S\SHENE T o8 IECiiine

7.

D0 .Bricker ). of 14, 2000



Sensitivity Analysis-1 8/19/00 page 20

Nole Lhal i & constrgiml 15 ol “railt pe, P Le siack for sirnlist
75 ROSIE e B BaEE consligint, e sl peice miist be seror

ROW  SLACK OF SURFLUS  DUAL PRICES

2) 0.000000 0225833 . .,

3) 0.000000 0.010833 ;;j:’? i;;;; is
— e

4)  3072.000000 (L0000000 J& et

(TH15 75 7 Conseguisnce of 1He Compn/eimenlan ) SIFCRRess theoram
St 1S e SEERGERIE W S OF LR SConmorriie Il ennr e ta o

af Bae Glasl peices I F resonce 15 aol cormnlalel)l sed 58 i
DL HTHYTE NSt SR Eionsl qusnlilies oFf el resowrce will nol
SRS B incressed praltd or decressed cosis
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If the right-hand-side b; isinthe interval [ bf- &, bY + 871,

where b0
1

&
8t

1

then the current basis (B) remains optimal, and = =CEEAEJ

D0 .Bricker ). of 14, 2000

current value of EHS 1n row 1

allowable decrease
allowable increase

-1

slope is TL;

S
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Five £ AEIET oo nciidies Bhe Foliowing KRS ranges:

RIGHTHAND SIDE RANGES

ROW CURREMNT ALLOWABLE ALLOWABLE

EHS INCREASE DECREASE
2 FEE0.000 2671304199  2V92727539
3 FE80.000 4388571289 3840000000
4 FEE0.000 IMNFIMITY 3072000000

D0 .Bricker ). of 14, 2000
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Substitution Rates |

The coefficients in the Dptlma] tableau may be interpreted
as "substitution rates"” in the following sense:

suppose that the coefficient of anonbasic variable X
in row i is Oy

Thenas Xj increases, the basic variable inrow 1 decreases
at the rate oj; (perunit of X5 ).
(If €45<0, then this means an increase in the basic variable!]

Fasl 15, one il OF Ry TSURSHIRNEES Jort Oy Lnis of e
SESIC VErtaide i Lae oplinrad sofulion
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Fie apdimgl abias For 8o Froqucl =My exsmoie 15, sooording

Lo LA
: THBLEAL

RO
1

2
3
4

Lo —
=
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(BASIS)

ART

C

E

SLE 4

E
0.00o0
-0.000
1.000
0.00o0

8/19/00

&
1.3580
1.267
0.2a7

-4.400

SLE 2
0.226
0.183
-0.067
-1.150

B
0.245
0.233
0.733
6.200

SLE 3
0011
-0
0.133
0.550

C
0.00o0
1.000
0.0a0
0.00o0

SLK 4
0.00o0
0.000
0.0a0
1.000

[
0.075
1.833

-0.867
-5.500

1817.600
=212.000
212.000

3072.000

page 24
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The compifete sefufron can be written, according to the output
of the TABLEAL command in LINDO, as

FROFIT 1817.6 1,380 0.245 0.075 0.226 0.011
C | 51200 1267 0.233 1833 0183 0117
E = | siz0| — | oze?|A— [0733|B — |-0ee7|D —|-0067|S5-| 0.133|5=
stk 4| [z07z0] |-4.400 6.900 ~3.500 1.150 0.550

fFwe were fo prodiice Lo wiirls of proctict A fevens St 11 s ol
oindirnEd Lo dn soiE whisl will be fhe eftect o

Lire el o

five gimoil oF O Lo be prodiiced?

