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A power company is doing long-range
planning, and has projected the following
needs for additional power plants:

vear 1 2 3 4 5 6

#plants req'd | 2 4 b 7 8
cost/plant 5.4 5.6 58 5.7 5.5 5.2

{ $roilliot )

There is a fixed cost of $1.5 million lf any
plants are added in a year
At most 3 plants can be added in one vyear

| cumistivel
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When should each of the 8 needed plants
be added?

(8 ight Be saved B 30ding some plants i
FECE F LHE VEGT I WS LR e needadd,
Eherab)s sivonding he B 7. Smiliion ived cost
BACH VEFr S
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DP Model

Stage: n =¥ of vears remaining in the
planning period
State: S5, = total # of plants which have
been added
Decision: X, = ¥ of plants to be added in

the current vear

(Ainde Bl the shages sre Heimg miribersd i
Falerss ofironalogiosl orderd Thel s sisge &
im e Brsd Vear i the plamming period efo

page 4
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Immediate cost of stage n

SSFLEns Thasl sutticient
L// ST S 25 e Do soved
+oo if 5« ]5‘:',]&+1 TS VTS G
g.(8,X,)= 0 if X =0 &S =R
1.5+C. X, f X =12 003 & 5 =R

Fryved cosE s
s ki
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Transition Function

If the decision X, 15 made, when the
current state is §,, the resulting
state will be

CLATRAFE e

FRATH S OF

hEls St :

Sagieniing of LT j\ ST OF
eyt e FHETHAS OF fUETES Sored

Fali-riie
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I'=| Minimizing Total Cost

I'Z| Minimizing Fresend Vafve of Total Cost

@D0enniz Bricker , U. of lowa, 1997



DP-Powerplant 8/21/00 page 8

Definition

of Optimal Value

f(Sn) = minimum total cost of the current &
remaining stages (n, n—-1, ..., 0)
if stage n i1s entered in state S,

minimum  { g, (8, X )+ £,.(8,+X,) Hf n»l
_ (R, -5, ) cXpne3

£,(8,) =+

0 if n=0 & 8, = R,

| o0 ifn=0&5,<R,
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AFL code

Power Plant Capaclity Planning

z«F N;Lt:5;3

A

A Optimal Value Functilion

A Power Plant Capaclity Planning problem
A

=End IF N=0

A Cost of adding plants in current year
FECCpsr a0y oo+ (HEQ)»x]1 VBR+COSTINI=X

A cunulative # of plants added at beginning of nexEt y.
b Se L +EH

A Fecursive definition of optimal value
z+ MIN G + (F N-1)[TEANGRITION S+BIGx(S<RoMTINI]
=0

End:=«(cpsip0r,BIG
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Cost per plant =Cy = 5.2

s ' Reg'd * of plants =Ry = &
=
Ry =7
g Q99999.99 represents infinity
(infeasible decision).
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Ay

Optimal Optinal Resulting |
htate Values Decisions GState

7 6,70 1 2
2 0,00 0 2

L5) XS
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st LFW??J‘MHEJ\‘L f,(8,)= 11'1111111111111 8,08, X, ) +1 (S +& )
(R,-5,)X, <3

Cost per plant =C5 = 5.5

Req'd number of plants =R, =7

M

5 0 1 2
o [ isasses o] {13.70)
7 O o o/ B St
2 O L B e R N e i

1.5+ 55=1 + {6+ 1) F
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o
5 0 1 2
R R L 13.70
7 .70 7 .00
8 0,00 [RRERERGRee: [h: o

htate Values Decisions atate

) 12.50 2 =
7 f.70 0 7
8 0,00

£(5,) X S
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Cost petr plant Cf':- 0.7

Req'd number of plants =Ry = B

f(8,)= minimum (S, X))+ f (S, +X,]
(Ry-5,)s¥, 43

1.5+5.7 %2 + 1,(5+2)
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5 0 1 2 3

............................................ 25_.4[] 25.3':'
19,60 18 EG

[ [ o WY

Optimal Optimal Resulting |
atate Valuses Declislions Ltate :

et
f(S;) X 2
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Cost per plant =C,; = 5.4
Eeq'd number of plants = K4 = 4

£.15 S, X f.l8, +X
o(8) = minimum | €,(S,X,)+ E(8,+X,]

1 2 a
1 PRRRR0 00 DR P | 48 .40
QOO0 00 32.60 31.70
25,30 25,90 25,60
18.60 19.80 19.80
12.50 14,00 13.10[

LO0 [T R -';'-';'- cHeEgg !; Q H:
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:::‘-?l‘;l‘;l‘;l‘;l‘;l .‘;l‘-',l..]
25.30

158 .60
12.50

6,70

0,00

Optimal Optimal Resulting |
atate Values Decisions  GState Z

— e —

f,(S,) X S
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atages b

Cost per plant = Cg = 5.6
Eeq'd number of plants = R5 = 2

minimum 8 (8, X )+ (5. +X
(R5-55}*51{553 5{5 5:' 4(5 5)

