(6.3) Curvilinear Coordinate Systems

The Navier Stokes equations are usually derived using cartesian coordinates; however, for many
applications more general curvilinear coordinates systems are beneficial to both describe the
flow geometry/boundaries and for ease in imposing the boundary conditions. For many
analytical solutions orthogonal curvilinear coordinates are used whereas for CFD nonorthogonal
coordinates are mostly used however some research CFD codes use orthogonal curvilinear
coordinates. The transformation from cartesian to curvilinear coordinates can be done using
both vector and tensor analysis. Here, a vector approach has been used with focus on
orthogonal curvilinear coordinates as it lends itself to more physical insight. See Stern et al.
(1986) and Richmond et al. (1986) for details of vector and tensor approaches for
nonorthogonal curvilinear coordinates.
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1. Cartesian Coordinates

The governing equations are usually derived using the most basic coordinate system, i.e.,
Cartesian coordinates:

X =Xi + yj + zk
of » of » of »

grad f =Vf = —i+—j+—K
OX oy oz
divF=v.F=1 9 R
ox oy oz
i j k
curIF=VxF=£ ﬁ ﬁ
ox oy oz
F F K
2 2 2
Laplacian=V2f=a I+6 ‘;+a :
ox*  oy- oz



Example: incompressible flow equations with V = ui +vj+wk

V-V=0
p%\t/:—v(p+yz)+yv \Y,

p(%+v VVJ:—V(p+yz)+uV2V

p{%/Jr;V(V V) me}=—V(p+7z)+,u[V(V-V)—V><(x)]

0=VxV

V(V-V)=0 is retained to keep the complete the vector identity for v*v. once the equations are

expressed in vector invariant form (as above) they can be transformed into any convenient
coordinate system through the use of appropriate definitions for the vector operators v,v-,Vx,

and v?. Useful gradient vector differentiation formulas as follows.

V-(fa) =f(V-a)+(Vf)-a
V X(fa) =f(V><a) (Vf)Xa
V:(axb) =b.(VXxa)-a-(VXxb),
VX (axb) =a(V-b)+(b-V)a-b(V-a)-

(37) b:

V(a-b) = (a.v) b+(b-V)a+ax (VXxb)+bx(VXxa),

VX (Vf) =0,

V:(VUxa) =0,
VX(VXa) =V (V-a)-(V:V) a,
VX =3

Vexa=—10%

(a-V)x = a.

Proofs are provided by G. E. Hay, Vector and Tensor Analysis, Dover Publications, Inc. 1953



The Navier-Stokes Equations
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For rectangular coordinates (see the figure in the margin) the results are
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In terms of cylindrical polar coordinates (see the figure in the margin), the Navier-Stokes

equations can be written as
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Stress-Deformation Relationships

For incompressible Newtonian fluids it is known that the stresses are linearly related to the rates of
deformation and can be expressed in Cartesian coordinates as (for normal stresses)

0
ox 5
L ‘ |
O = =p't /‘ay 'o:

4 V | O"_—+2a—w | : |
| 2z p Ilaz | =

-
. el
(for shearing stresses) p=-3log+oy+oy)

1 ‘ = 2 < ou & av)
g dy ox For Newtonian

__ fov  ow i " fluids, stresses are

Ty =Ty = U ';3; = 5; linearly related to

11 the rate of strain.
1 ow | du
Tax T Ty = K _()—;_*_5;

In cylindrical polar coordinates the stresses for incompressible Newtonian fluids are expressed
as (for normal stresses)

v

! dv,
Orr —p+2u or
'l 1 al)g v,
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(for shearing stresses)
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2. Orthogonal curvilinear coordinate systems

Suppose that the Cartesian coordinates (x,y,z) are expressed in terms of the new coordinates
(%.,%,%) by the equations

X=X(X1,X2,X3)
y=Y(%X, %, %)
Z=7(X, X, X;)

where it is assumed that the correspondence is unique and that the inverse mapping exists.