Lire Frmroinrl oF £ 1o be prodiiceds

e SIronind OF (WIS o RS 87 iTRECine AT
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If the nonbasic variable A increases by 10 units,

FEOFIT 1817.6 1.350
C _ | 512.0 1.267
E | 51200 | 0.267 .I'é"l._
SLE 4 3072.0 -4.400

Profit will decrease by 10x 1.380 (§)
Froduction of Cwill decrease by 10x 1.267
Froduction of E will decrease by 10x 0267

Slack time on machine#3 will increase by 10x 4400 (minutes)

D0 .Bricker ). of 14, 2000
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fFFoisr fours o QUESriiTe S SWSHE0le o sl rasciine oF
g ofoice, 75 cost of FT o (Te, BT 88 Tinmnutal

& SHONT FE Be isedly

& 07 WIS STRECITIRG OF STRECIINES S 1 Do wseds

& 700 WO L0 prodins Lo p/sm ofasige s
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RO SLACK OR SURPLUS DUAL PRICES

2] 0000000

Rl o e

0225833 <— .
Casd oFf gyegil s
3 0.000000 0.010833 2 168 i)
4) 3072.000000 0.000000 {0 PS8 Teminla

RANGES IN ¥WHICH THE BAS1S 1S UNCHANGED

RIGHTHAMD SIDE RANGES

ROV CURRENT ALLOWABLE
RFHS IMCREASE
5 7680.000 (2671304199 |
3 Te30.000 diog.al 2o
4 7680.000 INFINITY ﬁ

ALLOWAELE
DECREASE
2992727539
3540.000000
3072.000000

FRE Lhse FaL Sales (e i )

Clemle incressing e RES of row Z (e, maciine F1 svaiizhie
Firrred e 2R it es will incresse e prolil miore Lan Sroig

Fo aptssl e e e cost

D0 .Bricker ). of 14, 2000
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o Falarrinme 1o apfec? o Lo procicliom pism of IRCrassing
FRFCIITE B LEsEge D) S il e, We sriisl decnesse ne
ShEck \wErnshie (sl Lrme on naschiee 77 o o Fo
Aegative S48 miniies

2] JEA+?B+5E+]DD+?E+\_SLEE_J = 7680
£l solilion TEAD 0 = 7680
P eyt e VAR P T 720 - 240 = 7680

(T Sl we ahigim will oF course ARve negFinve sisck
HE LS TECHIRS F\FH SR ConSirEial o maciine X sl
will e ptessihie iy Ie origingl sisfermmend of Ee probiendl
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The “substitulion rates” for SEA 2 e, siack varishlfe D5,

Fie Fogrd i Bive FASLEA LS

ROW  (BASIS) 4 B
i ART 1.380 0245
z C 1.267 0.233
3 E 0.267 0.733
4 SLE 4 - 4.400 6.900
ROW E | SLk 2 || SLK 3
i o000 [ D226 [ 0011
z -0.000 f| 0183 [ -0117
3 1.000 [ -0.067 [{{ 0.133
4 0.000 [ -1.150 [§ 0.550
Fiaml 15, FROFIT 1817.6
C _ | 5120

E — | 5120

SLE 4 0720

D0 .Bricker ). of 14, 2000

0.000
1.000
0.000
0.000

SLE 4
0.000
0.000
0.000
1.000

0.226
0.183
—|-0087|95

-1.150

D
0.075
1.833

-0.667
-5.500

1817.60
212.00
212.00

3072.00

page 30
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PROFIT 1817.6 0.226
{; ] {] —{3:&.23](-240)

SLE 4 307Z.0 -1.130

Sensitivity Analysis-1

PROFIT = 18176+ 240(0226) = 15176+ 5224
C = 512 + 240(0183) = 3212 + 4392
E = 512 - 240(0067)= 3212 - 1&

SLK 4 3072 - 24001.15) = 3072-276

From the profit above, we must subtract the cost of four hours'

1869.84
555.92
494

= 2796

overtime at $10/hour, 1.e, the net profit will be $1829.84

(Ao BhgE wilth 1he use af overiime 1he oulput of prodict £
FOCTEFSAS, WS F5 o it expect, sl of O incressest/

D0 .Bricker ). of 14, 2000
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e can now 5o fow the AL CWESEE IVOREARET
i B RS REnge auloud 15 coniled

