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FParametric Programming 15 the analvsis

of the variation of the solution of an LP when
some element (right-hand-side, objective, etc.)
varies.

@Dennis Bricker, L. of [owa, 1932



PARARHS 8/19/00

Consider the optimal value of the L [P as
a function of the right-hand-side vector, i.e.,

(b)Y = | Min ¢ x Max T h
st Axeb — st. MmMA<c
w x [ B TESTERL D T

The function 2* 1s "evaluated” for some
particular right-hand-side b by solving
the LP (either the primal or the dual).

@Dennis Bricker, L. of [owa, 1932
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So we can evaluate z*(b') by solving the LP

. Max T h
z¥(b') = st MA:c
T 0

Notice that the feasible region of the dual
LP is the same for every argument b'.

We know that a basic solution is optimal for
an LP problem, and that there are a finite
(but possibly very large!l) number of such
basic solutions.

@Dennis Bricker, L. of [owa, 1932
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Suppose that we were to number the basic
feasible solutions of the dual LF:

[ o', m2 n3 ... nm%) y

where each n* = cak{ABk] for some dual-
feasible basis B,

(K is a finite number, no greater than (' ).)

In theory, then, we could evaluate z*(b) by
enumerating the K basic feasible solutions of
the dual, evaluating the dual objective =n*b

at each, and selecting the maximum such value.

@Dennis Bricker, L. of [owa, 1932
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Therefore, z*(b) = Maximum [ n*b |
k=12, K

That is, z*(b) is the maximum of a family of
linear functions, =n*b, k=1,2,... K

which is a piecewise linear convex function!

@Dennis Bricker, L. of [owa, 1932
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fef us restrict our analyvsis of the function z*b}
fo # study of ifs befigvior along 7 fine (ratfor
than everyyiiere in m-dimensional spacell

Tzl 15 we assime S iilisl righl -hsnd-side
vector (b7 is given sid & direction (d} and
study the befavior of Zx(h+ Adl considered 35
& furrctron of the scafar paramefer A

@Dennis Bricker, L. of [owa, 1932
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Consider the solution of the LP

P, : 2%1) - minimum c¢ X
s.t. Ax=b+ Ad
x 2 0

where d 1s an m-vector and A is a scalar.

z¥(2.) = maximum { n*(b+ 3d) }

k=12, K
. fimase Flnelions
= maximum { n*b + (mn*d)A j< %5
k=12 E P e “

Mrtarcant s

@Dennis Bricker, L. of [owa, 1932
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Fxample |

ZTA) = minimum - % - %,

subject to "2}{1 + o, <8+21

OB, 7+ 7L
Ko LA+ 2
wy 20, By 20

e
= maximum { (Sngt7nt2ng )+ (2nt gt 2 ngh b
st 2111"‘ 1 2 -1
M+ 2+ Tz £~
My £ 0 mes O mgs ()
MERTEETIIVE SersEE

GF giraclion af i

iire sl
@Dennis Bricker, L. of [owa, 1932
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fntercen?  slope

R - n: | ®°b nkd Bzsis
0 0 0 0 0 T 4 5
05 0 0 -4 ~1 I 4 5
~1 0 0 -8 -2 2 4 5
-0333 -0333 0 -5 -3 1 25 2
0 -1 0 -7 =7 1 35 =
0 -05 0 -35 -35 2 3 5 o
0 -1 1 -4 -5 |2 3 % =
-05 0 -05 | -85 -2 1 2 4
0 0 ~1 -3 -2 2 3 4

(columns #1 3 4 are dependent & do not form a basis!]

@Dennis Bricker, L. of [owa, 1932
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Qf the nine basic solutions, four are dual feasible. Therefores,
=¥ A) is the maximum of four linear functions:

fafessifiied

@Dennis Bricker, L. of [owa, 1932
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fafessifiied

@Dennis Bricker, L. of [owa, 1932
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[ thrs example, with only nine basic dual
solutrons, 1t was possiie to enumerale a7
af them test each for feasibiirty, and then
maximize the corresponding frnear functions

‘b + (mEd)

However, for most proffems, the number of
basie duai solutions (s astronomical and
Einerating them 1s practicallv impossible.

{TRnaly, anly & few oF Wrese basrc Jual sofirlfons solnally delarmmims 2% )

@Dennis Bricker, L. of [owa, 1932



PARARHS 8/19/00 page 14

Let's consider again the parametric LP Pi:
Z' () = minimum — Ky~ %o
subject to | 2y + 8, <8+ 2 A
oM F LR A+ 7
Ko L3+ 2
Wy 20, By 20

-

Determine the optimal walue function z¥(4) as
well as xF(L)and x5(L) [i.e, the optimal
solution] for all values of Le(-co, +c0)

@Dennis Bricker, L. of [owa, 1932
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The mnitial tableau:;
—-Z 1

CHIENGE SR

RS e
E+ A A

N~SNO bj

oocoP
oORrNPE

PRNPEE [N
ooPro |W
oroo |b
rooo |
WO |m

L,
- -

SlECA YETENES

Let's start with A =0, and investigate the LP
as A Increases.