A conformal map acting on a &
rectangular grid. Note that the
orthogonality of the curved grid is
retained

Figures above show cartesian and orthogonal curvilinear coordinate systems and conformal
mapping followed by table below of typical analytical orthogonal curvilinear coordinate
systems from https://en.wikipedia.org/wiki/Orthogonal _coordinates.

For example, circular cylindrical coordinates (x,,x,,x,)=(r,6,2)

X=rcosd
y=rsing
1=12

I.e., at any pointP, x,_ curve is a straight line, x, curve is a circle, and the x, curve is a straight
line, i.e.

f=tany/x

1=12


https://en.wikipedia.org/wiki/Orthogonal_coordinates

Table of orthogonal coordinates | edit |

Besides the usual cartesian coordinates, several others are tabulated below.[®! Interval notation is used for compactness in the coordinates column.

Curvillinear coordinates (g4, gz. g3)

Transformation from cartesian (x,
y.2)

Scale factors

Spherical polar coordinates x = rsinfcos ¢ hy =1

) Yy = rsinfsin ¢ hy =1

2] 0 1] 0,2 .
(r,6,6) € [0,00) x [0,7] x [0,27) SO P — sl
Cylindrical polar coordinates &= r:_""i hy=hs =1
= Tsin
(r,6,2) € [0,00) x [0,27) x (~00,00) | ¥ " hy=r
Parabolic cylindrical coordinates &= l(“2 - ”2)
Y 2 .’u=h2=\ju§+v2
(u, v, 2) € (—o00,00) x [0,00) x (—o0,00) | ¥ =uv hy =1
=2

Parabolic coordinates

T = urcosd
Y = uvsing

hy = ha =\,.-f‘i.a‘?+1,'2

(u, v, ¢) € [0,00) x [0,00) x [0,2r) z:%( s hs = 1
Paraboloidal coordinates 2 N 2 25+ q
(A py2) g —a? g — b g T (gi — a:)(ge — a:)

A<t <p<a® <wv

where (g1, 2, @3) = (A, p1,v)

2 (a® —q)(0? — @)

E|||p30\[jﬁ| coordinates
(A p,v)

A< < b <d?,
¢ < pu< b <adl,
& < b <v<al,

2 2 2
T z
+-L 4 — il
B — g

where (1,2, q3) = (A p, )

a? — g et —q;

(g — @)@ — @)

n l\/
T2 (a? —qi)(¥* — q:)(e* — ai)

Elliptic cylindrical coordinates

(u,v, z) € [0,00) x [0,27) x (—o0,00)

& = acoshucosv
y = asinhusinw
z=1z

hy = hy = aV sinh?® u + sin® v

hy=1

Prolate spheroidal coordinates

(& m: ) € [0,00) x [0, 7] x [0,27)

& = asinh £ sinncos ¢
y = asinh {sinnsin ¢
z=acosh&cosy

hy = hy = ay/sinh? £ +sin® n

hy = asinhsinn

Oblate spheroidal coordinates

€ 9) € 0,00) x [-3, 7] x [0,2m)

@ = acosh £ cosn cos ¢
y = acoshf cosnsing

hy = hy = ay/sinh® £ +sin®

2 z = asinh&sing hy = acoshécosn
asinh v
Bipolar cylindrical coordinates "~ coshv — cosu hy = hy = a
(w,v,2) € [0,27) x ( ) % ( y| y= 2508 coshv — cosu
u, v, z) € |0,2m) X 00,00} X 00,00} | Y cosho — cosu hy =1
z=2z
asinh vecos ¢
="

) ) coshv — cosu B — R — a
Toroidal coordinates _asinhusing L R S
(u,v,) € (—m,m] x [0,00) x [0,27) Y= Coshv cosu hy = asinhv

. asinu coshv — cosu
coshv — cosu
asinucos ¢
= —

) ) ) coshv — cosu he — by — a
Bispherical coordinates B asinusind) 1 2 coshs _cosu
(u, v, ) € (—m, 7] x [0,00) x [0,27) y= NG — G hy = asinu

e asinhv coshv — cosu
 coshv — cosu
Auv
I=— _
Conical coordinates ab =1 ) )
eyl A -y —at) | AW )
V< B < <at Y= a? — 12 (p* — a?)(b* — u*)
<0< pt<a )\2(”2_”2)
A€ [0,00) A (2 =02 —0?) B2 —
=y | — (2 —a?)(1? = 1?)
b by —q?




