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Kendall’'s Notation |

Arrival Service Number Capacity
Process Process of Servers of System
(ot ied i
. y g wrtiarfnd
M. Memoryless (Markovian)
E, . Erlang-k

D Deterministic
Gl General Interarrival times (but 1.i.d.)
G: General service times (hut 1.i.d.)

@D0enniz Bricker , U. of lowa, 1997
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The "Memoryless” arrival process indicates a
Foisson arrival process, in which the interarrival
times have an expaneniiz/ distribution.

Likewise, the "Memoryless” service process

indicates that the service times hawve an
expaneniial distribution.

@D0enniz Bricker , U. of lowa, 1997
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///////

Some Markovian Queues

ol Aol Roll K

M/M/1

M/M/¢ (1)
M/M/1/N
M/M/1/N/N

ppppp

@D0enniz Bricker , U. of lowa, 1997
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Interarrival times and service times

‘ M/M/ 1 I hoth have exponential distributions,
with parameters A & IL . respectively,

That is, the "customers” arrive at the rate of A
per unit time, and are served at the rate L per
unit of time.
It 15 assumed that the queue has infinite capacity,
and that u>l (so that the queue length does not
tend Lo increase indefinitely.)
In this case, 1t 15 possible to derive the probability
distribution of the number of customers in the
queueing system.

@D0enniz Bricker , U. of lowa, 1997
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n = (T[D,Th ’T['E’

page 8

)} denotes the "steady-state”

distribution of the number of customers in this

M/ 1 queudeing system, 1.e., T+number in queue.
Equivalently, T; is the probability (in steady state)
that an arriving customer will find 1 customers

already in the queueing system,.

N

@D0enniz Bricker , U. of lowa, 1997
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[PASTA

2 S PASTA implies that if
Puissun we observe the system
i n _ at any random point in
G rrivals time, the probability of
SEE the state that we observe
f;}f;;};é}fg} T will equal the fraction of
i Ime

nuerages

the time that the system
spends in that statel
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A Errabgin il e Lasl no
My = 1- T[ CUSLOMIETS G108 I
the slesten (serier
/s iaie s
Frofaii i\ gl Ine
SESES 1S B 1—1, = %: = Pl
wiiiization |

@D0enniz Bricker , U. of lowa, 1997
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Average number of "customers” in the system
(including any being served)

5

L=5jm=3 jliplp=l1-plp 3 jo
=0 =0 , =0
0y
Mext we will derive an
exprassion for this

infinite sum!

25,”:1

where p=

@D0enniz Bricker , U. of lowa, 1997
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Derivative of a Geometric Series

This is not a geometric series, because of the appearance

of the factor )", but it is the sum of the derivatives of the
terms of a geometric series!

Geometric series, |

with sum L
(l—p)

sum of derrvatives equals |
derivatiive of {he sum!

@D0enniz Bricker , U. of lowa, 1997
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‘I*’I/IVI/]I

Average number of "customers” in the system
(including any being served)

A

P P
A I
g

This formula ONLY |
for M/ queas! |

@D0enniz Bricker , U. of lowa, 1997
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LITTLE'S Queueing Formula |
L=AW
FLerage f?ai.ff‘??ﬁ?&'g Cﬁ?l--'t?‘fi@?? FWErage Lime
7 LRe Gieneing i, i SSLET e
S\SLem e LS LNTIES”

IS applies Lo &7) queueing system having a

steady state distribution (whether Markovian
ar notf)

@D0enniz Bricker , U. of lowa, 1997
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LITTLE'Ss Queueing Formula |

L=AW

Intuitive argument:

Suppose that you join a queue and spend W minutes before
vou have been served and leave,

During those W minutes, customers have been arriving and
joining the queue behind you at the average rate of A per
minute. Thus, when you are ready to leave, you should expect
tosee AW  customers remaining in the system behind vou.

SO SR QUELE Ty,

ity Srrder LT A e .
2— 0000 CO00E...
Hrr

farre O EDennis Bricker, U, of lowa, 1997
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‘IVI/I*’IHI

For the M/M/T gueueing system, Little's formula
implies that

P
AfL-p)

W:f]:'i: where p:l/u_

—

@D0enniz Bricker , U. of lowa, 1997
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Denote

Lq = average number of customers in the
queue (not including those being served)

Wq

average time spent per customer in
the queue (not including service time)

Then for any queueing system having a steady
state distribution, {
Wy=W--— SV AGE rAle
TN S

Ty
L,;1 = A Wq Little s Formids

@D0enniz Bricker , U. of lowa, 1997
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Thus, given any one of the quantities
L, W, Lg. and W,

vwe can compute the others.

