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The Poisson Process

as a limiting case of

the Bernoulli Process
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Consider the following situation:

012345 --- t

A time interval of length t seconds is divided into
one-second intervals, with the probability of

a vehicle arriving at an intersection during a
one-second interval being a small number p.
(Assume that the probability that more than one
vehicle arrives is negligible.)
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Consider the Bernoulli process {X;; k=1,2,...}
where X, - 1 if a vehicle arrives during the kth
second, and the associated counting process

{N; ! which counts the number of arrivals during

the interval [0,t].

Then N; has the binomial distribution:
PN, =) = (£]p'(1-9) ™

with expected value wv=tp.
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Consider what happens as we divide [0,t] into n
smaller time intervals, but in such as way that

the expected number of arrivals in [0,t] remains
constant, v,

HHHHHHHAHAHHHHHHHHHHHHHHHHHH

012345 --- L

That is, the probability of an arrival in each
of these small intervals must be Y/, and

P{N, - xJ - (2) (- YR
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Consider the limit of this distribution as n— + oo

X 1 1
o1 _ Y . o vif nl
P{Nt— X} = g(l n)((ﬂ—}{}!) n}:(l i v/ )}:
1

"a-_v_a" . J
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L nin-1)in-2) ... (n-x+1)
e
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H
Y -y

p{Nt= :":} = e
x|

If the arrival rate 1s A /second, then v = At

and
ot
PRSI F ¥ A I Poisson |
PNy = x} - Xl C Distribution |

for x=0,1, 2, 3, ....
&)
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Poisson

P{N,=x} = e

for x=0,1, 2, 3, ....

H
I
Distribution |

E(N, )= At

Mean Yalue |

Variance | Var(Ny) = At

SRR B \FIENCS e eaqiialt
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has a capacity of 3 autos. A30% of autos arriving
at the intersection wish to turn left,
The expecied number of autos arriving during

a red signal 15 O,

Wwhat 15 the probability
that the capacity of the
left—turn lane 1s exceeded
during a red signal
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Given that N autos arrive, the number X of left-
turning autos has the &inomig/ distribution,

The number N of autos arriving during the red
signal has the Perssen distribution,

P{x>3] = cf P{X>3[N arrivals} PIN arrivals]

M=2 L A J
L' L'
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P{x>3|N arrivals} =

PIMN arrivals} = 22—
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Probability that N
autos arrive during
the red signal
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M P} P | M} Pis | MIP{M}
0 0. 0024775 Q.oo00aoon . aoooaoon
1 0. 01427301 0.o0a00a0n 0. ooaooann
2 0. 04461751 0.o0a00a0n 0. ooaooann
3 0. 02923508 0.o0a00a0n 0. ooaooann
o 013533552562 0.00s10000 0.001054=1
5 0.16062514 0.03073000 0. 00494395
3] 0. 16062314 Q.07047000 o 0liz4944
7 0.1376TEa5 0.1Z2603600 0. 017 35EL2A
5] 0. 10325773 0.19410435 0.02004278
" 0. 0esE3549 0.27031090 0. 01860936

10 0. 04130509 0.35038928 0.01447216A

11 0. DZ252596 0.4304:37E6 0. 00969731

12 0. 01125445 0.50748423 0. 005TL6E5

13 0. 00519399 0.579320435 0. 00F0LEzY

14 0. 00222514 0.62423257 0. 001423678

15 0. 000E91LZEA 0.70213207 0. 00062667
L] L] L ] L ]

L] L] L ] L ]

L ] L] L ] L ]

01083
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The probability
that the capacity
of the left-turn
lane is exceeded
during each red

signal 15 about
1%
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Time between arrivals |

Suppose that the number of arrivals in an
interval has the Poisson distribution with
arrival rate 2 /second.

Let T;= time of the first arrival.
What is the distribution of T, ?