The position vector of a point P in space is

R =Xi+Yj+zK

R =(rcosd)i+(rsind)j+(z)k for cylindrical coordinates
A vector tangent to the x,_curve is given by:

R, =x,i+y,J+zk (Subscript denotes partial differentiation)

R, =cosdi +sindj
Similarly, for x, and X3

R, =—rsinéi+rcosdj
R, =k

So that the unit vectors tangent to the x. curve are

X; RX A X;
e =—>=-, e, =—=, g, =—
' hl ’ h2 ’ h3
Where h = ‘Rx. are called the metric coefficients or scale factors

h =1, h,=r, h, =1 for cylindrical coordinates

The arc length along a curve in any direction is given by

ds? = dR - dR = h?dx? + h2dx2 + h2dx’

. : 0, 1 ]
Since dR =R, dx, =hdx¢é,, R, =hé andx are orthogonal, i.e., & -¢ :{1 :jj
On the surface x, =constant, the vector element of surface area is given by

ds, =dR, xdR; = h,dx,&, x h,dx.,&, =& h,h,dx,dx,

Where since x are orthogonal
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A

€

é, x8,

and -é, =é,xé,, -6, =& xé,and —&, =&, xé since axb=-bxa

With similar results for x, and x, =constant

ds, =dR, xdR, =&,h;hdx,dx,
ds

, =0R, xdR, =&,h h,dxdx,
An element of volume is given by the triple product

dV =ds,-dR, =dR, xdR, -dR, = (hdxé, xh,dx.&, )- h,dx,&, = hh,h,dx,dx,dx,
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3. Differential operators in orthogonal curvilinear coordinate systems
With the above in hand, we now proceed to obtain the desired vector operators

3.1 Gradient vf ziiél+iﬂéz+iﬂé3
hoox = hox, = hydx

By definition: df =vf-dR = f dx,
If we temporarily write Vf = 28, + 2,¢, + 48, and using dR =R, dx, = hdxg,
Then by comparison

df = f,dx = Ahdx,

Lo
hi 8Xi
10, 10, 10,
V=——8&+——8&,+——8¢,
hox = hox, = hox
o, 10, 0, e .
V=—& +-—=8&,+—=& for cylindrical coordinates
or roo oz
&
Note vx, :FI:RX'

By definition (curl(grad f)=0)

A

By definition (V-(Vf xvg)=0)
el
h, hshy hh,

1
hhh,

. 0 0 0
3.2 Divergence V-F= {&(hzhﬁhgz(hsth)+87(htha)}

3

V-E=V.(F&)+V-(F8,)+V-(Fé,)



R é
v'(Flel) = V-{h2h3Fl [ﬁ

23

= hi -V(h,h;F,) using V(S}sz-[iajzv{%lzo
1

" M)

H using V-(eu)=¢V-u+u-Ve

Treating the other terms in a similar manner results in

e 1
hh,h,
v.le[a )+ F2)+g(rF3)}

%(hzhza)%mmah%(mma)}

o (Fr5(R)+g,

10 10 0 . .
=-—2(rE)+=—(F,)+—(F,) for cylindrical coordinates
rar(r l)Jrraﬁ( 2)+82( :) y

hlél h2é2 h3é3
1L ]2 o 2
hhh 10x 0%, Ox

hF o hF hiFR
VxF=Vx(F&)+Vx(Fg,)+Vx(F&,)

Vx(Flél):V{(thl)[%H

3.3Curl VxF=

=—%><V(thl) using Vx(gu)=¢gVxu+Vexu (Voxu=—-UxVe)and Vx%:O
Ay, g,

- L () ()

