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Example:

Because of excessive pollution on the Momiss River,

the state 15 going to build some pollution control
stations.,

Three sites are under consideration,

The state is interested in controlling the pollution
levels of two pollutants: #1 & #2

The legislature requires that at least G0,000 lbs.
of pollutant #1 and at least 50,000 Ibs. of pollutant
#2 be removed from the river annually.
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Data: ﬁ Fiad cosd olwer relimne of 5ialion
'|r.-'

| Cost of  Cost of | Amt. removed per ton
S]F building  treating of water
station 1 ton H,O| Pollutant 1T Follutant 2
1| $100,000 $20 04 Th, 0.3 1Ib.
2 |'§ 60,000 $30 025 b, 0.2 b,
3 |§ 40,000 $40 0.2 Ih.  0.251h.

Formulate an ILP to minimize the cost of meeting

the state legislature's goals.

( Model )
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Decision Variables |

OIS,

Ai =tons of H,0 treated at station #i annually

el e T

V. = 1 if astation is built at site #i
! 0 otherwise
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Mintmize 100000%Y, + 60000Y, + 40000Y;
\ o

y
st rorr oosd oF sEFiions

+ 20X + 30X+ 40X
b A

y
ywglor freglment costs
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Constraints

FRe regiired Smounis of poliiianis gre remoled

0.4 X+ 0208+ 0.2X5 250,000 polutat 7

035 + 025, + 020Kz = 00,000 polidant 2

Wialer cannol be fresied 8f 5 siaiion uniess it 55

been burlt! Ky <MY, N1 wheretiiss

A =) o Fpme ¥ =0 silshle hig”
LTl =0, s Forces Ay =00 J
J
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Example:

Glueco produces 3 Lypes of glue on 2 different
production lines.

Each line can be utilized by up to 7 workers at a time.
Wworkers on production line # 1 are paid $500/week,
and workers on line #2 are paid $900/week.

It costs $ 1000 to set up production line #1 for a
week of production, and $2000 for line #2.

&
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Cata:
weekly output per worker (Barrels)
1 20 30 20
- 50 35 Je

weekly Rgmt: 120 100

Formulate an ILP to minimize the total cost of

meeting weekly requirements.

( Model )
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Decision Variables |

LIS

445 = man-weeks of Lime on line 1 producing glue ]

HILEger,
Yi =number of persons assigned Lo linge |
SIS

{1 if line 11s set up for production

Li = O otherwise

page
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Cbjective

Minimize

.

1000 Z, + 2000 Z, +500Y, + 900 Y,
) )

"*" W

sel-n cosls hebor cosls
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Constraints

REGUITEMIENLS Far gite e mel!

20% 1y + 50K, = 120 glve =/

S0% s + 30X, = 100 glve 2

40X 3 + 40Kz = 200 give #3
CaaciE e af e,

}{11+}{12+}{13£5‘|"‘1 fine # [

}{21 + }{gg + }{23 = 5"I"lg fire FL
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Constraints

W Sl FESI WOrKers Lo F ine iess i
H35 Heen sef un,
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Example:

The manager of the University's computer system

wants to be able Lo access o different files.

There are multiple copies of each file, scattered

armong 10 disks, as shown below:

File Disk

# 1 2 3 4 5 6 7 8 9 10
A WA A

N B e B2 —
s
s
sl
sl
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It disk 3 or disk = is used, then disk 2 must be used.

Formulate an ILF to select the smallest set of disks
which contain at least once copy of each file.

( model )




ILP Models.Part 1 8/19/00

Decision Variables |

1 if disk #i1 is selected
0 otherwise

Cbjective

Minimize X+ Xo+ .0+ X

page 14
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Constraints

AL eFsE ane cop e of BFch FIe st be round
FNNNG e selecied Gisks)

LR S S I R + Xg + Ag = ]
X + Xz = ]
o + Hg + K= + Koz |

Xz + Xg + Xg = ]

1

}<1+}<2 +}{4 +}<5+}<? +}<g+}{m3_='

Exampie of g clasy of prodiems
AR a5 Bt rrering provvenms "
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Constraints

fdisk F o sk 5 i ysed Bhen oishk st be used,
}{3 = }{g

}{5 = }{g
Qr

}<3 + }<5£ 2}{2

{The pair of consiraints is prelerred trom
compitalionsd poind of wiew. J

&
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Example |

Gotham City has been divided into 3 districts,

The city wishes Lo station 2 ambulances so as
to maximize the number of people who live within
S minutes of an ambulance.

e

e ]
&
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Decision Variables |

The primary decision is whether to locate an
ambulance in district 1 for1=1,2,...5;

V. = 1 if an ambulance is located in district
‘ O otherwise

Another set of decisions 1s whether Lo assign
for service a district | to an ambulance location |

W = 1 1t district ] is to be served from district |
E 0 otherwise
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Objective We wish to maximize the number

of persons within 3 minutes’ travel
time of an ambulance

For each district ], we need to include in the
objective an expression of the form

pj Z{}{ij : tijiﬁ} Assumes that not more
e.q., for J=3: than one ambulance is
' ! Ir F:

55(}{33+}{43+}{53+}{53j to serve district 21

since districts 3,4,5,&6 are within 3 minutes’
Ltravel Lime of district 3.




