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In DYMNAMIC PROGRAMMIMNG, we treat the knapsack problem
as a sequential decision problem, inwhich at each stage in
the sequence, we have a single decision variable, namely
number of umts of a single item to place into the knapsack.

— N |[=3{N-1|-----— I |—=I-1|—------ — 2 |[—= 1 |—=

Let's suppose that the knapsack 15 filled by considering the
items in reverse order, 1.2, first we decide how many units of
item #M we will put into the knapsack. Then, taking into
consideration the unused capacity that remains, we decide
how many units of #N-1 to put into the knapsack, and so on,
until we finally consider item #1.
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Al each stage, we need to know the amount of unused capacity
which remains in order to be able to decide how many units of
the item under consideration will be put into the knapsack.

This quantity, the amount of unused capacity, will be called
the "state variable” of the system, while the number of units
of the item will be called, of course, the "decision variable”
of the system at that stage.

We will assume that the weights are integer-valued, and that
the possible values of the state varmable are: 0,1, 2, . CAF
where CAF 15 the capacity of the knapsack.
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At each stage of the dynamic programming computation, the
optimal decision is selected for each of the possible values
of the state variable, by completely enumerating all the
combinations of state and decision variables.

Thus, if there are m = CAP+1 values for the state variable, and
n = % + 1 walues for the decision variable

(where the decision variable may take values 0,1, .. ¥ ],

then we must enumerate m xn state-decision combinations.
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lLels fook #8 7 simple example.

Humber of itemz! 5
Capacity of Enapsack: 12
Maximmm vnits of any item to be incluwded iz 1
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We will assume that the items are to be placed into the
knapsack in reverse order:

—| 5 4 3 2 l ——

wWhen we finally arrive at item #1, the decision will be very
easy: we simply add the item if there is enough capacity
remaining, otherwise we have no cholce but to omit it
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Optimal Value Function for DP Solution of Knapsack Problem

f.(s)= maximum value which can be contained in a knapsack

iIncluding items n, n-1, n-2, ... 1, if s units of capacity are
available.

Recursion:

f,(s)=max {v,x+f_ (s- wx)}, n=12..N

10 ifs30
f (s)=ji
o (8) 1-¥ ifs<0
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—STAGE 1—
OFT IMAL OFT IMAL RESTULTIHG
KA 1] 1 STATE VALTES DECISIONS STATE
0.00 ~99999999.00 0 .00 1] 1]
0.00 ~99999999 .00 1 o.a0 n 1
0.00 ~92999999 .00 2 o.a0 n 2
0.00 ~92999999 .00 3 o.a0 n ]
0.00 ~92999999 .00 4 o.a0 n 4
0.00 ~92999999.00 o o.00 n ]
0.00 ~99999999.00 & .00 1] 5]
0.00 ~99999999 .00 7 o.a0 n T
0.0n 20.00 2 20.00 1 1]
0.0n 20.00 Q s0.00 1 1
0.0n 20.00 10 s0.00 1 2
0.0n a0.00 11 g0.00 1 ]
0.0n a0.00 1z S0.00 1 4
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Gnly this pari of the [8ble reeds fo be kepf For use
i ruriher compitations.
—&STAGE 1—

OFT IMAT
STATE WALTES

OFTIMAL  RESTILTING

DECISIONS

STATE
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0.0n
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0.0n
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Femember: the optimal
value here tells us the
most value we can get

of item #1, for each of
the possible values of
unused capacity when we
arrive at stage #1.
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Now comes the “tricky” pard of OF:
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Lonsiaen, For exasmnie 1het
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Item #2 requires 6§
units of capacity &g
has value $45
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For egcht possife stafe, we find the maximim value
that we can stfamn, and record (st valfve snd the
decision yielding that valve in the {abfe:

|

w00 =10 e LB o

---STAGE Z---

8/19/00

—STAGE 2—
OFTIMAL ~ OFTIMAL RESULTIHG
0 1 VALUES ~ DECISIONS  STATE
0.00 ~99999999, 00 0.00 0 0
0.00 ~99999999, 00 0.00 0 1
0.00 ~99999999,00 0.00 0 z
0.00 ~99099999,00 0.00 0 3
0.00 ~99999999,00 0.00 0 4
0.00 ~99999999, 00 0.00 0 5
0.00 43 .00 43, 00 1 0
0.00 43 .00 43 . 00 1 1
£0.00 48,00 £0.00 0 g
0,00 42,00 0,00 0 a
£0.00 42 .00 £0.00 0 10
£0.00 42 .00 £0.00 0 11
£0.00 43 .00 £0.00 0 12
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Again, arly the oplimsl valve snd decisions need fo be
Kepl for use in rarifior compilistions:

]
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OFT IMATL
VWALTES
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OFTIMAL  RESTULTIHG

DECISIONS

STATE
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Femember: the optimal
value here tells us the
most value we can get

of items #1 and 2,
combined, for each
possible value of the
unused capacity when we
get to stage #2!
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Now we back up fo stage 3
At Lhis stage, we wilf izve
decided dpon cfioice of ifems
¥ & 5 and gre fo decide
whethor fo incliude rtem 3 i

the knapsack.
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— STAGE 33—

X ] 1
0.00 T92999999 ., 00
0.00 T92999999 ., 00
n.on 14 .00
n.on 14 .00
0.o0 14 .00
n.on 14.00

42.00 14 .00
45.00 14 .00
a0.00 B2.0n
a0.00 B2, 00
g0.00 Q4,00
20.00 =L
20.00 =L
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As g sfage 2 gfthouglh we wilf
fizgve aiready made Lhe decisions
Ff stages 5 and 4 when we sre
doirmg hese compulastiions, we
don'd Krow what fhose decisions
gref

Thorafore woe dor't krow whial
the state of the system (i e,
the amount of vnused capscityt
witl he st stage 3 Fnd must
compite the best decision for
egclt of the possibi/e sigfes

fe 7 2 12
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from stage 2

OFTIMAL
- VALUES
0 0.00
1 .00
2 .00
3

4

5

B

7

g

3

[tem #3 regquires

2 units of capacity

and has a value of
$14

8/19/00

—3STAGE 3—

s i 0 1
1] 0.00 ~99999999., 00
1 0.00 ~99999999., 00
2 0.0a0 14.00
3 0.00 14,00
4 0.0a0 14,00
5 0.0a0 14.00
) 42 .00 14.00
7 43 .00 14 .00
a3 a0.00 BZ.00
g 20.00 2 (100
in 20.00 a4, 00
11 20.00 a4, 00
12 20.00 a4, 00
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Take, for example, the case where there are
10 units of capacity remaining empty when we
arrive at stage 3. Suppose that we choose item
=% which would use 2 units of the capacity,

leawing @ units.
Consulting the table
of optimal values from
stage 2, we see that
with G units of unused
capacity we can get a
value of $80 from the
stages that remain.
Therefore, the best
that we can do, if we

{nff this decision, is
14+ $530 = 394

Frower ftene ¥ —j\ (?’mm P

FERREIING Flams
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Aagain, we record, for eaclt possife valfve of the sigle
varigife, the maximum valve that we can obiginm

This represents e folsl valve obfainaiie from
stages 3 2 gd ¥

OFT IFAL OFT IMAL RESTULTIHG

E] HE 1] 1 YALTES DECISIONS STATE
1] 0.00  T99999999, 00 n.on n 1]
1 0.00 T99999999, 00 n.on n 1
2 0.0n 14.00 14.00 1 1]
] Q.00 14.00 14 .00 1 1
4 0.0n 14.00 14.00 1 2
2] 0.0n 14.00 14.00 1 3
3] 42 .00 14.00 42,00 n 3]
T 45 .00 14.00 45,00 n T
a a0.00 B2, 00 S0.00 n a
=] 20.00 G200 20.00 1] =]
10 20.00 Q4,00 04,00 1 =]
11 20.00 Q.00 04,00 1 =]
12 20.00 Qd ., 00 04,00 1 10
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Frony slegs &

Backing up Lo stage &

Ea

we repest the

OFTIMATL 3
s waurs ,.-::-m.-:‘.-f-.f:"’ﬂre_ For example, _n" We ﬁﬁ_l-'e
0 0.00 1.2 urils of wnvsed capacily, and ir
% 12:33 we cfioose ifem 4 we will obiain g
3 14,00
4 14.00 ---STAGE 4--- value of
5 14, 00 F$i8d + 530
3} 42,00 2 HE n
7 48 .00 0 .00 000009000, 00 = §48
g S 0 1 0.00 ~99999999.00
= 2 14,00 ~99999999,00
10 a4 .00 3 14.00 12.00
04 L (11 d 14.00 12.00
5 14.00 32.00
3} 45,00 32.00
7 45.00 32.00
g 20.00 32,00 F woe 7o rol
g 20.00 BE .00 .
10 9400 6 .00 choase rHem
# i 11 Ot , 111 q5 . 00 Y :
tem Tareauires 3| 2 % we oblain g
units of capacity, = Vafite of

and has a value of $15

SG + 594
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We ggain record the oplimal valves for esclh possiblie
stage, Ly finding Lhe maximum value obiginable in each
row of the fabie on the ferf:

—STACE 4—
OFTIMAL  OFTIMAL RESULTING
PRNT i 1 VALUES  DECISIONS  STATE
0 0.00  -900009999.00 .00 0 0 These optimal
1 0.00  ~00009999, 00 .00 o 1 P
2 14.00 ~00000999.00 14.00 0 2 values represent
3 14 .00 18,00 15,00 1 0
4 14 .00 15.00 15.00 1 1 the best total
5 14 .00 32.00 32,00 1 2 value of items
B 43.00 32,00 45,00 0 B
7 42 .00 32.00 42,00 0 7 4, 3, 2, and 1
g 20.00 32,00 20.00 0 g :
g 20,00 BE. 00 20,00 0 g which can be
10 94.00 66 . 00 a4.00 0 10 ohtained for a
11 94.00 95 .00 95,00 1 g .
12 Q4,00 93,00 9%, 00 1 q S1VEn arnount
of wrmsed

capacity!
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Free slags &
OPFTIMAL

[tem #5 reguires 4

units of capacity, and
has a value of $22

w00 -] 5 e DR omw
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Finally, we figve arrived ¢ {he
computaiions tor stage $5

Since this 15 the frirst decision o
e made, we Kitow what Lhe siate

—STAGE 55—

xi n 1
0.00  T99993999, 00
0.00 ~99999999 ., 00
14.00 T939999999 .00
12.00 T99999999 .00
15.0n0 22.00
a2.00 22.00
42.00 26 .00
42 .00 40.00
20.0n 40.00
20.00 54 .00
=i TO.00
93 .00 TO.00
ag.00 10Z.00

will be, namely
F2 urils of
vrsed capaciiy.

For the sgke of
CORSIFLency,
fowever we
compute the
entire table fnof
jist the row for
s=F12F
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Fhe maximim value i each row of the [abfe on the
lferl is recorded, along wilh the decision which yrelds
that oplimal valve:

—STAGE G—
OPTIMAL OFTIMaI, RESULTIHG
x: 0 1 VALUES DECISIONS  STATE

0.00 ~99999999.00 a.00 I 0
0.00 ~99999999.00 a.00 I 1
14,00 ~99999999.00 14,00 I 2
12,00 ~99909909.00 15,00 0 3
12.00 22.00 22,00 1 0
22.00 22 .00 22,00 I &
45.00 36 .00 48,00 I &
458,00 40,00 45,00 I 7
g0.00 40,00 20,00 I 2
20.00 G4.00 g0.00 0 9
Q4,00 70.00 a4, 00 I 10
as.00 70.00 ag, 0o I 11
as.00 102.00 102,00 1 =
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This table now tells us that if
 eTaCE 5 we begin to fill the knapsack,

oPTIMal  oPTiMaL EESULTING having 12 units of capacity
VALUES  DECISIONS  STATE

T 500 ; ; available to us, we can obtain
1 0.0n0 1] 1 .
s | 1400 a 2 a maximum value of $102.
3 12.00 1] 3
4 22.00 1 1]
5 22.00 1] 5
5| -0 0 : It also tells us that we should
21 200 ’ : choose item #5 in this situation,
10 Q4,00 1] 10 - - -
il . 11 which will leave only 8 units
12 102.00 1 g .
= )| of unused capacity when we

arrive at stage #4.
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DECISIONS

45

a2,
43 .
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Now that we know what the
state of the system will be in
stage 4, we can consult the
table which we computed
earlier to find the optimal
decision, namely:
if we enter stage 4 with 8§ units
of unused capacity, DO NOT
choose item #4.
Therefore, 8 units of unused
capacity remain when we reach
stage 3.
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— STAGE 33—

OFT IMAL
VALTIES
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OFTIMAL  RESTULTIHG
STATE

DECISIONS
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Consulting the table of optimal
values and decisions for stage 3,
we see that if we enter stage 3
with 8 units of unused capacity,
the optimal decision is to NOT
choose item #3, leaving again