=ﬁ{hzézai;3—h3é3ai;j(mﬁ)

hlél h2é2 h3é3

__t | o 29
h1h2h3 aXl aXZ aX3
thl h2F2 hSFS

VxF
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VxF =

= |k
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§ for cylindrical coordinates
pA

[ S

h
__1 |0f(hh o) ofhh 0] 0ofhh o
hhh | ox\ h ox ) ox( h, ox,) ox;{ hy Ox,
vl i(&}i[li}ﬁ(&j
rior\ or) o00\rof) oz Z

15)
16( 8) 16(18j 18( aj
= |r=—|+-—=—|=—|+==|r—
ror\ or r oo\ r o0 roz\ oz

3.5 Laplacian acting on a vector V’F=V(V-F)-Vx(VxF)
10, 10, 10,

Using V=——8& +——8&,+——8&,
hoox = hox = hydx

1 0 0 0
hlhzhs{@mmawa—&(mnaw&mma)}
V(V-F)=

and V-F =

0 0

10 1 0 n
Ea_xl{m{a(hzhsﬁ)"‘a_xz(hsmlzz)‘Fgg}(hlhzlzs)ﬂel

1 [ o 8 8 \
< Z(hhF)+——(hhF,)+—(hhF

a , hlh2h3 _axl( 23 l)+aX2 (hShl 2)+8X3 (hl 2 3)__e2
E

0
X
0 1 0 0
X

0
—(h,h,F)+—(h,h F, )+ —(hh F 2
3_hlhzh3_ax1( 23 l)Jréxz( afl 2)+8x3(h1 2 3) %

1
h2
1
+—
h, |

hé he, he;
1 0 0 0

hhh|ox,  ox,  ox,
hF hF, hF,

Using VxF =
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Combining those two terms gives

VIF=V(V-F)-Vx(VxF)=

éaihéh[%m oo
e ]S on ]
+hi28i{hlhlh { 0 (ehyf) +- (h3h1F2 + 2 (hh, F)H

rfhi {hha 5 D ( il (“F)m

_{hlhh { d (hhF) +- (hthz n S(hth)ﬂ

- Lil[rf;iai (0 (0, )D—ax [hr; Zw)-2 <h2Fz>mé3

3

\Q) %\@

o))
X

[ §’|® ;

Q)Q)

For cylindrical coordinates(r,6,z) .h, =h =1, h,=h, =r, h,=h, =1, and use the definition of
Laplacian operator acting on a scalar v*f

2 16( 8) 8[18} 8[ 8)
Vif=2| = r=—|+—| == |+=—|r—
or\_ or) o00\ro6) oz\ oz

16( 6) 1 0% &
r— |+t
ror\ or r-o00° oz
_18 0> 1 o &P

— =
ror or® r’o00* 0z°
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4. Derivatives of the unit vectors in orthogonal curvilinear coordinate systems

The last topic to be discussed concerning curvilinear coordinates is the procedure to obtain the

A

derivatives of the unit vectors, i.e. iéi =&,

OX j

Such gquantities are required, for example, in obtaining the rate-of-strain and rotation tensor
e =VV

& =%(eij +6] ) :%(VV+VV)

15



ij ij

1 1
@ :E(e-- —eT):E(VV—VV)

To simplify the notation, we define:

R, =r, R,=hé-=r

iRX_ =r; and ihi =h;
OX i OX.

j j

Note that r;; is symmetric, i.e. r; =r;

= hlel
r,= hzez
r;= hses

Bl T B

Bl B T

R [
oo L

s = S

S

w N -

=11

> h= _hlhl3



4.2 Derivation of &,, =—

-I’2:h22

oY N

T = hzhzz

oy

= hz h21

oy

T = hz hzs

4.3 Derivation of &, =-

2
- = hs
-y = h3h31
-1y = h3h32

3T = hshsa
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>l = h3h32
hhy, . hhy, A L
M3 =— hllel_ h32 e2+hsae3:h33e3+h3833
b
— & __&él__zéz
h = h
. . . h . R
4.4 Derivation of &, =28, &, =228,
3 hz

