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The PRIMAL Simplex Method solves

Minimize  c'x

subject to Ax =D

¥zl

by starting with a basis B which is feasible
in the abowve (primal) problem, e, a basis B
for which the basic variables are positive: X (4B ]'1b . 0
and works toward satisfying the optimality
criterion, namely

-1
nonnegative reduced costs: ¢ -n'A: 0 where E:Cé (AF)

ie, nthcc or A'm ¢t (dual feasibility!)
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Fhe D4l Simplex MNelhod does just the
apposite, stariing willt @ basis salisrying
the oplimality criferion (dual feasibifify/

c-nta:0
and piveling Lo aitain primal feasibifify!

xg= (AF b2 0

EDennic Brieker, 11, of Iowa, 1998
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fhat i1s, gt each rteralion, the requced
cosis in the ohjective runciion row of
the lableau are nonnegalive (il we are
minimizing/, whife the right-fiand-side
may include some negalive valves!

EDennic Brieker, 11, of Iowa, 1998
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EXALTPLE Minimize 2, + 3¥s+ 4¥z
subject to
Ayt 2Het Rz xS
28— Mot Mz 4
Ay, Kor O, Rgzl
FHEE W BrERSIorTE IR0 egquisilies o squsiiines,
B QRN SRS \EERes
Minimize 28 + 23X+ 4Hg
subject to
iyt 2Rt Rz —Hy = 3
2¥ - Kot 3z —¥e =4
Mz 0, HorD, Hz2 0, Ka: 0, K52 (0
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First, set up the simplex tableau.

21 23 4 5|B
12 34 0 0|0
01 21 71 0|3
02 713 0 "1|4

Twpically, we would need to define artificial
variables and proceed with Phase One in order
to find an initial feasible basis for the primal
praoblem.
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Instead, let's make the surplus variables

basic: -z4 23 4 5|B
12 3 4 ~ | prval feref
01 2 1Ci> n‘s
0 2 ™1 3 0
L
-2 1 2 3 45| B
froale that
% _f _g _i 2 g -g} s sofulion
- - - is ol
0 Z 1 301 4 fegsifhfof
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Even thought this basic sofufion s ol feasibie,
Aolice that the reduced costs m the objective
row gre i nonnegsiivef

-2 1 2 3 45| B

_I_r"|-"r"r"|-"r"r"|-"r"r"|-"r"r'r'r"r’r’r"r’r’r"r’r’r"r’r’r"r’r’r"r’r’r"r’r’

1 :2 3 0/ ©

.-"r".-".-".-"r".-" .-"r"r".-".-"r".-"r' e .-"r".-".-"

o “1 1 1 0|73
0 2 1'301'4

S0 s basic sofulion is "dusf feasibie” /

This worked becaise the costs O are nonnegative. I other sitlialions,
we miay huve already solved an LE, and then need to solve
Minimize Cx
subjectto Ax=h=h

x =0
EDennic Brieker, 11, of Iowa, 1998
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How can we pivel so 85 fo mprove dpon the
Feasibifily i the primal consirainls?

-z 1 2 3 45| B

1 2 3 4 00| 0
0 71 "2 "1 1 0|73
0 72 1 "3 01|74

Notice Inal 1F we pivol in g row wiltli s NEGATIVE
Figlt-hend-srde, snd g negslive elemen! in thet
cofumn for the prvol efement, 1ivs row will igve
& POSTTIVE righf -frand-side in the resultmg
fabhlegu!

EDennic Brieker, 11, of Iowa, 1998
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-z 1 2 3 45| B
1 2 3 400/ 0 o
0 1 2 11 0|3 fets arbitrarily
0 2 1 —3 0 1|4 &= select the bottom
+ 4 @ row for our pived
Select a pivot location
in either columns 1, 2,
or 3, and notice the
result! o,

EDennic Brieker, 11, of Iowa, 1998
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FIVYOT IN COLUMN 1

B._l-' PIVoEimg on g neg.-ﬂ".r Ve elemeni, we igve
imoroved upoit primal feasibifily (8 making
the right -frgnd-srde posifived

—Z2 1 2 3 4 5 B

1 0 4 1 o 1 4
0 0 2.5 0.51 0.5 71
01 "0.5 1.5 0 0.5 2
Also, pote Hhsl we sEHH ave dus! feasibilify: the

rediced costs i the obyjective row isve remsined
ARoregastives

AF O BEYE Al SIresgn g
56, GO BECK & Iy the olhar |

Qﬂ FiEais o s88 ST SERESGE
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FIYOT IN

COLUMN

when we pivol on 7 posiiive efement, e
rigil -fand-side remains negative:

—Z

1 2 3 4 b5

B

1
0
0

8 0 13 0 3
5 0
2 1

71 2
30 1

12
—11
4

fne of The reduced costs figs became negstive
Fisa, 50 1t Lhis case we fave fost dual feasibirfily
Zd made no gain inprimal feasibilify!