(Generally, L is the easiest to compute first!)

@D0enniz Bricker , U. of lowa, 1997
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For the M/M/ST queueing system, then

@D0enniz Bricker , U. of lowa, 1997
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[Exampf&]

An average of 24 trucks per S-hour day arrive
to be unloaded &/or loaded, which reguires an
average of 1o minutes,

The loading dock can handle only a single truck
at a time.,

Assume that the arrival process is Poisson,
and that the service times have exponential
distribution.

This loading dock 15 modeled as an  M/T/ 1 queue.

@D0enniz Bricker , U. of lowa, 1997
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‘I"I/I"I/]I

= arrival rate = 3/ hour

A
L = service rate = 4/hour

rﬁffﬁx’fffﬁ?ffﬂf? 0= ::,L - 075 ;{
G e Serler L %
o

Alerage number of o _ P _ 075 _ &
LHERS I S1SEE 1 - 1-0 75 %«
]

AVerage e i I 3 E
SWGLEnT Qe LUk W = ”j: = I 1 hr. Edj
L

@D0enniz Bricker , U. of lowa, 1997
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‘I"I/I"I/]I A

1L

AVErFGE LIMe I
e queie

A V&R FERGL
aF fhe queie

8/22/00 page 22

arrival rate = 3/hour

service rate = 4/ hour

_w_ol _ 1
We=Woir =1 - 27

=0.7ohr

Ly=AWg =(3/hr)(0.75hr)
= 225

@D0enniz Bricker , U. of lowa, 1997
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M/M/1 Queue

page 23

'/I?\JTE 1) >—’W

@D0enniz Bricker , U. of lowa, 1997
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SLAM code |

GEN.BRICKER,MM1_QUEUE 3187921 ¥ ¥ Y/NY ¥, 72;
LIM,1,2,100:
INIT 14400 SIMULATE TEN 24-HOUR DAYS
NETWORK:
CREATE,EXPON(20),,1:  ARRIVAL OF TRUCKS
QUEUELT):

ACTIVITY(1)/1 EXPOM(15):
COLCT,IMT(1),TIME IN SYSTEM,20/10/10:
TERM:
EMD:

FIN:

page 24

@D0enniz Bricker , U. of lowa, 1997
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*EATATISTICS FORE VARIABLES BASED ON OBSERVATION*#*

MEAN STANDARD COEFEF. OF MINIMUM @ MAXIMUM HNO OF
VALUE DEVIATION VARIATION  VALUE  VALUE OB&A

THE N 0 629E+02 0 €S0E+02 0. 103E+01 0. 430E-01 0. 327E+03 741

Bt aTEM

W

@D0enniz Bricker , U. of lowa, 1997
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**FILE 3TATISTICI**

FILE LABEL/ AVERAGE 3ITANDARD MAXIMUM CURRENT
NUMEEFR. T¥PE  LENGTH DEVIATION LEMGTH LENGTH

1 QUELE 2. 499 3. &40 20 1
2 CALENDAE 1. 74z 0. 438 3 2
Lq

page 26

AVERAGE
WAIT TIME

45 . 431
12,290

EDennis Brick 1997
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**ZERVICE ACTIVITY 3TATISTICS**

ACT BER AYERAGE aID CUR  AVERAGE MAX IDL MAX BREY ENT
NUM CAFP UTIL DEY UTIL BLOCE  THE/ZER THE/GER CNT

1 1 0. 742 0.44 1 0. o0 107 .23 157,37 741

<

@D0enniz Bricker , U. of lowa, 1997
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OBE5 ERELA  TPPER

FRE( FREQ) CELL LIHM O 20 40 &0 50 100
+ + + + + + + + + + +

122 0.165 0.100E+0z CFFFEEEEd +
103 0.139 0. Z00E+02 FFFEEEE C +
70 0.094 0.300E+02 EFEEFEEE] C +
62 0.084 0.400E+02 Edis] i +
63 0.086 0.E00E+0Z2 EFEEEHE C +
EE 0.074 0.600E+02 EFEEEE] C +
43 0.058 0.700E+02 EFEH C +
24 0.032 0.800E+02 £¥H C +
28 0.038 0.900E+02 EFH C +
17 0.023 0.100E+03 £H C +
20 0.027 0.110E+03 EH i +
18 0.024 0.1Z0E+03 i +
7 0.009 0.130E+03 + C +
16 0.022 0.140E+03 £H C +
10 0.013 0.1B0E+03 £5] C +
11 0.016 0.160E+03 £5] C +
3 0.004 0.170E+03 + C +