@Dennis Bricker, L. of [owa, 1932
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8/19/00

-z 1 2 3 4 = B| &
iz 40 0 0,333 0.333 0 2| 3
01 0 0.867 "0.333 0 3|1

0 01 "0.333 0.667 0 2| 4

0 00 0.333 0.867 1 1|72

at x¥(0) =3, x5(0)=2,xE(0)=1,

%% (0)=x% (0)=0

@Dennis Bricker, L. of [owa, 1932

|

SRS CAliT BRSETEd GurThg
S&508 pivall

The optimal solution of PO ) is z*(0) = -5,

page 16
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Expressed as functions of A, the basic solution is:

8/19/00

-z 1 2 b5 B| &
1 00 0 5| 3
01 0 O 3|71
0 01 O 2| 4
0 00 1 1|72

B

-~

Z(A)=-50+ 34
FA)=3- 4%

xFA) =2+ 41
xE(A)=1-22

xFA)=xFA)=0

Mote that these are linear funftiana of A

@Dennis Bricker, L. of [owa, 1932
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The optimality criterion (reduced cost » 0)is
independent of the parameter A , and so the
current basis remains optimal so long as the
basic variables

#FA)=3- &
#F(L) =2+ 4%
#EA)=1-22

remain feasible, i.e., nonnegative.

Far webasl esifves o N Je y® LS A0 7

@Dennis Bricker, L. of [owa, 1932
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we solve the inequalities

®FEA)=3- A 20

#E(A)=2+ 4020

RE(A)=1-20:0
for 4. S-A 20 = L3

244020 = L 2-Y

| —2420 = A<+
That 13, the basic solution 1s feasible for all
Lel[-Y, +'% 1 (and, in particular, for L= Q).

@Dennis Bricker, L. of [owa, 1932
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Plot of z{A) & :{T[}U over the interval [-0.5, +05]:

ZLA T =-5-3A :ﬁ;(l}:2+dl
T w¥(A)=3-x T4
4 ‘\q_d.._-]‘h‘-—-h____&‘
IIIIE +|:|=5 } 1
-0, g4 : — 2
=7 WE(A) = 1 - 24
_3 — 1
\\_4\: \
‘\\ T I } l
€T -05 +05

@Dennis Bricker, L. of [owa, 1932
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Let us now increase A from its initial value (0]

to the upper limit for which the basis is feasible,

1.e., +‘f2 . The basic solution then becomes
x¥(+)=3-"% =25
xE(+Y)=2+4() =40
xE(+'5)=1-2(%) = 0

Any further increase in A would result in

infeasible (i.e., negative) values for x% !

@Dennis Bricker, L. of [owa, 1932
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page 22

In order to increase the parameter A further,
xe Must leave the basis, since it would other-
wise become negative. In order to remove xg

pivoL:
-z 1 2 3 4 5 B| A
1 00 0.333 0.333 0 5| 3
01 0 0.667 "0.333 0 3| 1
0041 "0.333 0.667 0 | 2| 4 . __
0 00 0.333 "0.667 1 1|72 %{_l: M.

Fval in IHFis rows

@Dennis Bricker, L. of [owa, 1932
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-z 1 2 3 4 = B| &

1 00 0.333 0.333 0 5| 3

01 0 0.867 "0.333 0 3|71

0 01 '0.3330 2| 4

0 00 0.333 1 1|72

333 (0,667

—Z 1 2 3 4 =) B |A
1 00 0.5 0 0.5 2.5 |2
010 0.5 0 0.5 2.5|0
0 01 O 0 1 3 2
0 00 "0.51 "1.5 1.5 3

@Dennis Bricker, L. of [owa, 1932
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For this basis, the basic solution is

-z 12 4 B |A i

- a z(A)1=-55-22
1 0 0 0 5.5(2 % _
010 0 z.snj{ﬁ‘mj 2.
00 1 0 3 > H;':l:'=3+21
000 1 "1.5|3 %7l ) =-1.5+31

Motice that as A increases, no basic variable
decreases. Since the optimality criterion (reduced
costs » O ) does not depend upon A, this basis is
optirmal for all Lz 0.5

@Dennis Bricker, L. of [owa, 1932
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That 15, 1f we solve the system of inequalities