FEOFIT 1817.6 0226
c | _ | s1z0 0.183
E = | s1z20| —l|-0087|9;
stk 4| |3072.0]  |-1.150

In order for the current basis to remain unchanged,
we must have
o912

0¢C=512-01835;, = $,¢ 0= = 2702727
0<E=512+ 00675, = S,> —22  =-7670.061
-3V = Sresiest
0 ¢SLK4=3072+1.1508,= 5,2 3072 = 267|304 ¢ orectoor
ALLOWABLE  ALLOWAEBLE E
INCREASE DECREASE ["Tihe slio\wsbile Sooresne i M
2671 304 2709 797 Shsod wsrisdie = sllowssie Inoresse

P A A
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In general, in the RHS of constraint #j is changed by an amount §,
then the vector of basic variables }{E[EII 15 changed from its

current value of }?E Lo o
0
¥(8) = (AB) '[b+a] where &= |0
ﬁ — FEh F
0
.I:I.
_ gl E#E:I_I — }’j‘{ " l:mf#mﬁ;'{rf
={A") b + b= B basis fmigese ) O

Let [3 denote the element in row #1, column #) of the basis
mverse matrix. Then the basic varlable inrow #, Kgyy, 15

HE{i}[Ejz E{ﬂl |31JE

D0 .Bricker ). of 14, 2000
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i order thst e basis A remgins aplimsl, 7 mivst be
Feasible gnd so the basic varighbles must be nornegslive:

< }{Ei{i]'lzﬁj = Eilh} [31]5
P A
5 A Bi)

1]

I

iFoByr o

2

—  PByb 2" Rpy = <

_H-
5« B yr <0

. B ]
TR - TR B
— P TR BLi) ¢ B <« Miniang
|31.j} 0 Eij Bij < 0 i
AL LOWAELE DFCREASE AL LOWAELE INCRESE

D0 .Bricker ). of 14, 2000
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A7 e o Fo BAGH TR AE-E0E BANGES, LAA0G willl 2/s0
Aie e il GOLECTIVE COERAACENT BANGER For Bhe
Aroctic =Sy sxsmnle, hese she
RANGES |N wHICH THE BASIS |5 UNCHANGED
0B.J COEFFICIENT RANGES

YARIABLE CURRENT ALLOWAEBLE ALLOWABLE
COEF INCREASE DECREASE
A 1.417000 1.379067 INFINITY
B 1.430000 0243354 INFINITY
C 1.350000 0.092357 0.041091
D £.183000 0075354 INFINITY
E 1.700000 0113001 0.081250

£ ET QSIS COSTTICIERE FSTRFIS WILANT LS RS Qe )

e ALL O S E VEREARE & AL G SEE DECREARE, fiver B

cireil Basis (& e currenl Basic solufiond remains ondine!
MrESiRg TAIs 885nes 1as? 5

SAVEL L nosl FAoient Fs SRsRgEs,
@0 Erisker . of 14, 2000 1WErle tae giiars se Fived
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Aow sre [ese ofieclive coafficrent FEGes Cormiiitedy
Sgnase LAFE IS CoSrrioieml QF WEELS K CRETGes D)\ ST
st B (wioh g e posiinve or negeliveld

':rk = I:k + E
JAEms S P OESes B0 CovisiderT
f 55 CES T wsmiaEhie fr:i s AR SR

LASE TWEE Thae varisdle X, 15 B4

SHICE TS SRSIGe BoinG Consigerad B55 no aftect o the
FEFstfr L | af Tie Chrend BEsic Sofulion, we seed Fo consnasr
N S T CREGe SFTeCls Ie anl sl condiinogs, L,

Fecticed cosE S O (T i s i s
FelFlr e ol E S O (IF mEx s

D0 .Bricker ). of 14, 2000
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CASE ONEL The varisble Xy 15 NONBASIC

This 15 the simpler case, since the change in ¢ effects on the
optimality condition for the nonbasic variable X .
The new reduced cost is