0
Lr,=0—>—(r-r,)=r,r,+r-r,=0
3

0
r2-r3:Oaa(rz-rs)zrﬂ-rﬁrz-r31=0

0
r3-rl:Oag(re,-rl):r&-rl+r3-r12:0
2

(3)-(2)=0

I 1 =1, 1 =0
=00y
Dl =11y
—>r, =0

r, =aé +bé, +cé, =h,e, +he,
I, =aé, +bé, +cé, =h,8e, + e,
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(2)-(1)=0
=TT =0
Iy =101
Iy =00,
—>r,r,=0

M, = h21e2 + hzezl
= hlzel + hzlez

;= h13é1 + h1é13
;= hlSél + h31é3

19



= h31é3 + h3é31

M =03 = hl3él + hSléS

A hs A

g, =28
SN

3

5. Incompressible N-S equations in orthogonal curvilinear coordinate systems
5.1 Continuity equation V-V =0

Since V.F=—— {i(hzhgﬁ)+6%(h3h1|:2)+6%(h1h2':3)}

hhphg [ 9%

and V =vg, +V,8, +V.&,

hll,tha {%(hzhsvl)"'ai;z(hahlvz)"'ai;?’(hlhzvs):| =0

V-V=

5.2 Momentum equation%v+(v-v)v = —le+VV2V, (where p piezometric pressure)
P

SinceV =vg, +v,8, +v.&,, we can expand the momentum equation term by term

Local derivative % = %él +%é2 +%@3

Convective derivative (V-V)V
Since V =vg +v,8, +v,é, and vy 0 V. 0 Vs O
hl axl h2 a)(2 h3 aXS
(V-V)V=(V-V)(vé)+(V-V) (v, ) +(V-V)(vs&;)

)

=ﬁ8(vlél) v, a(vlel) +v_38(v1e1)
h ox h ox h ox
V, OV, . V\V, 08 V . VLV, 08 V,0V, . V.V, 08
=1 Tyt T 2 Mg (BN BT (BT
h.l. Xl hl axil. h2 aXZ h2 aXZ h3 6)(3 h3 6)(3
:(ﬁ%ﬂ_z%ﬂ_a% éﬁ(vlvl An+ﬂ%+ﬁém}
hl axl h2 aXZ h3 X3 hl h2 h3



+ﬂ[hé2j+ﬂ[_lé3j
h, Uh hy \ hy
:(ﬁ%+v_2%+v_3% A +£v2vlh21_vlvlhl?_Jé +(V3V1h31_V1V1h13
1 2
h ox  h,ox, hyox, hh,  hh, hh  hh
(V-V)(ve,) =
=ﬁa(v2é2) v_za(vzéz) ﬁa(vzéz)
hl 6)(1 h2 aXZ h3 ax?:
Vi Qg MV By Ny Ny VoVy By Vo DNy Ve OF,
h.l.axl hl axl h2 aXZ h2 aXZ h36X3 h3 aXS
:[%%4_\/_2%4_\/_3%]@24_\/1\/2 "21+V;]V2 é22+V;]V2 ézs
Xl 2 XZ 3 X3 2 3
[y Vo Ny Vo DV, |y Ve | P
hl Xi 2 2 h3 3 hl h2
Vo [ Mg Mg |, VaVa[ Py
h hlel h ) h L,
2 3 3 2
:(vlvzhu vzvzhﬂJé vy v, v, ), (vahy Vvhy ),
hth h2hl ' hl axi h2 X2 h3 aX3 ’ h2h3 h2h3
(V-V)(v8;)=
v 0 Vis) v, O(Vebs) v, O(Veby)
h ~ ox h, 0x, h, 0Ox,
:ﬁ%é3+vlvsa_és Vo Mg %a_ésﬂ_s%és ViVs OBy
hl X1 hl aXl h2 aXZ h2 aXZ h3 a)(3 hB a)(3
— ﬁ%_{_v_z%_{_v_?}% é3+V1V3 é31+V2V3 é32_|_v3v3 é33
hl axi h2 aX2 h3 ax?: hl h2 h3
:(ﬁ%ﬂ_z%&%]ﬂs+ﬁ(gélj+%[@(ﬂ
h o h,0x, h;ox h \ h, h, \h,
+ﬁ(_&é _hézj
h = h