®F(AL) =20 > 0 = (morestrictionon A
kX(A)=3+20 20 — L :710
$X(A)=-15+30 20 = A :00

we see that it is satisfied for e[ 0.5, + oo )

@Dennis Bricker, L. of [owa, 1932
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Let us now investigate P(A) for A< -0.5
Consider the tableau which was optimal for

-0 < A <+ 05

-z 1 2 3 4 = B| A
1 00 0.333 0.333 0 5| 3
01 0 0.867 "0.333 0 3|1
0 01 "0.333 0.667 0 2| 4
0 00 0.333 0.667 1 1|72

Fecall that the lower Timit of the parameter,
L > -, derives from x¥(A) >0, ie., x5(=1%)1=0

A further decrease in A requires that X, beremoved
from the basis (by a dual simplex pivot)

@Dennis Bricker, L. of [owa, 1932
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-z 1 2 3 < 5 B| A
1 0 0 0.333 0.333 0 5| 3
010 0.667 "0.333 0 | 3|71
0 0 1C0.333> 0.667 0 2 | 4« sivelrow
0 0 0 70.333 "0.667 1 1|72
SEa e
—Z 1 23 4 5 B| A
PAE GraET SReRiEs
Pt ¥els 5-';"..5.‘;?.':'-'"5‘ 1 D 1 D 1 D l? l?
— 01 20 10 7| 7
00 321 20 B|T12
00 10 01 3 2

@Dennis Bricker, L. of [owa, 1932
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The new basic solution is:

—z1 3 5 B| A
to o ol 7 - [zm=-7-72

01 0 O _'?_'?:><H1*|:l]=?+?l
00 1 0 6|12 wE(L)=-6-12A
oo 0 1 3l 2 H%[l]:3+21

.
To find the interval for which this basic solution is

feasible (& therefore optimal), solve
*(A)=7+7L 20 A1 that Is,
x¥(L)=-6-124 20 = (A<-05 Ae[-1.0-05]

x*(A)=3+28 20 L2-15

@Dennis Bricker, L. of [owa, 1932
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When A decreasesto-1.0, :c:'flih}l decreases to 0 and must
be removed from the basis to allow any further decrease in
the parameter. We therefore attempt another dual simplex

pivot:
—Z 1 23 4 5 B| A
1 0 1 0 1 0 7 7
01 20 1 0 7 7 miver row
00 "3 1 "2 0 B T12
0 0 1 0 01 =3 A

Because there is no negative element in the pivot row,
cannot be removed from the basis, and it 15 evident that
P a Jisinfeasible for

@Dennis Bricker, L. of [owa, 1932

A -1.0
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Summary of Farametric Analvsis:

A l [ -co,-1] g [-1,-05] g [-05, +05] [+0.5, +co]

7+7n 1 3-A | 25
0 1 2+4n ] 3+2a
- 6-12a 0 0 .0

.

infeasiiie

@Dennis Bricker, L. of [owa, 1932
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Flotof = vs L -

Fniessldhie :

-0.5 -2A

@Dennis Bricker, L. of [owa, 1932
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Flot af A*f B S

=
Mz
=
Ae
r T
-1 -05 +05 +1

@Dennis Bricker, L. of [owa, 1932
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Mintmize ®y + w, + Fxg + Ax,+ Kg + 2R,

subject to
Kyt Ziom He — Kg t gt Zr,= 16 -4

s — AR, Kot IR, = ZAA
—¥, — ARzt SRy Tt R = -4 +A
%20, ]=1,2, ... 6

@Dennis Bricker, L. of [owa, 1932
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PARARHS

Initial tablesan:

o !

Optimal tableau [ A

5 6 |

4

3

—£1 2

Lo L0 LY LY

@Dennis Bricker, L. of [owa, 1932
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-z12 3 45 6§ E| &
100 7 30 2| "12| 1.5
010 2°10 "1 6|71.5
0011 10 2 4| 0.5
o001 21 71 2| -0.5

Parametric Analwsis g

Leacst Upper Bound (LUOB): 4
= Mini 6 ~2 + 71.5 “0.6% = Min {4 4%
EHZ at LUB 1is ~10 0 6 0
Greatest Lower Bound (GLE): ~8
= Max:™4 + 0.53 = Max £78%
EHZ at GLE 1s ~16 18 O 6
Fange of paramseters LAMBDA within which hasis 1z feasible:
[ 78 , 4 1

@Dennis Bricker, L. of [owa, 1932
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PARARHS