1 2 3

A At L T A B0 44 .10 43 .60
37 .50 B0 38.00 3B .90
31 .40 .40 31.30 30,80
25 .30 70 28 .20 25.00 g
18.60 B0 19.40 15.30 §
1@@3 B0 12,70 [OA00a0 a5
0. 00 e i e L i h
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= 0 1 2 3

1 [rGRORCRChERGE o Orlr: 44,60 44,10 43.60 ¢

2 27.560 28,60 28,00 d6.90 F

3 21,40 22,40 21.30 20,80 F

4 25,30 25,70 20,20 25.00 F

al 18.60 19,60 19,40 18.30 F

b 12.50 13.80 la.70 [(A908Q0: a0:f

7 b.70 7.10 [[HQ0R00 A0 Ha0uaq: a9 p

= 0,00 poReRCRErEhCh corr .
— 4 Optimal Optimal Resulting

State Values Decisions Etate

fon It Bu Nk N LY g
()
o
[N
L
T T D 0 D0 D0
00 -] OF 00 -] OF T e

— e

f(S) Xt 5%
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Ty
1N

f5{ S 5 } atage B

36 .00 Cost per plant =Cp = 5.4
Req'd number of plants = Ry = 1

12550 f(S,)= (E?‘F}?“{a gﬁ[Sﬁ.X6)+f5[:56+};’6)
0.0 | . x: 65 fhg s

[ B s ) Y TR
[
o
o
L)

0 1 a 3
0 QOQREL: A8:: 50,50 49,20 48 .50
1 43 .60 43 .80 43.10 42,70
= 36,90 a7.70 37 .30 ab, 00
a 30,80 31.90 30,60 40,20
4 25,00 ah .20 24,80 24,40
5 18.30 19 .40 19,00 17.70 E
G 12.50 13.60 o
7 6.70 b.20
8 0,00 R,
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He

< 0 1 2 3

O [LHHEEEEEE 49,20 48 .50

1 43 .60 43.10 42 .70

2 36.90 37.30 36 .00

3 30.80 30,60 30.20

4 25.00 24,80 24, 40

5 18.30 19,00 17.70

A 12.50 12,30 [[RQootorir ook

7 f.70 N EaEaEaEa e s En TR udn TnTndniin Tn Bl

B 0.00 Optimal Optimal Resulting |

RO State Values Decisions State

0 48 .50 ¢ ¢
1 42 .70 ¢ 4
2 26 .00 ¢ ;
2 20,20 ¢ a
4 2440 ¢ 7
s 17 .70 ¢ 0
6 12.30 2 0
7 6.70 0 7
0 0. 00 0 0

fe(Sg) XX :
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Optimal

Eeturns & Decision

Optimal Optimal Resulting

stage 6: | State Values Decisions  State :
0 48 .50 3 3
1 42 .70 3 4
2 36.00 3 5
3 30,20 3 B
4 24 .40 3 7
5 17.70 3 2
B 12.30 2 2
7 B.70 0 7
2 0,00 0 2
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. Optimal Optimal Resulting
stage 3t | otate Values Decisions State
1 43,60 3 4
2 aa .90 3 ]
3 30,80 3 f
4 28,00 3 7
5 18.30 3 a
B 12.50 0 f
7 h. 70 0 7
a 0, 00 0 a
. Optimal Optimal Resulting
stage 4 atate Values Decisions  GSLtate
2 37 .60 3 al
3 31 .40 3 f
4 25 .30 0 4
5 18 .60 0 al
al 12.50 0 f
7 f. 0 7
a8 o, 0 a8
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Stage 3: Optimal Optimal Resulting §
htate Values Declsions  Gtate :

4 25.30 3 7

) 13.60 3 g

3] 12. 0] 3]

7 0 7

a 0 8

. Optimal Optimal Resulting E
stage 2: ELate Values Decicsions Etate &
f 12.50 2 ]
7 .70 0] 7
2 0]
otage 1: Optinmal Optimal EResulting é
Etate Values Declicsions Etate i
7 1 3
2
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Optimal Solution

The initial state (entering stage 6) is 0

wddk Optimal valus 1s 48,5 ddwx

ATAGE =TATE DECISION ¢
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Discounting Future Costs

Let 1 = rate of interest

Then
$1 invested now has the same value as
$1(1+r)" after n periods,

and
$1 paid n periods hence is equivalent to
§1 1 _¢§1p" wherep-_L_ | Zcount]

ract
[l+r]n {+r1 Frior

paid now. -

@D0enniz Bricker , U. of lowa, 1997



DP-Powerplant

8/21/00 page 27

Minimizing total discounted future costs,

i.e.,

present value of future costs,

in a DP model:

In the power plant capacity planning model:

f.(S.)

