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Jackson Networ

of Queues

a collection of queues with exponesniraf
service times in which customers travel
from one queue to another according to

a Markov chain--

@D0enniz Bricker , U. of lowa, 1997
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Jackson Network

of Queues

* the network consists of N service centers,
where service center 1 contains cj
identical servers and a queue with sn2/frnrie
capacity

e customers from outside the network (called
exagsenous customers) arrive at service
center i according to a Poisson process with
rate Ai. fArrival processes are independent./

@D0enniz Bricker , U. of lowa, 1997
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Jackson Network

of Queues

» after receiving service at center i, a
customer leaves the network with probability
Pio = 0 or goes instantaneously to service
center j with probability Pij

rindenendent of number of customers at that
center ar pumher in the system/

@D0enniz Bricker , U. of lowa, 1997
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Jackson Network

of Queues

* customers arriving at center 1 are served
FIFO (first-in-first-out), and service times
are exponentially distributed with mean 1/Hi(si}
where s; = # of customers at center 1i.

[Service rate at each cenrer may depend only
o the number of customers at that center./

@D0enniz Bricker , U. of lowa, 1997
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Let ¥X;(t) = # of customers at service center i
at time t

State of system: s=1(s;,S5, ...Sy)
Pis:t) = Pis;,so, ...sy:t) = P{X;(t)=s;, i=1,2,...N}

Steady-state | 7. = lim P(s:t)
distribution | P see

Jackson Networks of queues have the very
nice property that the steady-state distribu

has a product form:

Mo =M4, X NE X --- X AL

tion

@D0enniz Bricker , U. of lowa, 1997
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Open Jackson Networks

A; =0 for some i
Pio= 0 for some j

AL QR S IRONE SEIICS CETEErs, SHSEOTIars
FFRFI SIS FROTE QUSRS el ord dor enst
Lia ol work

Closed Jackson Networks
ALi=0 & pj, =0 ¥i

CLSEOITANS CITCHEES SITIONG Seriee canlars,
BT 0 SN OGETONS ST VRS O Gensriires

@D0enniz Bricker , U. of lowa, 1997



Q-Networks - Part 2 8/22/00 page 8

o [f A;>0 for some i, the network is apesn.

CHsiomers maVy arrive from
Open Quiside the syvsitem, and #say
Jackson depart the systems.
Fhe total number of customers
2 the network ffuctiares.

SETTRETT SRR
() —
BXFIUNE, FFnTem queies

-
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SER R SRR
=y AT

-

O—= .

Recall that for the two infinite-capacity

tandem queues, the balance equations were
satisfied by

el N e

_ 1l 2 rsterbdiont
T[Snsz _n51 ><]T’52 )

where

g =1p) P> pi= R/ui

is the steadvy-state distribution for the
M/M/ 1 queuel

@D0enniz Bricker , U. of lowa, 1997
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[ the case of tandem guenes, we Lnow the
averdage arrival rate at the second gueue (o
be A

More generalfVv, when arrivals at a service
Center Mmay e exopenous or from any of the
QLREr ceniers, wWe mUust compiile the composiie
arrival rate of each center by soiving tralfic
L UILIons .
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Traffic

exogenous arrival rate
quations at service center 1

departvre rate in steady

state at service center i1
FlErEGe rFle _{ Fransge rEle
o enariines (1 oF &rieals

Then

N s
oi=Ai+ 2 O pi

for i=1,2,...N
i=1

Given A; and p;; , this system of linear equations
has a unigue, nonnegative solution

@D0enniz Bricker , U. of lowa, 1997
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Traffic Since, in steadyv state, the
quations CoMmposte rate of arrivals
rexternal & rnternal’ must
eqiial the rate of depariire
af each cenler,

O = composite arrfval rate in steady state
at service center i

for i=1,2,...N

@D0enniz Bricker , U. of lowa, 1997
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I1-C4

Pi

Consider an open Jackson network,
for which o< ci\

Jackﬁ on's |&

hem‘em Then the limiting probabilities exist,

M
and mo=T1 ¥ifsi)
1=1
where - 0
¥ 4(0) ':c:l‘::i) if n<g;
Yi(n) =+

and ¥;0) is a normalizing constant which 18

chosen to vield ZDTi(ﬂ) =1 for each i.
=
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Compare

Fi(n) =+

-~

¥i(0)

¥ ,(0) (ﬂipi}n

o

8/22/00

(cipi)”

n!

if n=c¢;

- ifn = ¢
I-C
cil ¢

il the steady-siate disiribution for the
MeoMe greve with infinite capacily:

-

e

ny

ny

o
{cﬁ} , =1, 2, ...c
n!