¢, ~MAF =(c,+8)- maF= (c-ma¥)+8 =oldreducedcost + §
and this remains nonnegative if 5 » - old relative profit
or 1f we are maximizing, the relative profit remains nonpositive

if
i < - old relative profit

D0 .Bricker ). of 14, 2000
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For 5o Frocict My probiem wariabies A, £ g O are nonbasic

YARIABLE WALUE

FEDLCED COST £ & M X peakiiens, e

'g g'gggggg é'gzgggz i rafetive prafils sre
C 512.000000 0.000000 F A &L LhE ELTINAT
] Q.000000 0.075334 Fine refelive moiils
E S12.000000 0.0000ao0 SHE M ﬁggﬁ-f;’yﬁg i
PG RINTNENS SAGIE
RANGES IM WHICH THE BASIS 15 UNCHANGED rhere
0B COEFFICIENT RANGES ra
fiaiind
VARIABLE CURRENT ALLOWABLE ALLOWABLE g4 24
COEF IR DECREASE
S ERAE
4 1.417000 1379667 INFINITY -
B 1.430000 0240334 INFINITY
C 1.850000 0.092857 0.041091
b 2183000 0.075334 INFINITY
E 1.700000 0.113001 0.0581250

D0 .Bricker ). of 14, 2000
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CASE TWOkL The variable X, 15 BASIC

This 15 the more difficult case to analyze, since a change in ¢,

will change the simplex multipliers, and therefore will effect
the reduced costs of all of the variablesl

If ¢, = ¢, +8 andwvariable ¥, isbasicinrow #i, then the new
simplex multiplier vectoris

- -1
no= cp(AT) = (cg+ 2 J(AP) where s =[0 0 ..0..0 0]
-1 i CRTOOnEnr T F

calABT 4 A (ABT = +a(AB]

L 7 gl he
= T+ 'Z o eSS :I
@D Bricker 1. of 14 ARG WA
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Sensitivity Analysis-1

The new reduced cost of variable ¥ (j # k) will be

c;- [m +ﬂ(ﬁ~83|_1] ) :[Cj-nﬁj]- ﬂ.(!—“-«E:'_1Aj

Cj - ﬂ-l.-":"-.] =
= ~ ;- A Al ald Feciced oot
. P sl of SUbstitution retes
= Cj Oy b
This reduced cost is nonnegative if Cyoo
~ - b < e if iy > 0
0 Cj - O30 = oy ¢ = 1
C.
> L g

= MBI {—J } < § < Mimimum { _J}
Gl Gy

C’E-jj“:[j Dt'ij}[:l

D0 .Bricker ). of 14, 2000
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If we are maximizing, the relative profit must remain < 0,

e, N .
0z cy - oyd =0 o8 2
Ci
82 &= if o> 0
= R
o
¢ —L g
E-mij if o5 <0

_ C o c
PMEX T {G{—J} < B L Mimirmum {—J}
i

Clij< U o

D0 .Bricker ). of 14, 2000
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Consider gggin the Froduct -MNix probiem. Varighble 15

8/19/00

bFsic I e secornrd row.

Fae anl sl Fshiest sooormdieag o LS 1

ROW (BASIS)
ART
C

l

2

3

4
RO
]

2

3

4

D0 .Bricker ). of 14, 2000

A,
1.380
1267
0267

-4.400

E
0.000
-0.000
1.000
0.000

E
0.248
0233
0733
£.900

SLK 2
0226
0183
-0.067
-1.130

C
0.000
1.000
0.000
0.000

SLK 3
0071
0117
0.133
0.550

D
0.075
1.833

0667
-8.500

sLE 4

0000 1517600
0000 312000
0.000 312000
1.000 3072000

page 42
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Since Le 15 & M R Esiion probiem Lhe relsiinve prolils mist He
FAOEROSIENe FE Lo apnlirnar Iereiore iF gonesrs Tael LNDG es
FE NV ErSE Te Signs 1T Ie ofjeckive row.

