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A project has
Lo network
representations:

AON (Activity-
On-Node)

AOQA (Activity-
On-Arrow)
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Froject SNetwork
(ADMN - Activity-Cn—-Node)

C ] E H —
= \ activity
start d
G "]
A B D F

milestone |

@D Ericker, Tof LA 2000



Critical Path Method 8/21/00

Froject Network
(ACA: Activity-On-Arrow)

"dummy” |

activity

@D Ericker, Tof LA 2000

activity

page



Critical Path Method 8/21/00

Froject Network
(ACA: Activity-On-Arrow)

- a connected, directed network without circuits,
wilh a unigue source and a unigque sink
- the vertices are called "events”

- the arcs are called "activities’, each with an
associated nonnegative duration
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Fredecessors & SUuccessors

The project network indicates the order in which
activities may be performed.

- - Activity B cannot begin |

tivity A :

@ L @ activity B @ until activity A has been ¢
completed

activity A 15 a predecessor of activity B

activity B 15 a successor of activity A

@D Ericker, Tof LA 2000
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£ ias prodecessors A 2 & ©

Only one activity
IVORRECT c is allowed between |
two vertices:
dummy activities
may be defined
if necessary (with |
zero duration)
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H Longest Faths H

Let the beginning of the project be the event O,
Let the end of the project be the event n.

Denote by ETCGi) the length of the longest path from
event 0 to event 1.

If the project begins at time zero, activity (i,])

can be scheduled to start as early as (but no
earlier than) time ET(i)

ET(n) = minimum project duration

@D Ericker, Tof LA 2000
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[[ Labelling Ihfenl:s]]

It is convenient to label the events (vertices) of
the project network so that i<j if (i,j)is an

activity .

@D Ericker, Tof LA 2000
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step 0: let =0
Algorithm | step 1: find a vertex without an
I[f none, quit; else label
this vertex "j"

- step 2: increment j by 1 and go
Labelling 1
Fvents to step I.

@D Ericker, Tof LA 2000
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[[ Labelling Ihfenl:s]]

Only this node has no predecessor, so 1t 15 labelled O

X

@D Ericker, Tof LA 2000
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[[ Labelling Ihfenl:s]]

lgnoring node O, only this node has no predecessor
so 1t will be #1

@D Ericker, Tof LA 2000
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[[ Labelling Ihfenl:s]]

lgnoring nodes O and 1, only this node has no
predecessor

it will be #2

@D Ericker, Tof LA 2000
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[[ Labelling Ihfenl:s]]

lgnoring nodes O,1,&2, there are two nodes
having no predecessor, we choose one of them

arbitrarily to be
labelled #3

@D Ericker, Tof LA 2000
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[[ Labelling Ihfenl:s]]

Again, there are two nodes without predecessors,;
we will choose one arbitrarily to be #4

@D Ericker, Tof LA 2000
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[[Ilﬂhelling Ihfenl:s]] (i,i)is an arc |

... efc.

@D Ericker, Tof LA 2000
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Algorstim  Forwsnd Pess

ET(0)=0
For j=1 to
ETC]) =

maxET()+dy) |

T(i) = earliest time at which
event 1 can occur

A SETRES TR R
(7 7F is ar ae

@D Ericker, Tof LA 2000
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Computing

ETi(0)=0 Earliest Time

for Events

@D Bricker, TTof LA 2000
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Computing
Earliest Time
for Events

@D Ericker, Tof LA 2000
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Computing
Earliest Time
for Events

@D Ericker, Tof LA 2000
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Computing

Earliest Time

ET(3)

II]EI,}{{ET(U}+3, ET(2}+U} for Events
maxi 3,8} = 8§

S ECE e
Srrler verdey F

@D Ericker, Tof LA 2000
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Computing

Earliest Time
for Events
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Computing
Earliest Time
for Events

@D Ericker, Tof LA 2000
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Computing

ET(6)
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Earliest Time
for Events

@D Ericker, Tof LA 2000
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Critical Path Method

Computing

max{ET(4)+2, ET(6)+0, ET(5)+8}| cartiest time
max{ 12, 14, 20} - 20

for Events

ET(7)