EDennic Brieker, 11, of Iowa, 1998
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FIYVOT IN COLUMN 3 |

Notice tha! by pivoling on 2 regaiive element,
we figve improved uponr primal feasibifily:

-2 1 2 3 4 = B
00

1 "0.6667 4.333 1.333 | "5.333
0 "0.3333 2.333 01 "0.3333| 1.667
0 0.e667 "0.3333 1 0 "0.3333| 1.333

Lntoriunaiely, we have fost dual Teasibilily: one
ol the reduvced costs iy the objective row i35
Hoecome negastive!

&

EDennic Brieker, 11, of Iowa, 1998
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OBSERVATIONS |

dbviousiy, we aeed {o pivol on & regsiive element
it & row with g nrogstive right -hesnd-side i order
fo improve on primal feasibifily.

Bul we have seen Hhsl nol just any negaliive pivol
afemont will do... prvoling o some negalive
elements will result in g foss of dusl Feasibifily,
Fe, & negalive rediced cost’

How do we sefect the propoer pival colume?

-

EDennic Brieker, 11, of Iowa, 1998
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Selection of Fivot Column in the
Cual Simplex *ethod
fo mmprove primal reasibiiily, whirle main-

EGFIRIG qual Feasifilily, perform g minimum
ralfio test:

EFlwal 1 He oo WiRCR maiaimiise s Hhe seino

C; _
|_—]]. For gl negsinve osmiasie pivol elerments d f,
d r

EL} Derivation

EDennic Brieker, 11, of Iowa, 1998
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Selection nf Fivot Column in the
Cual Simplex *ethod

C. @ reduced costs, Signpose Fasl We AE1e
] | rrere honnegative Firesdie selectied row

I e the Al
WS CANOSE CORTT
______ F tor e pivol
GHIRIIIEE @ the StE‘E“E'j LTS WEEE ComaTEons
pivot row Wit Ehe ragiiced costs
ﬂ FEITRTHT OSeGEE e P

candidate pivot
column

EDennic Brieker, 11, of Iowa, 1998
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Linder whia!l condifrons wilf
the reduced cost He o
regstive?

pivot
calumn

EDennic Brieker, 11, of Iowa, 1998
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i order o marnisin dusl feasibilily, e,
ARoanegative reduced cosits, we miust clivose
the pivol cofumn 5 sicl thst

C,— dr C . is poanegsiive for & columns jf
] /a o

Ej—ar_ Cs S0 = Ejzar Cs for all |

EDennic Brieker, 11, of Iowa, 1998
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(i pived column (57 must satisfy, for aff j,

—

: DXJZD%S I Ei 70
_ a] c G dr
Ci 2 Lot =>q
r , L —j
i< s it AL <o
ay~ "~ ar
Roecal! that

Ej & C, are nonnegative =

_ = % S0

a: s negative

EDennic Brieker, 11, of Iowa, 1998
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Lonsider & cofum § whose prvel row elemen! ﬁf, Py
Dositive

Then, since the reduced cost i that columin, Ej L 15

nofanegsiive, the rafio C %j s pofanegslive, e,

C C
. > 0 2 D%S . sa thal
I

=1 Flrerefore, we reed
CORCErit alrselves
With colftnns §F sicl

it é{’ <0 ¥

EDennic Brieker, 11, of Iowa, 1998
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[ the pivol-row efemeni of column jis negstive,
re — ]
Al <0
thoen since the reduced cost of cofumn § 1s nonnegsiive,

e, Ej 2 O

s
clearfy ]/E i < U and we must choose our pivol
r
column 5 such that EJ' Cs
/ﬁ ] é /és
r I

EDennic Brieker, 11, of Iowa, 1998
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How do we clioose the pivelf cafumn 5 so 85 o

521y _ _ |
L C : =1
]/éj { %S ror all j such that Q. {0 7
:

Srrce calunit 5 15 among those columns will negstive
valves it the pivel row, it 15 clear that we must the

columin whose ratfio C % i is fargest, ie
a r

_ | =
“s/. = maximum { J/aj :ar <0}
ar

r

EDennic Brieker, 11, of Iowa, 1998
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G criterion for sefecting the prvel column,
Eyﬁﬂ = maximum { D}éj b a < O}
I I

s sammelimes expressed in 2n eguivalent
way g5 & ‘mimmum rafio lest”

Al i B COLTHT WO s es e reino

For B megElive CanataEFie Lol eremienls Gf,

EDennic Brieker, 11, of Iowa, 1998
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Lells conlinve wilhh our example, a0p/ving
Lhe pival selection rufe wiich weve just
derived.