9 0.012 0.180E+03 c o+

7 0.009 0.190E+03 + C o+

9 0.012 0.Z200E+03 £ C oo+

9 0.012 0.210E+03 = C o+
36 0.047 INF 4 C
-——— + + + + + + + + + + +
741 0 20 40 &0 50 100"
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Ch g Observed in(Predicted by
aracteristic Simulation Theory |
Utilization of 0 74 29 759

server

Average time in W 62.9 mi 60 mi
system per truck -7 1in. min.
Average number

in system Lq 2.499 2.25
Average time in

gqueue per truck Wq 48%.43 min.| 4> min.

LU of lowa, 1997
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The arrival process at a certain work

center is Foisson, with rate 3/hour,
The service time has exponential distribution, with
mean 0.3 hr.
Fach job waiting for processing requires 1 m? of
floor space.
How much in—-process storage space should be
allocated to accomodate all waiting jobs

.. 90% of the time?

.. 90% of the time?

Lo 99% of the time™?

@D0enniz Bricker , U. of lowa, 1997
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If n square meters of floor space are allocated,

this will be sufficient a fraction of tirme equal to
n+1

Pinumber in system < n+1} = 2, %]

n+1 n+1 _
= 2 nj=2 pll-p)
=0 =0
n+1 j 1-|’Jn+2
=(1-p T pl=-p|——
=0 1-p
-1 _Ijn+2

@D0enniz Bricker , U. of lowa, 1997
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Solving forn:  1-p™:z o

= P 1 - o
n+2jlog p = log (1 - &)

log {1 - o)
log p

n+2 =

log (1 - o)
n = —2 | & o/
log p =

@D0enniz Bricker , U. of lowa, 1997
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log (1 - )
-2

where o log p n
P (j'g 0,85 16.005986014 17
0,9 19.85434533 20

0,95 26 .43215881 27

0,96 28 .5510837 29

0,97 31.28151799 32

0,98 35 .12987717 36

0,99 41 . 70269085 42

0,902 43 .82659554 44

0,904 4p . 55704934 47

0,995 0. 40540002 51

@D0enniz Bricker , U. of lowa, 1997
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10

L L L L L A AL L
0,82 0.84 0.86 0,88 0.9 0,92 0,94 0,96 0,93 1.0

o = P{number in system < n+ 1}

@D0enniz Bricker , U. of lowa, 1997
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Steadystate Distribution

1 P1 CDF : 1 P1 CDF

0 [ 0100000 0. 100000 15 | 0.020589 0.814698
1| 0.090000 0,.190000 16 | 0.018530 0.833228
2 [ 0.081000 0.271000 17 | 0.016677 0.849905
3| 0.072900 0.,343000 18 | 0.01500%9 0.864915
4 [ 0.065610 0.409510 19 | 0.013509 0.878423
| 0.059049 0, 468559 20| 0.012158 0,390581
h | 0.053144 0, 521703 21 | 0.010942 0,901523
7| 0.047830 0,569533 22 | 0.009848 0.911371
8 | 0.043047 0,612530 23 | 0.008865 0.920234
9 | 0.038742 0,651322 24 | 0007977 0.928210
10 | 0.034868 0.686189 29 | 0.007179 0,9353589
11 | 0.0313581 0.717570 2B | D.006461 0.941850
12 | 0.028243 0.745813 27 | 0.005815 0.947665
13 | 0.025419 0, 771232 28 | 0.005233 0,.952899
14 | 0.022877 0.794109 29 | 0.004710 0,357609
15 | 0.020589 0.514698 20| 0.004239 0,.961848

@D0enniz Bricker , U. of lowa, 1997
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Steadystate Distribution |

Probability

#1n system

@D0enniz Bricker , U. of lowa, 1997



Queueing Intro - Part 1 8/22/00 page 37

Cunulative Steady-State Probabilities |

=D o D D o D o D

@D0enniz Bricker , U. of lowa, 1997