< (R, S}{}{ﬂ

.
minimum  { g,(8,X )+ Bf(S,+X)}if n»l

0 fn=0&5,=K,
oo ifn=0& 5, <R,

arscoutt |
factar |

minimum present value of costs of last n
stages {present” «— sigge il
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Power Plant Capacity Planning

state Vector

i 1234567803
S[11 01 2 34656 7 8
Declision YVecotor
i 1234
x[i1 0 1 2 3
Suppose that r=20%, so that p= 11—2 = (3.83333
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Power Plant Capaclty Planning

z+F N:;t:;5;03

A

A Dptimal Value Functlon

A Power Plant Capaclity Planning problen

A fminimizing present valuse of future costs, with
A discount factor hetad

A

=End IF H=0

A icost of adding plants 1In current year
FECCpsipre +(E=00=] B+CORTINI=x

A cumuzlative # of plants added at beginning of next s
oeSe  +EH

A Eecursive definition of optimal wvalues

=+ MIN G + beta=(F N-1)[TEANSITION S+BIGx=(R<RQMTINI»]

=0

End:=«(ipsipdy ,BIG

Hote: recursion 1s backward
APL Code
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Eecursion type:

[ R W ) B

|

Z: 0O
ooaa _qog
ooaa _qog
ooaa _qog

0,00
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Power Plant Capacity Planning

backward

% % % —botage 1—

QOG0 99 0QQ9 g4 17.10
AoQo. 90 11.90 9900 040

h.70 90900 00 0QQQ Qg4
Q000,90 0009 90 Q000 9g

Optimal Optimal Resulting
atate Values Decisions atate :

5 17.10
a
7
=
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5 % XE: 0 1 2 3

4 | 2990 .89 90007 090 Q000 Q4 23.58
5 | 99909 .09 Q000 Q0 158.08 18.00
6 | 9999 99 12.58 12,50 99909 94
7o 5.58 J.00 99499 90 Q000 00
a8 | 0,00 9999 90 9900 90 Q09003 00

Optimal Optimal EResulting g
Etate Values Decicsions Etate g

---otage Z2---
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S % X:ooQ 1 2 3
31 9999 _ 00 Qaaq _gg qQQg aaq 29 .02
4 | 9990 _ 00 QQaQ _gg 23.32 23.258
B | 99QQ Q0 17.62 17.55 18 .60
a1 10.42 11.85 12.90 9Qga Qg
7o 4.658 F.20 9Qaq Q0 gagdq gg
g1 Q.00 99aq g0 Q9ag0 _gg qoog ag
Optimal Optimal Resulting
atate Values Declisions atate :
3 29 .02 3 £
4 23.25 3 7
---Gtage 3--- 5 17 .55 2 7
f 10.42 (2 £
7 4.65 (2 7
2 0,00 (2 2

t s
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sy E: 0 1 2 3
1 | 9998, 90 Q900 _gq QQgag 0g 38.28
2 | 9999 90 QQggQ Qg 32.48 33.53
31 9999 a0 26 .68 27.73 27.58
4 | 19,38 21.93 21.78 22.78
B 14.63 15.98 16.98 158.90
B | 8.68 11.18 13.10 9999 Qg
7o 3.88 7,30 Q000 00 QQQQ Qg
a8 O.00 Q990 gQ QQag gg gagg ag
Optimal Optimal EResulting g
atate Values Declisions atate
38.
---otage 4---
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[ Bt ) Y AR o e )

voED 0

| 9999.98 99949,
| 9993 .89 34.
| 27.06 29
| 22.23 23
I 16.15 19
I 12.19 14
| 7.23 10
| 3.23 7
| 0.00 9999
---otage 5---

8/21/00

page 34

2 3 E34
- - 1
aaq 39.76A 40 .53 2
16 34,93 34 .45 3
33 28.85 J0.49 |
25 24.89 25 .53 R
29 19,973 21.53 f
33 15.973 18.30 7
.33 12.70 Q9049 0909 o
L1l0 9990 g9g Q909 9g -
R Optimal Optimal Resulting |
htate Valuses Declisions htate :
)] 39.76 2 2
1 Jd4.16 1 2
2 27 .08 i 2
3 22.23 i 3
4 16.15 i 4
a] 12.19 i a]
f f.23 i f
7 d.23 i 7
d i, Q0 i d

N (5
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s vE: 0 1 2 3 S f5(55)
Q] 23990a ag 35.37 34.85 3n.23 0] 39,78
1 1 29.47 29 .45 30.83 31.1n 1 34.18
2 22.585 25 .43 25.768 27 .88 2 27 .08
31 18.53 20.368 22 .4n8 23.73 3 22.23
4 | 13.468 17 .06/ 18.33 20,39 4 16.15
5 10.16 12.93 14.99 17.70 al 12.19
bl b .03 a.59 12.30 2900 00 f 7.23
7o 2.69 h.R0 Qo0 qg Qgag g9 7 3.23 |
g o1 0,00 999g gg QEoo—oo—oooo-—oo = o—fun
Optinal Optimal EResulting
atate Values Declsions atate
0 34 .85 2 2
1 0] 1
-—htage B--- % g %
4 0] 4
] 0] ]
f 0] 3]
7 0] 7
a 0] a

wipemns Bricker, U, of lowa, 1997



DP-Powerplant 8/21/00 page 36

Power Plant Capaclity Planning

wddk OpLimal wvalue is 34.8H369084 Aok

STAGE STATE DECISION

Ll el R Y ey I
e R L e
|l R R Y
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