_ Vlv3h13 _V3V3h31 A V2V3h23 _V3V3h32 A ﬁ% V_2% V_s% 2
e + e, + + + e,
hlh3 h3hl h2h3 h3h2 hl axl 2 2 3 aXS
Pressure gradient vp :£@é1+i@é2 +i@é3
hl Xl h2 2 h3 3
Viscous term v?Vv
VAV =
1o 1 |0 0
-=- 2 —(h,h h —(hh :
L2 ] e 2 )
1|0 h|o 0 o h | o 0 5
_ LB Y (hv )= A _Y
hzhs {6X2 h1h2 {8&( ZVZ) 0 2(h1 J}j axs(hlha {axs(hl\ﬁ) axl(hsvs)}j}eﬁ
10| 1 |0 0 0
— —(h,hyv, ) +—(h —(hh
", ox, hlhzhia (o) o (P )+ 2-( ZV"’)HeZ

5.2.1 Combine terms in ¢, direction to get momentum equation in é, direction
%+ﬁ%+ﬁ%+v_3%+vlvzhlz _V2V2h21 +V1V3h13 _V3V3h31
at hl aXl hZ aXZ h3 aX3 h1h2 h2hl hth h3hl
110p

- phox

10| 1 |o 0 0
*Vw{w}g{a—xﬁ“z“s“l’*&<“3“V2’*&<““2V3)ﬂ

“slElRlEe-Eo]- o]

5.2.2 Combine terms in &, direction to get momentum equation in ¢, direction
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Ny Vi Vv, VOV, V% Vs Y, VoVshy Vv
at hlh2 hth hl 8)(1 hZ aX2 h3 aXS h2h3 h3h2

10| 1 |o 0
', % {hlhh{ (eha)+ 2<h3m2)+6_xsmhzv3)ﬂ

G e

5.2.3 Combine terms in &, direction to get momentum equation in &, direction
Ny N Vil vivihyg N VoVoha, W,V h23 Vv, OV, LV oV, Vs oV,
a hhy hho hA hho hoax hax hox

b 22 () Z () )|

23



v A S A NNy Blsger I Cnvndmse &vv\mﬂ

B gl ' )
oo D s [y olian

L MQL\«J}“‘ V o= »txef vof

PP S SN0 S X A OB &;.-J\G, Sviantay vla
X g s o B R BT = B s e \

& oy Shaa fg e o4

)

w\«-’—U- by J\i P a'\-k S"\MMJ\'\I(L AJ\‘

A e ks 4 ba dbre i

N ol ve /u&inbjif z:&MA L. &ws‘;e\r

« L S | - 2 S P ” _-—L A4 p AN
e‘“a‘ DN ‘i'—;‘ A b L i-u.i-' Z".L— L(éu '\’ci‘\bx