J Gl rires
Sriar erdey o

@D Ericker, Tof LA 2000
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Computing

max{ET(1)+5, ET(7)+3] Earliest Time
max{ 10,23} =23

ET(8)

for Events

- S
Srrde e ey &

@D Bricker, TTof LA 2000
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And so the earhiest time for completion of the
project (event #8)is 23

@D Ericker, Tof LA 2000
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LT(i) = latest time at which  digaritim Ssciwsnd Sass
event 1 can occur if the LT(n) =ET(n)
project is to be completed | For i=n-1, n-2, ... 0|
in minimum time LT(i) =

miniLTCi)-d ]

(i,J0E &

A sEipres R
(L itisamane

@D Ericker, Tof LA 2000
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Computing
Latest Time
for Events

LT(8) = ET(8)

Il
=
L

@D Ericker, Tof LA 2000
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C ti
LT(7) = LT(8) - 3 = 20 Latest Time

for Events

@D Ericker, Tof LA 2000
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Computing

LT(6) = LT(7)-0=20 Latest Time

for Events

@D Bricker, TTof LA 2000
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Computing
12 Latest Time
for Events

LT(5) = LT(7) - &

@D Ericker, Tof LA 2000
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8/21/00

page 34

LT(4)

min{ LT(6)-4, LT(7)-2}
min{ 16,18} = 16

Computing
Latest Time
for Events

@D Ericker, Tof LA 2000
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LT(S} = LT(5} -4=8 Computing

Latest Time
for Events

@D Ericker, Tof LA 2000



Critical Path Method 8/21/00 page 36

LT(2) = min{LT(3)-0, LT(4)-2) Computing
. Latest Time
= ﬂllﬂ{S,l'ﬁ} =5 for Events

@D Ericker, Tof LA 2000
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LT(1)= min(LT(2)-3, LT(8)-5) Latost Time
_ min{5,18} _ 5 for Events

@D Ericker, Tof LA 2000
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LT(0)- min{LT(1)-5, LT(3)-3] Latest Time
= ﬂliﬂ{ﬂj} =0 for Events

@D Ericker, Tof LA 2000
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A7 LTI #E D Bhen S0 error Was madell

@D Ericker, Tof LA 2000
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For each aclivity, define:

Earliest start time ESCGi,j) = ETG)

Earliest finish time EFGi,j) = ETG) + dj;

Latest finish time LF(i,j) = LTC(j)

Latest start time LS(i,j) = LT(j) - dj;

@D Ericker, Tof LA 2000
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For each aclivity, define:
Total float TF(i,j) = LS(,j) - ESG,]))

STFRIINNTT POSSINE LIme 8V WiCh 1he 5iar .L?f
e FCLNTEV mEle Be Geiged, Wilhoul deigleing

LRe g iecl conuielion Line,
Free float FFG,j) = [ET(j) —dy 1 - ETG) |

FHFNINNTT POSSINE LINe 2V WCH The siart
mE e gelgved HF F successors siart #
Lheir £l Jised Lime

@D Ericker, Tof LA 2000
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|
ES{A) EF (&)

LF

page 42

Total Float
A

Free Float

LF

|
ESiG) EF(E)

e —
| FF(A)

TF(A)

@D Ericker, Tof LA 2000

If the start of A 15

+ delayed by more than

FF(A), the "free float",
then B cannot be
started at i1ts early
start time, ES(B)
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If the total float of an activity is zero,
i.e., its Early Start Time=Late Start Time,
then the activity is on the Critical Path

@D Ericker, Tof LA 2000
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8/21/00

Critical Path Method

TS = total slack = total float = "TF"

"FS" = free slack

free float = "FF°
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A delay in starting or
-3 < finishing an activity on

The Lritical Path the critical path will |

delay the entire project

@D Ericker, Tof LA 2000
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Linear Frogramming *odel

A

C

F

X end |

Define ¥; = starting time for activity |

@D Ericker, Tof LA 2000

Objective|

Minimize  Yend = Yoegin

page 46
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Constraints | For every predecessor requirement,
"~ we will have an inequality constraint:

For example, A must precede C° translates to

Yo 2 Ya + da

(S
AT LR Llerre Fow SCERE

where d, 15 the duration of activity A,

@D Ericker, Tof LA 2000
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LP Model MINTMize Yend = Ypegin

subjectto v, » ¥ pegin

HT?B 2 Tbegin
A C F e HTE[: 2 HT{“&‘ " d“é"
_ ' Yo 2 ¥Yg + dp
R,

B D E

>
VDEV.B'F dg

Yena 2 YF + dF
Yi unrestricted 1n sign

@D Ericker, Tof LA 2000
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Transferring |
all variables |
Lo the lefi-

hand-side

Now we wish o
write the Dual
al this £ P

@D Ericker, Tof LA 2000

8/21/00

Minimize Yend = Yhegin
subject to Ya - Yoegin2 0

Yg = Ybegin 2 O

Vi =Yg > dy
Yo =Yg > dg
Vo = Y4 > dy
V_D -y 2dg
Yeng = Y 2 df

¥ unrestricted in sign
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The Dual Variables

There will be a dual variable Xj; for
every precedence restriction of the

Form “activity 1 must precede activity |7

The Dual Objective

Maximize d.ﬂ.}{.ﬁ.E+dB:‘{BE+ +'jF}<FJen|:I

@D Ericker, Tof LA 2000



Critical Path Method 8/21/00

The Dual Constraints

There will be a dual constraint for every
variable in the primal;

For example, corresponding to variable Y,
15 the constraint:

Abegin, A ~ XAC T Aap = U

@D Ericker, Tof LA 2000



Critical Path Method 8/21/00 page 52

Maximize daXactdefgetdadap +oveoenoen +drME end
subject Lo
_}{I:uegin,.&. - }{I:legin,Ei = -]
}{I:uegin,.-ﬁ-. — AaC ~ AAD =0
}{negin,a — ABC ~ MED =0
A AL + ABC - AcF =0
A AD + Xep — Aoe =0

The Dual

r&‘{F,enu:l =1

Xij 2 0w (i,])

LP

@D Ericker, Tof LA 2000
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Ha}{imize dﬁHﬁE+dEHEE+dﬁHﬁD + o +dFHF,EI'IE|

subject to
—Abegind ~ Shegin B = -]
Hbegin,ﬁ - }{ﬁt - HﬁD =10
Abegin,E - ¥ec — HBD =0
AAC + KEC - XCF =0
Al + KED - HDE =0
The constraints of the HF and o
dual LP are conserwvation ®ijz0%(i]]
of flow equations for the A C = ond

AOMN network;

@D Ericker, Tof LA 2000
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Ha}{imize dﬁHﬁE+dEHEE+dﬁHﬁD + o +dFHF,EI'IE|
subject to

_Hhegin,ﬁ - Hhegin,Eﬁ -
Abegin A — AaC — AaD =0
Abegin,E - ¥ec — HBD =0

P + HeC - AcF =0

A + XED - HDE =0

el
-
-
o
o
=4
|
—

The dual LP 15 the | q

problem of finding | P Kall pe A F ==>{(end )
the Jongest path | s g de
through the network | B
from "begin” to "end” |

@D Ericker, Tof LA 2000
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Immediate Normal
Job| Predecessori{s)| time
A none !
B none =)
C none o
D none !
E A, &)
F C, H 7
(5 E <
H E E 5
I C, H &)
J H <
k. (2, H <
L . 2
[ O F 5

@D Ericker, Tof LA 2000

page 56

@ Draw o hetwork
for the project

® dletermine the
criftical path &
project duration,
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L fraw the A-0-4 network -
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Lraw the A-0-4 nelwork corresponding o Lhe

=L AN nelwork belfow... & Find the earfiest -
< complelion Lime for the

Er

Vi praject.
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4 pipeline construction project

8/21/00

fmmedisie
Fask Description predecessoris? Fime
A Lead time none 10
B Equipment to site A 20
C Get pipe A 40
D Get valve A 28
E Lay out line B g
F Excavate E 30
G Test pipe C 3
H Lay pipe F.G 24
I Concrete work H 12
J Install valve D 10
K Test pipe I.J 6
L Cover pipe I,J 10
M Clean up K.L 4
N Complete valve work |,J b
o0 Leave site M.N £

Ka

@D Ericker, Tof LA 2000
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