Dual Simplesx pivot

—Z21

45 6 |

3

2

Mewr tablean

3 456 ) B

2

1

@Dennis Bricker, L. of [owa, 1932
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-z 12 3 456 | EB| &
1 2011 1 00| 0| 1.5
0"10"2 101]f “6|1.5
0 21 3 "300| 16(°2.5
0103 31010 "4l1

Parametric inalysis [

Least Upper Bound (LUOBX: 6.4
= Mini 716 + ~2.5% = Min i6.4%
EH: at LUE is 716 3.6 0 2.4
Greatest Lower Bound (GLEB): 4
= Maxie 4 -+ 1.5 13 = Max i4 43
EH: at GLE is 710 0 6 0
Eange of paramseters LAMBDA within which basis 1s feasibkble:
[ 4, 6.4 ]

@Dennis Bricker, L. of [owa, 1932
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PARARHS

Dnal Simplex Pivoet |

456 | B

3

2

1

—Z

3456 ) B

2

b~
lappiulay]
[apRiupun) iy

i |

lapRiulny]
Lapptwl ey

L 2 L ]

e
LR ey
T

o o [ I
— 1 1

Larparhay]
larRarlay
LA ar Ry
]
1
7 b
b=
Llwp ap ]
I R |
1

—

@Dennis Bricker, L. of [owa, 1932
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-z 1 2 34569 E | &
1 2.67 0.333 12000 | 5.33 [2.33
0 -0.333 0.333 "1 0 01 | “0.667| 0.667
0 "0.667 "0.333 "1 1 0 0 | "5.33 | 0.833
o 1 1 oot1ol 12 “1.5

Parametric Analysis ;

Least Upper Bound ¢LUOEBE»>: 8
= Minf712 + ~1.5% = Min i3
EHZ at LB is ~21.3 4.67 1.33 0
Ereatest Lower Bound (GLE): 6.4
= Maxio.aey 5.33 + 0.667 0.833% = Max {1 6.43
EHZ at GLE is "1 3.6 0O 2.4
Range of parameters LAMBDA within which basis is feasibhle:
[ 6.4 , 8 1

@Dennis Bricker, L. of [owa, 1932



PARARHS 8/19/00

& dual sitnplex pivot in row #4 15 not possible:

-z 1 2 3456 E | &

1 2.67 0.333 12 00 0 | 5.33 [-2.33
0 "0.333 0.333 "1 001 | “0.667| 0.667
0 “0.667 ~0.333 "1 1 0 0 | "5.33 | 0.833
0 1 1 oo1o0l 12 1.5

The L is infeasible for A > &

@Dennis Bricker, L. of [owa, 1932
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Let's return to the optimal tableau for A = O
—Z12 3 45 6|1 B il

100 7 30 2 12
o 2 71 0 "1 b
1 71 "1 o 2 4
o1 21 71 2

Leacst Upper Bound (LUOB): 4
= Hini™a 2 + ~1.5 ~0.5% = Min 4 4%
EHS at LUEB is "1 0 a 0
GIreatest Lower Bound (GLE)>: ~8
= Maxi~™d4 + 0.5% = Max {783
EHS at GLE is ~16 183 O B

Fange of paramseters LAMBDA within which hasis 1z feasible:
[

-3, 4 1

@Dennis Bricker, L. of [owa, 1932
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PARARHS

Dual Smplex Pivol

45 6 )

3

2

—Z2 1

New tablean

45 6 |
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-z1 2 345 6| E| &
10 2 400 8| ofa2
011 300 "3 ) 2|2
001 110 2| ~4|0.5
00 2301 3110/ 0.5

Le=ast Upper Bound (LUOB»: 8
= Mint~™2 4 + 2 “0.5% = Min €1 ~8:3
EHS at LB is ~16 18 O @A
Greatest Lower Bound (GLE): ~20
= Max:™10 + 0.53% = Max {7203
EHS at GLEB is ~40 42 a6 0

Range of paramsters LAMBDA within which hasis 1s feasible:

[ ~20 , 78 1
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PARARHS

Dual simnplex Pivol

5 6 |

4

3

New tablean

6 )

4

3

—Z1
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1 o 3 4 5 b B | &
1 0 567 00 1.33 12 13.3 3.67
o1 1 o0 1 0 12 1.5
00 T0,333 01 0,333 71 TOLBAT [ T0.333
O 0 Toe6eY 1 0 T0.333 71 T3.33 | T00167
Parametric Analysis |
Least Upper Bound (LTB): ~20
Min£{712 0.667 3,33 + 71.5 ~0.333

Range of pargTeEEEEELAHBDA within which hasls 15 feasible:

= Min ¢

8
EH5 at LUOE 1is

2

Ho Lower Bound

L

ig, - <o -j‘

@Dennis Bricker, L. of [owa, 1932
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