Il
{?pic , hi=c+1, c+2, ...
clc
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#2
1 server
pe=2/hr,

*1 *3
a 2 servers 1 server
Ay = 4/hr \ pi=3/hr. pz=06/hr.

@D0enniz Bricker , U. of lowa, 1997
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Traffic equations g

(p=eXogenous arrival rates:

=M+ 2> OGPy Vi
i
ie. | oi=4

o =0+ ¢y pi2
Gz =0+ O pra+ois

@D0enniz Bricker , U. of lowa, 1997
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aolution of Traffic equations: Net Arrival Rates:

node 1 2 3
rate 4 1.3333 4
min < & 1 1

@D0enniz Bricker , U. of lowa, 1997
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Expected numnker of visits

to nodes of a Jackson network,
beginning at any node,

before unit exits the network

=R Ry
(Y Ny o

page 19
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Lig [l L T

1. 066667 D 206667 2.400000 0 600000
1.333333 1.000000 2000000 1 500000
1.333333 0.333333 2.000000 0 500000

Lg=l=ngth of gueus

Wy=walting Time

L=# at node

W=time at node

ttimes are time/svwisit to noded (IlCﬂlI?S )

Totals: Bum of Lg= 3.7333, Sum of L ¢L_totalr = 6.4

Average total time in system ¢hy Little's Law):
Ttotal = L_total + sun of exogencous arrival rates (4)

Wtotal = 1.6

@D0enniz Bricker , U. of lowa, 1997



0,0.333 EXPON(30)
EXPON(15) q @

. w@\ /T\EHPDN[EDJI 0,0.667 K/f EXPON(10)
LUele Y =3 }

L(NT( D | )vee
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%% FILE JTATISTICE **#

FILE AVERAGE BGTD  HMAXK CURRENT AVERAGE
NIHEER LENGTH DEV. LENGTH LENGTH WAIT TIHME
1 QUEUE 1.079 Z2.254 110 3 15,892
2 QUEUE 2.229 2.577 E 0 112, 391
3 QUEUE 1.182 1.918 E 7 17 672

k%% SERVICE ACTIVITY STATISTICE *#*+

ACT ACT LABEL OR 3ZER AWG &STD CUR  MAX IDL MAX BEY ENT
NUM START HWODE cAP UTIL DEY UTIL THE/SEER THE/SEE CHNT
1 QUETE 2 1.298 0.79 2 Z.00 Z.00 221

2 (e QUELE 1 077> 042 0 214 25 1000, 71 108
3 013 QUELE 1 0659 047 1 1e4 87 37259 313
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% BTATIZTICE FOR VARTABLES BAZED OMN OBZERVATION **

MEAN STANDARD COEFE OF  MINIMUM @ MAXTHUM NO. OF
VALUE DEVIATION VARIATION VALUE VALUE DBS

0.11ZE+03 0.105E+02 0.935E+00 0.526E+01 0.483E+03 313

Average tilme 1n system
112 minutes = 1.86667 hours

@D0enniz Bricker , U. of lowa, 1997
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o [f L;=0& pj,=0%i the network is closed.
ST RET
* f

Closed
Jackson

SET R

9|90 <4

Ko exogenous arrivals or departires from
the system... the total number of customers
i the system remamns constant!

-

@D0enniz Bricker , U. of lowa, 1997
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Traffic Let o = departyre rate in steady
quations state at service center i

FlErEGe rFle _{ Fransge rEle
o enariines (1 oF &rieals

Then

I
ol = Z ¢y Pii for 1=1,2,...N

i=1

Because the system of equations is homogeneous,
the solution 1s not unique!l Any multiple of a
solution is also a solution.

@D0enniz Bricker , U. of lowa, 1997
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Jackson's Theorem Let M=# of customers
or Closed Networks in the system

Let ¢ =i{tiq, ¢z, ---,0tn) be any nonnegative, nonzero
o

solution of the traffic equations, and let p; = ’Efft:

The possible states of the system are elements of

S={s

M
'Zl Si:M}
i=

@D0enniz Bricker , U. of lowa, 1997
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Then the steadvstate probabilities are given by