—Z2 1 2 3 4 5 B

- Eesult of
1 0 4 1 0 1 4 . .
= - - first pivot
0 0C2.550.5 1 ~0.5[71 [ SPTO

01 "0.51.50 0.5 2

LRoosimg Hhe second row as the pivoel row, sid
FppIViG Lhe arnimum ralio ftesd, we obism

i | % 7 — ¥ Lo W mivel an 1he
25 7035 25 glamiant —F 8

=

EDennic Brieker, 11, of Iowa, 1998
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Fhis resufis in g {gbfeay which is Holh
primal and dual feasible, and therefore

aniimal.
—Z 1 2 3 4 5 B
1 00 1.8 1.6 0.2|75.6
0 01 0.2 0.4 0.2| 0.4
o010 1.4 0.2 0.4 2.2

The optirmal solution, therefore, is:
F=0.0, K= 22, Xo=04, X3=K,=A5=0

EDennic Brieker, 11, of Iowa, 1998
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Summary of Dual Simplex Algorithm

® Start with a dual feasible basis, 1.2, a solution which
satisfies the optimality criterion (nonnegative reduced
costs, if minimizing)

® Select apivol row from among those having infeasibility,
1.e., anegative value on the rght-hand-side. If none, STOP.
sl cammmanr da-af -t is o choase We mast negsiive AR

® From among the columns having a negative value in the
pivot row, select that which vields the mimmum ratio of
reduced cost to (absolute value of ) candidate pivot element,

e, E i o] ~ FEOUCET COSE By oliant 18hIasl

MInimum § ———
=4 0 | 51 | T SENGTGETE Givel sfeimant T LEiiesy
I I~ p

EDennic Brieker, 11, of Iowa, 1998
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Compare the seguence of dual simpliex pivels
with the ordinary, primal simplex pivols
aopfied fo the fabieau of the DAL proffem.

Maximize 3"1"'1+4"T“2 -z 1 2 3 4 5| B
subject to
it 2L 2 13 400 0|0
- %<3 > 90414 210 0|2
Tt S¥pl 4 02 "1 010|3
tpe 0, W0 01 3 00 1|4

EDennic Brieker, 11, of Iowa, 1998
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IPrimal Simplex Performed in Dual Tableau

We see Lhat the slack varisbles fcolumns 3 4, &5}
cant be ysed a5 g inilial basis, 5o that (85 before,
wihen usirng Lthe dusi simplex melfodi srifficial

varighiles are nol necessarny.

Since we sre

21 235 4588 isimizing the
FRE 4 % saluiion is improved
3 ;3_ g 2 g g g &y enlering either
02 10103 calumn T or 2 (with
01 300 1|4 relatrve profifs”
F & 4 respectivelyi

EDennic Brieker, 11, of Iowa, 1998
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f ol s clroose Fo pivol in column 2 (Wiick fiss Hhe
gregiest refaiive profiti

i which row do we prvol?

—Z2 1 2 3 4 5B
Minimum Eatio Test:

1 3 4 00 0|0 5

0 1 1 0 0| 2 5 minimum ratio

0 1 01 03 4

0 3 00 1|4 — =

pivot herel we consider only POSITIVE
elements as potential pivot
elements!

EDennic Brieker, 11, of Iowa, 1998
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The rosufiimg fsblesy 15

Fherme e feo

—2Z 1 2 3 4 5| B o _
Minimum ratio test:
1 1 o 2 0 074 L
DD :I.D.EDD 1 <— “05 w
FITRTR AT
njn 1.5 0 1| 1
pivot herel

There is onfy one positive refaiive profil in s
tabhleay, so we must pivol i column £7 , and the
i ratro test sefects the third row.

EDennic Brieker, 11, of Iowa, 1998
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The fablosy wiich resufts trom tis prvel sstisires
the aplimalily conditions

n, (M Mg
—Z2 1 2 3 ( 4K 5% B £t imad
e JFi af safidian
1 00 ~2.2 0.4 0| 5.6 =56
o o1 0.4 0.2 0| 0.2 Vo= 16
01 0 0.2 0.4 0| 1.6 ‘ '
o 00 1.4 0.2 1| 1.8 Y, = 0.2

Fhe refsirve profrfs of the siack variables give us
the aplimsf simplex muftipiiors, since these refsfive
profits gre: ct-ma o, nifiscase, (D0 0]l-nl=-n

= m= 2.2, Ry =04, Rz=0 Fsis e solubion of
e ariginsd proniend

EDennic Brieker, 11, of Iowa, 1998
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Dual Simplex Method

Primal SimpleX pivols

R e A ST
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Dual Simplex pivots

in dual tableau

..-..-
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While the two procedures are equivalent
(dual simplex pivots in primal tableau,
and primal simplex pivots in the dual

tableau), in practice the effort may not
be at all the same:

If n > m, i.e., there are many more
variables than constraints, the primal
tableau will be much smaller than the
dual tableau, each including the slack
& surplus variables.