ILP Models.Part 1 8/19/00

Cbiective

Maximize 400K +Xo) + 300K 5 +Ko0)
+ 30(Hazt X gt A st Kgz) + 200050 K gt Keqt K
+ 10Kzt X g5t K g5t Kest Has)
+ SO0zt X gt Kggh X gt Kot Xge)
+ AD(K g K gt Kot Hgg) 00K g5+ Kogt Kgs)
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Constraints

Every district must be assigned to an ambulance:;
=]

_21 Xip=1 v i=1,2,..8

1=

e.d.,

Apptiot Az tRatAs tRg A g =



8/19/00

Constraints

District | can be served from district 1 only if
there is an ambulance in district 1.

}(ij = Yi ‘E’I&j
o g
}{1]' = 85‘1"'1 for 121,2,... &

1

]

e.q.,
At AgatRztAgat A st et A st A= 0Y
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Constraints

Two ambulances are Lo be assigned to districts:

5
2 Yi=2,
i=1
1.e.,
Y 1+V2+Y3+V4+V5+Y5+V?+\T{E=2
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Actually, upon reflection it
sodel Statistics [ | 2Ppeers o be clear that the
integer restrictions on X
could be replaced by upper
bounds of 1, without an

# of binary variables:

Vo 8 effect on the optimal
W hd aolution.

Lotal; 7%
# of continuous wvariables:; O

# of constraints: 17/
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Another Formulation

Define as before;

_ | 1 if an ambulance 15 located in district |
0 otherwise

1 if district ] 15 within 3 minutes of
Aj= an ambulance
0  otherwise
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Cbiective

Maximize 40X+ 30X+ 3083+ 2044+ 10X 5+00x,
+40x7+00Ks
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Constraints

4j must be zero unless at least one ambulance 13
located within 5 minutes of district ]

LSRG S

}{Eil"'lﬂ +l"'|"f2
LEA C S PR (R

Kg iy + Y- + Yg



ILP Models.Part 1 8/19/00 page 29

Constraints

Two ambulances are Lo be assigned to districts:

5
2 Yi=2,
i=1
1.e.,
Y 1+V2+Y3+V4+V5+Y5+V?+\T{E=2
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Model Statistics | Again, the integer restriction s;s
——— 00 % could be relaxed without |

changing the optimal solution

# of binary variables:
Y8

L]
total; 16

# of continuous wvariables:; O

#* of constraints: 9
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MAx AU HT + 30 X2+ 35 R3+ 204+ 15 K5+ S0 RE +

45 K7 + B0 HS
SUBJECT TO

20 K1 -¥1-%¥2 <= 0
3V K2-¥1-%2 <= 0
I K3-Y¥3-%¥4-¥5-%¥H <= 0
I R4 =-Y3-Y4 -5 -YO-¥T7 <= 0
I K5 -Y¥3-Y¥4-¥S-¥O-¥7 <= 0
] KB -Y¥3-Y¥4-¥5-Y¥E-Y¥7-¥8+<= 0
] K7 -¥S-Y¥B-¥7-%¥8 <= 0
J KB -Y¥E-Y¥T7-¥8 <= 0
10) Y1 +¥2+Y¥3+¥4+¥S+Y¥O+Y7+Y¥58= 2
EMD

wroce -1 O s
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IMNTE

INTE
INTE
INTE
IMNTE
IMNTE
IMNTE
INTE
INTE

Lise this to indicate that the
/ﬁ'?’ﬂf 8 variables encountered
8 in the model (starting in row

Y ]
Y2
Y3
i
L=
iils)
il
s

8/19/00 Sage 32

1, then row 2, etc.) are integer

O, you can indicate the integer
restriction on each individual
variable.

LINDO interprets INTEGER |
to wmiean BEINARY integer!
Otheriwise, the command

GIMNT ia to be used.
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- 50
LFP OPTIMMUM FOUMD AT STEFP 14

OBJECTIE FUMCTION % ALLE

1) 295000000
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YARIABLE WALLUE

b

Ml
Lt
a4
B
s
AT
A0

1000000
1000000
1000000
1000000
1000000
1000000
1.000000
1.000000

8/19/00

REDUCED COST

-40.000000
-30.000000
- 35000000
—20.000000
-15.000000
—>0.000000
-45.000000
-50.000000
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YARIABLE YALLIE

Y ] 1000000

Y2 0.000000

Y3 0.000000

i 0.000000

L= 0000000

his) 1.000000

L 0.000000

s 0.000000
MOUITERATIONS= 14

ERAMCHES =

FIX ALL WARSI

8/19/00

REDUCED COST

0.000000
0.000000
0.000000
0000000
0000000
0.000000
0.000000
0.000000

O DETERM.= 1.000E 0O

81 WITHRC »

LP OFTIMUM IS 1P OPTIMUM

&

15.0000
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In this case, the LFP
solution happens to
be integer, so that
branch-and-bound is
not necessary!