Lewranddt S Lot oF Lo Qfpeciilve CoalTioien FERGe For BEsic Warhaiie O

ALLOWAGLE INCEEASE

o -0.011 _
5 < Minimum t o117 | = 0002857

AL L WARLE DFOEFASE
55 Haximum{—lﬁﬁﬂ -0.248 -0.075 -0.226 |
- 12677 0233° 18337 0.183

8 » Maximum {-1.089187, -1.064378, -.041091, -1.234973 }
b

1%

I

0041091

D0 .Bricker ). of 14, 2000
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Therefore, I the profrf coeffrcient of the varighle O
incregses by an gmourtt fo gregtor Lhan $0 00285 Frpound

or decreases Dy an amount no gresfer Lhan
FG OG04 spovnd, the current sofulion will remain
optimal

D0 .Bricker ). of 14, 2000
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Sensitivity to Changes in

Several Right-hand-sides

The previous discussion considered whether the
optimal basis might change when a single bi is
altered--

What happens when several right-hand-sides are
altered simultaneously, each by less than the
"ALLOWARBLE INCREASE or DECREASE" ?
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In the product mix LP, for example,
what happens if the available time on EACH of
the 3 machines is reduced by 24 hours (1440 min.)?

Note that 1440 minutes is less than the "ALLOWARLE
DECREASE" for all three machines:

RO CURREMNT ALLOWABLE ALLOWABLE
RHS INCREASE DECREASE

2 FEE0.000 2671.304199 27927275359
3 FEE0.000 4385571259 2540000000
4 7B80.000 IMFIMITY 3072000000
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100% Rule for Changing |
Right-Hand-Sides |

Case [: A2 constraint whose RHS is being
altered 1s "tight”

Case Il: Az /leasé oae constraint whose RHS is
being altered 1s "tight”
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100% Rule for Changing @
Right-Hand-5ides

A0 constraint whose RHS is being
altered 1s "tight”

The current basis remains optimal if & only if ...

each right-hand-side remains within its
allowable range!

SIMPLE CASE
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100% Rule for Changing @
Right-Hand-5ides

Case 11 Ar feast one constraint whose RHS is
being altered 1s "tight”

Let bj = current KHS of row |
Abj = change in the RHS of row j

I} = ALLOWABLE INCREASE in bj
Di = ALLOWABLE DECREASE in bj
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For each constraint |,
compute the ratio r; :

i > ry=1 , the curent basis remains optimal (altho'
j the values of the basic variables will likely
changel!)

i >, r =1, the current basis is not guaranteed to be
j optimal!
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Example "Product Mix LP"
RO SLACK OR SURPLUS DUAL PRICES . |
2] 0.000000 D.EESEIES-F_.(E tlght CDHSEF&IHES]
- 3 0.000000 0.010833~=" ,
- 4) 3072.000000 0.000000 Case Il applies
. R&NGES [N WHICH THE BASIS 15 UNCHANGED
s RIGHTHAMD S1DE R&NGES
& ROW  CURRENT  ALLOWAELE ALLOWABLE  p, = _ 1440 _ 0.5156
‘E: RHS INCREASE DECREASE 2792 73
Z  76E0.000 2671.304199 2792727539 1440 _ 0.375
3 7680.000 4358571289 3840000000 Y3 = 3840
4 7680.000  INFINITY 3072.000000
r,= 1440 _ 0 46875
3072

> 1 =1.35935
i
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RAMGES IN WHICH THE BASIS 15 UNCHAMGED
OBJ COEFFICIENT RANGES

fARIABLE

Mmoo om I-

CURREEMT
COEF
1.417000
1.430000
1.350000
2.183000
1.700000

ALLOWABLE
INCREASE
1.379867
0243334
0.0925857
0.0753354
0113001

ALLOWABLE
DECREASE
[NFINITY
[NFINITY
0.041091
[MFINITY
0.081250
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