EDennic Brieker, 11, of Iowa, 1998



Dual Simplex Method 8/19/00

fhe Dual Simplex MNelhod 1s especiaiiy
vselful when re—oplimizing @ tablegu arter
changing Lhe righl-hand-side.

® For example, ina production planning problem which 1s

solved each week, but with different demands &/or
available resources (but same costs & profits),

® [uring parametric programming, in which the right-
hand-side 15 varied to study the dependence of the optimal
solution upon the mght-hand-side

i these sifugtrons, the sbhiesy siter the
Figit-hand-side 1s changed remains dusl fegsibief

EDennic Brieker, 11, of Iowa, 1998
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Another example:

Minimize 2k, + 3k,+ SHz+ Big
subject to
By T ZRst SRzt My 2

_2}{1"' HE_ }{3 +3}{4 E_B

Fhe imrtial tahlosy-

-2 12 34 B 6| B
1 23 &B6 00 0
0 12 31 71 0| 2
0 721 "1 3 01|73

EDennic Brieker, 11, of Iowa, 1998
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i we wore fo vse the PRINAL simplex mealhod
we world fsve to indroduce srirfrcis! varighles
S proceed willh Fhese One.

fristead, fef s make columns 5 & & basic:

-z 12 34 56| B
1 23 56 0| ©
0 12 31 0| 2
0 21 "1 3 0(1)73

EDennic Brieker, 11, of Iowa, 1998
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Fhe fabhlfesy wihrclt resufts 15 nod feasihle
(since Ac and Ky are boll negativel

—Z 1 2 3 45 6| B
1 2 3 & 6 00| 0
0 71 "2 "3 "1 1 0|72
0 72 1 71 3 01|73

bl the redvced costs are s/ nonneagstive, so
that (since we are MiNimizingl the optimalily
conditions sre salistied

EDennic Brieker, 11, of Iowa, 1998
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This is 7 fabfesy Lhon will s mmrlisf dusf feasible
basis, so thal we can apply the OUAL simplox
melfiod

fets choose the bolfom row (wilh the grestfes?
primal infeasibifit vy for the pivel row

£ 1 2 3 456 B Fhere gre fwo

CcEFTArdsie pivol

1 _2 _3 _5 _E 00 _D cofumins tse the

0 - 1 2 - 3 110 — 2 Jeral iR

0 2 1 1 301 3 rafio fest o
make fhe
sefeclion

EDennic Brieker, 11, of Iowa, 1998
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CERINFEES PO VO E CORTHT

—Z 1 2 3 4 5 B| B
1 2 3 B ©6 00| 0
0 71 "2 "3 "1 1 02
0C2) 1 "1 3 0 1|~3<«— piofrow
i 1
o 2 2 L 2
FTRE R I T {T . —1 — T

Sa we prvoel mr cofumn 7

EDennic Brieker, 11, of Iowa, 1998
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We fizve gained some primal feasibilily (the
Fight-figind-side of the pivolf row is row positivel
and maintamed qual feasibifify (the redvced cosis
irr the obieciive row remain ronregatived

—Z2 1 2 3 4 B = B
1 0 4 4 9 0 1 3
oo 2.5 2.5 2.5 1 "0.5| 70.5
o1 0.5 0.5 1.5 0 "0.5 1.5

Noex! we clioose the second row {whose basic
varigile is negativel as the pival row.

EDennic Brieker, 11, of Iowa, 1998
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CFHFIIEFEAS For i\l COofNTHE

N

—Z 1 2 3 4 B = B

10 4 4 9 0 1 |73 s
0 0 2.5 ~2.5 "2.5 1 ~0.5| 0.5
01 0.5 0.5 "1.5 0 ~0.5| 1.5

There gre FOUR candidstes for the pivol columim

Fhre mrimiiin rafro fest produvces & Ele i the cliorce
o prval colurmm

- 4 4 9 1\ _
MIMMUMm 2 >'s 25 25 05 25

EDennic Brieker, 11, of Iowa, 1998
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Pepending dpon ffow the fie is broken, we goef
Fitteron! sofutrons:

-z 1 2 3 4 5 6 B
10 4 4 g 0 3

0 0C2.58%°2.57"2.56 1 ~0.5| 0.5
01 -0.5 0.5 1.5 0 ~0.5| 1.5

Sefect one of

the fwo possibie
p2rivoel elfements

i hafore proceading!