M
o= KHITi(si} for s €S
1=

where

. .n 1 LNONTCE FOETE
(cipPi) if nse af joirt oisd i
n! B

¥i(n) =+ 0

(cipi) |
T oo M n oz e

Lci' Ci

and K i1s a "normalizing constant”
such that > n;=1

sER

@D0enniz Bricker , U. of lowa, 1997
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; Recall 2 cvclic queues with 4
SETEE customers:

i
|1 |1 |1 |1

server G0 @) 22 (3 @
e

O | =% 2 2 P2

Transition diagram is eguivalent
s 1his af the to that of M/MA1/4 queue, with

prodict form?” 1 -
L Eﬂzzpszl pS]Jp:E

Ciosed jackso

Yeltwork

@D0enniz Bricker , U. of lowa, 1997
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The steadvy-state distribution for this cvclic
network of 2 queuves & 4 customers is also of
the product form:

@D0enniz Bricker , U. of lowa, 1997
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# units in swysten
# nodes in swyeten

nou
==
nou

Let
lLi= 1/hr.
L= 2/hr.

@D0enniz Bricker , U. of lowa, 1997
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(holution 1s not unigque:; last row nornalizes o)
aolution of Trafflic equations: Arrival Eates:

node 1 2
rate 0.5 0.5

@D0enniz Bricker , U. of lowa, 1997
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g&qﬁ i?%
i 1 2
0| 1.000000 1.000000
1| 0.500000 0.250000
3| 6.250000 0.062500
3| 0125000 0015625
4| 0062500 0002006

Normlizing constant E: 8.2581

# of states = § d jﬂ

if n=<¢;

¥i(n) =+
Il

(cipi) F0 s o

E——— = Cf

kci! c? Ci

@D0enniz Bricker , U. of lowa, 1997
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g}qﬁ Q‘JTE
i 1 2 +
0| 1.000000 1.000000 |
1| 0.500000 0.250000 |
2 | 0.250000 0.062500 |
3| 0.126000 0.015625 |
4| 01062500 0.003006 |

page 33

Calculating the @
Normalizing
Constant K

2. ¥i(s1) x¥alsz) = (1.0)(0.003906)+05)(0.015625)
+(0.25)(0.0625)+(0.125)(0.25)+(0.0625)( 1.0)

= 01210935
S0, in order that the probabilities will sum to 1.0,

1
K= "5.1210935 = 8-2580816

seh

@D0enniz Bricker , U. of lowa, 1997
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For large values of M (¥ customers) and N

(# of service centers), the number of elements
of the state set 5 will be extremely large,
making the computation of K by enumerating
the possible states very burdensome.

There are, however, recursive methods of

computing K which avoid much of the
computational burden.

@D0enniz Bricker , U. of lowa, 1997
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Steady-State |

Distribution

8/22/00 page 35

Once K 1s found, then the
probability of each state may be
computed:

PI

o I +

e LA D =

[ el A L WY L2

e

032258
064516
12903 F
25806
.h1613

My 4= K ¥i(0) X ¥aid)
= 8.2580816 > 1.0 > 0.0039006

@D0enniz Bricker , U. of lowa, 1997
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Average Nunbers |

at Hodes

1 L

2.16129032
0.B3870968

@D0enniz Bricker , U. of lowa, 1997
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Unlike the case of the open Jackson Network,
we do not know the average arrival rates at
the service centers, and so we cannot use
Little's Formula to compute the average
waiting time at each service center!

@D0enniz Bricker , U. of lowa, 1997
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R i o
Let's trv forming =/
a SLAM model of
the 2 cyclic
queues:

I - 1/hr.

o i o

L
n

IL2= 2/hr.

@D0enniz Bricker , U. of lowa, 1997
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/’"|'\\IIEHPDN(I] /NHPDN[D 5)

NP OINSFGC

F s lomers LiEN i quete FF
e Lhal server s pus),
F8., LRal Lnere gre miiiaile
CUSLOMETS 11 LRe NeLwork,
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%% FILE JTATISTICE **#

FILE AVERAGE BGTD  HMAXK CURRENT AVERAGE
NIHEER LENGTH DEV. LENGTH LENGTH WAIT TIHME
1 011 OUETE Z2.178 1.00% 3 3 2. 204
2 0.363 0.749 3 0 0. 365

k%% SERVICE ACTIVITY STATISTICE *#*+

ACT ACT LABEL OR 3ZER AWG &STD CUR  MAX IDL MAX BEY ENT
NUM START HWODE cAP UTIL DEY UTIL THE/SEER THE/SEE CHNT

1 01 QUEUE 1 0.9¢8 0.10 1 2.010 191 . 4% 47741
2 0z QUEUE 1 0.4%21 0.0 0 10.74 12,10 47741

@D0enniz Bricker , U. of lowa, 1997