&
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P{T, >t} = P{ NO arrivals occur in interval [0,t]]

0

S Poisson distribution P{N, =0}

CDF: P(Ty<t)=F(t)=1-¢""

-Af
Density function: fit) - %F(t} =de

Exponential |
Distribution |
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Exponential |
Distribution |

Mean “Yalue

Variance |
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Suppose that the arrival rate for
northbound autos is 6 per 30 second
red signal, 1.e., 0.2/second

Example

what 15 the distribution
of the arrival time of the
first auto®

(This will also be the
distribution of the Lime
hetween arrivals!)
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-At EKDDﬂEﬂtial
fit)=2e Distribution
?4 AL =0.2/sec.

0.1
1] | T T I I :
n in 20 a0 a0 50 B0
Seconds
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A=0.2/5¢ec. :
t Fit ( ) -AL EP{DDHEH[I&I
e Fit)=1-¢ : : :

1 0.491327 Distribution
2 0.220962

= 0.45119

4 0.550&67

5 0.63212

5] 0.69231

7 0.75240

= 0.792410

g 0.23470

10 0.26466

11 0.22920

1z 0.909z22

1z 0.9z2572

14 0.939410

15 0.95021

16 0.95924

17 0.96663 il

1= 0.97262 | I

19 0.97763 0 10 20

20 0.92162 SECDﬂdS
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Memorvless Exponential
Property Distribution |

Ssuppose that it is known that, at time tq, the
first arrival has not yvet occurred, 1.e., T > Ly,

what is the conditional distribution of T, 7
That is, what is  P{T; <t|Ty>t, } for t>ty ?

&
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Memorvless Exponential
Property Distribution |

P{T1£t|T1}tD}:p{T1itf"*T1}tu} _ Pt <Ty ¢t

I:l{-l—1 ’ tn } I:'{T1 7 tD }
_FE) = Fltg) _ (1=t ) = (1-e™b )
1-Flty) oAt
— e—.-"-.tn:. —_ e_.-"-.t — 1 _ e‘:"-.':t-t.;.:'
a-Ma
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Memorvless Exponential
Property Distribution |

PITi<t|Ti>tgl= 1 —et-td = P[T, <t —t,)

It the time T is reckoned from time t,,
e, T=1t-1,, then

PITy ¢t |Tiotg = PITy ¢t -t} =P{T <11}

In other words, the failure of an arrival to occur
hefore time L, does not alter one's prediction of the
length of time (from t, ) before the next arrival,
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Time of k'™ Arrival

Let T, = time of K arrival,
T, = Tp— Tpoy = time between arrivals k-1 and k.

Suppose that Ty (k=1,2,3,....) have identical and

independent exponential distributions with rate

Then T, 15 the sem of k random wariables
with exponential distributions.

It 15 said to have a &-£r7/gng distribution,

&
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Density function |

( k>0, A0, tx0)

where the Gamma

function is defined by

(Por ferll ol necesssTe
prtegertd
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Erlang Distribution | |
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Erlang Distribution |

Ik, At)

F =
(t) —

where Tk, ®) 15 the Trcomplele Gammaz funciion”
defined by "

[k, ¥ }:J e Wy k-1 duy
0

C_/‘ tabuiated |
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Alternate computation,
when k is integer

Fity= P{T, <t} =Pi{MNy = k]
=1 -Pi{MN; < k1
=1 -PiNy = k-1]
where My = # arrivals at time t
has the Hefsson distribution:

k-1 (A L)K

F{t}: ]_ _ EE:D T

e -t
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Erlang Distribution

{THese exnressions

Mean Value | w=E  resuit /rom the fact
. FAGE THE raEngony i e
Variance | ai= K 5 ihe sum ol b oRid
N "ENGT VA es.

More generally, when k 15 not an integer, the
probability distribution 1s called the Gamma
distribution,
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axETR e
Erlang Distribution [ A =0.2

As k increases, the
distribution becomes
less skewed, and more
‘normal”
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Binomial distn.

Geometric distn.

Pascal distn.
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Bernouilli process

Poisson process ||

Poisson distn.

time until |
|5t event

Exponential distn.

time until

A avant Erlang distn.