& units of unused capacity when
we reach stage 2.
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—STAGE 2—
OFTIMAL ~ OFTIMAL ERESULTING
-  VALUES  DECISIONS  STATE
0 0.00 0 0
1 0.00 0 1
2 0.00 0 z
3 0.00 0 3
4 0.00 0 4
5 0.00 0 5
B 45,00 1 0
b = =E 1 1
g £0.00 0 2
o =0 1 d
10 £0.00 0 10
11 £0.00 0 11
12 £0.00 0 1%
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Consulting the table we
computed for stage 2, we

see also that we should NOT
choose item #2 if we have

& units of unused capacity.
Therefore, when we arrive

at stage 1, we will still have
the 8§ units of unused capacity.
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—S5TAGE 1—

OFT IMAT
STATE WALTES

OFTIMAL  RESTILTING

DECISIONS
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Not surprisingly, the
table which we computed
for stage 1 tells us that
we SHOULD choose
item #1 for the knapsack,
completely filling the
knapsack (0 units of
unused capacity will
remain!)
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The APL workspace displays the optimal solution,
and allows vwou to view the tables saved at each stage:

Example
dokk Optimal waluwe isg 102 Akk
i v W X
1 a0 & 1
5 22 4 1

Total Weight: 12

You may anow display the tables of the optimal valwe function and
optimal decigion for each state at every stadge

|/I]isplﬂg tables?

)
| ves ) (_ N )
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Notice thal we have reaflfy solved, wriih [illle
gFadditional effort, several olher Knapsack
probiems fone For each of the capacities O

through 71/

What 75 the oplimal valve thal we can obiain
Iwe fiave onfy 17 unils of capacily, rather

than 127

Which rftems @re fo be placed info Lhe £napsack
to aflain ihis valve ?
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STAGE 5:

STATE

w000 =] e LIRS

B
A=

OFTIMAL
VALTES
0.00
0.00

14 .00
15.00
Z2.00
a2.01n
42 .01
42 .00
a0.0n
a0.00
Q4,00
Q.00
10z2.00

OFTIMAL EESTLTINHG

DECISIONS STATE
] ]
] 1
] )
] 3
1 ]
] 5
] 3]
] T
] a
] =]
] in
] 11
1 =]

Cren Brveieedy the laliar
GOy Wus Wine amiann
Fhghe BN gl J 7wty
o e nanseny, @l
evrlreied We onliesl
Anfuinon
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STACGE d4:
OFT ITIAL OFT ITIAL EESTULTIHG
STATE VALTES DECISIONS STATE

0.0n
0.00
14 .00
12.0n0
15.0n0
a2.00
42.00
42 .00
20.0n
20.00
10 =i
11 93 .00
12 ag.00

[Im R ww s B ) I O

[
DO owD-]1RRPE ok o

rPrRrRProooookP,PPooo
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STAGE 3:
OFT ITIAL OFT ITIAL REESTULTIHG
STATE VALTES DECISIONS STATE

0.00
0.00
14 .00
14 .00
14 .00
14 .00
42 .00
42 .01
20.00
a0.0n
10 =C
11 Q4,00
12 =L

D00 =] R G BB D
PRrRRrRoocookRRBRRERRERoo
SCWDWH-IHm OB o RS

|
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STAGE 2:
OFT IMATL OFT IMATL RESTULTIHG
STATE VALTES DECISIONS STATE

0.0n
0.0n
0.0n
Q.00
0.0n
0.0n
42 .00
45 .00
a0.00
20.00
10 20.00
11 20.00
12 20.00

[T wn s B TR I R T el
ooooookPrPooo o oo
[T R e 7 Y R O el e
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STACGE 1=
OFTIMATL OFTIMATL REESTULTIHG
STATE VALTES DECISIONS STATE

Q.00
0.0n
0.0n
0.0n
0.0n
0.0n
Q.00
0.0n
20.00
20.00
a0.00
a0.00
20.00

w000 =] OS] e D) B

(=9
=

[N
[
C R O e B B TR [ SO R R

| ol ol o o ol e Y N e e e Y o Y e

[EY
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While Dynamic Programming may seem like a very tedious,
complicated procedure, it can be easily coded in the APL

language.
TVALTE<T Hit
[11] A
[2] 7] Optimal VWalwe Function of DF model
[21] =] of the Knapszack problem
[4] 7]

[5]  +LAST IF =0

[6] VALUE<MAY (({padpld o+ VINIxx 3 + (F N-1) [TRAWSITION 2 ©.- WINIxx ]
[71 =0

[2] LAST:VALUE((pzdpld, -BIG

-