EDennic Brieker, 11, of Iowa, 1998
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Frvolimg in row 2, cofumin 2 yrelds he foflowing
aonlimal tghiesy,

—Z1 2 3 4 =) = B

1 000 & 1.6 0.2|73.8
o011 1 0.4 0.2| 0.2
0101 "1 0.2 "0.4]|] 1.6

with the opfimsl sofufron

Z= 38, Hy= 16, Koz 0.2, Kz=H4=Hg=K =0

&

EDennic Brieker, 11, of Iowa, 1998
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Frvaltimg in row 2, column 5 pields the roffowing

onlimal tabfesi
—Z 1 2 3 4 B B B
1 0 00 B 1.6 0.2 3.8
oo 11 1 0.4 0.2 0.2
01 "1 0 "2 0.2 0.6 1.4

with the opfimsl sofufron

Z= 38, ¥y=14, H,=02, Hy=H4=Re=K,=0

&

EDennic Brieker, 11, of Iowa, 1998
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Two alternate optimal primal solutions:

Z= 38, ¥y= 16, Ho= 0.2, Kz=HK4=Kg=K,=0

Z= 38, Ky =14, K,=02, Hy=H4=Ke=K,=0

The corresponding dual tableaus are
degenerate, with at least one zero
appearing on the RHSI

-

EDennic Brieker, 11, of Iowa, 1998
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Path follewed by Dual Simplex NMethod

Consider the folfowing primaf-aus! pair of £ Fs:

FrTagd Lhig!
Minimize 20x,+ 10x,; Maximize By, + 8y,
subject to: subject to:
Sxy+ wor B Sy + 2ys £ 20
2%+ 2w, & Wit 2yed 10
wyeld, wpzll vy 20, vy el

EDennic Brieker, 11, of Iowa, 1998
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[
The primal system as | = & basic solulions, of whicl
3 are feasible: 12 ]

iiirnad

Minimize 20x,+ 10x;
subject to
Sxyt wsr B

Dx,+ 2xp2 B

Wz, war(

EDennic Brieker, 11, of Iowa, 1998
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The dusl sysiem aiso s six basic sofulrons, § of
them feasible:

Liiz!
Maximize By, + &vs

subject to
Wyt 2yl 10

'::,-"1 EDJ ':;.-"2 2]

EDennic Brieker, 11, of Iowa, 1998
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Lels goply Lhe Dusl Simplox Afgoritfim fo Lhe

primal problem
Minimize 20x,+ 10%, 2 1 2 3 4|B
subject to 1 2010 0 olo
St Xrb g 5 4 71 0|6
2w+ 2wx 8 0 2 24 0 71|18

wpell, ol

[ wo siart with the surplus varighies in the basis,
wo will igve g dusl feasiblfe fablest:

EDennic Brieker, 11, of Iowa, 1998
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‘ Seqguence of Pug! Simplex Prvols: ‘I

-2 1 2 3 4B -z1 2 3 4| B
1 20 10 0|0 1 0 6 4 0| ~24
0 5 1 0|6 0 1 “0.2 0| 1.2
0 2 2 0 8 0 0C1.6270.4 1[75.6
-z 1 2 3 4| B -z1 2 3 4 B

1 20 10 0 0| O 1 0 0 2.5 3.75 |~45
0CBE)"1 1 0|76 01 070.25 0.125| 0.5
0 "2 "2 0 1|78 0 01 0.25°0.625| 3.5

EDennic Brieker, 11, of Iowa, 1998
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The path roffowed by the Dusl Simplfex Method is
(i X, X,-spacel

EDennic Brieker, 11, of Iowa, 1998
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In the dualf space, the path foflowed by the dual
simplex algorithm is:

EDennic Brieker, 11, of Iowa, 1998
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PEIMAL e e DUAL

exireme % %

pt. # HeooH, Mg M [ @ |obj |2V, Y, ¥y ¥,

¥I 4 0 14 0]+ 80 O 10 0O -10

I1 0 ] 0 4|+ 60 10 0 =30 0 _
I 5 35 0 0|+|45 |¥|25375 0 0 «—=
v [0 4 -2 0 40 |4 0 5 100 i
II1 12 0 0 -5 29 || 4 o0 0 66

VI o o0 -6 -8 O (4| 0 0 2010
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