Wi =T Wiz 3;_(\4;"‘ — €3 L\I

@m-@evw e N*‘—'-/\O\f QQA)\(VV\

WL

e = T?T Con SN2 5'94/\\\;‘_.)\‘ ‘Sﬁds\'\ C\JW&«\&

\:—\ M"‘\M A\K‘ MAI‘V\E—&:&V\ Q‘ A )\ﬁ;g:\

'Pf\& [PV WL T N P L - muﬁg—-\ oﬂ

)\/L_....)\ Aot ek :E&_A_&g._uﬁmm__

M__\A_A,:\,g__zﬂd_ﬁg,&_m__ﬁ_m@wr_
o bt SoAA emin s

24



DL G alervvxa_é-vx-t_, o AR S ﬂo = :‘

N . y D’ — =
d
S g donse M L#‘ U dy dt //
D ?y & —_—
/ -
= MMCGA;—UL‘ w4 T I A 7 Time, t+ dt
&
v v ’ > :
”‘)\ W oy vk Z‘_ < dy+®dydt 7 G
A ] & 2 s [ ———
7 oV
— dx dt
\.— l // da axdx
o S Rt DA AN, 5l uat
' = il P
. . X + — dx
e Nove. Ao na A Time, ¢ D ox
\ 7 —_—
/// vdt
dy // P
' 45/0/’
1— - ( My(_* \«1,@-\/‘—.‘ B 745° c x
Vo= w4 wy R s
=Tl — FIGURE 1-14 AR
A & Ja Distortion of a moving fiuid element.
= AU % 5=
s =%

Aot d i Re (Ad) A RS (=AR)

A)w.nﬂq‘ = or\S

. PN =
AOL:UQAA)C’:\Eb &E -\ (ﬁ_—}-— ; - A}XA' 'LQNA:%
T8 ARNT
e e
da=fima Yoo Bedade - wg Qe R
P oy Ay N L
A . t
Sy )
yoIe . ' Sl e LA
s S g G IR S Ao
X \ A&\W"T:v*&_
i

25



W =L - IxV = obxt-*w\aQ‘-\—d-g’)\.

Smxﬁc/._«,\‘,ﬁx thw)\-u_, G’W%)/v_ﬂ‘.\r ,\)'CRO(AG ,J\‘

"”b‘/xﬂ)\“/ é@/w\‘—e'\nnzv\)\-'\_

ke, s V=d =3 gonen, U Y¥V =0

= S/\u«\/sl—@,\= NeAeq o AQNM_Q—&O‘VL(/QL,

\'*A(\'?M'lrb-rt ,QJ-AA‘.DLA—O

Ao o ae Xk &

Zxy = . Q‘é&.* )ﬁg\ i \—’b\é\'

2-‘2’,2:: '\'i(‘*“}{ *“‘L—k\ e T \?_K/U\t'\- \:XS

wale * oi=F5L - len

L\f. EX;‘««M S‘*\—-.:.N\“: W"‘“"""‘"“"’\ .,ch(,,g\\

Ax A AxARIT — Ay

: Z = -
o 4 AN TR TO |
% | % :B:'
= A z = B = LS”
% T “‘er- z-_%a_— =



Wit ={ 0 =% o \=-—Wii
) ) A N N
s o = W = 2—3(.-\-7,41'\ X < A
=
002 | B Iy e | = 3y
¥

{’bhx 4.-3(0\', f_j‘%i \

2evw Ziq Z2a

e \ i i ‘\
Ci=37 - L Wy = -3——k Tl =) *’%‘.(\45—5"6'\&/

T

2. M&V\& \l\"\‘“&'vav\‘ J“A\\ﬂ)\—wv\ Q-L'(

T & i‘\"li
% X
A QX
KX E & \'I 6’\“". ’\4<-—Qoa)\ cﬁ E ‘(-4/ VOAAWW"&\ %
‘ P To—vgw A e
E T Ak & o dy aka A TRy Ay e
- & ‘)\ AY\L A am -
& 1\ o
A= .
Y
rtehore N s Vi gl = PRI Uz = 8 Mg Mxi eh;
w&—.’,‘m ' >

= v\ A = Ayx \-:7_\_;_“\"

27



z t -
VAT 2 My sy g A
U
/B‘\‘ ~2 oy S A\’
a' -
Wy wWa W AL
[
Nt Ay e Ve My Bw WDy
& f
TN Al LN
d B o

MG D mq = V1 UL Ang
\.q(——‘ N
A
- N

ww&_%&&md%

v do Yhaow . N glaheTs
eci= QY eu=v'l=\yg
5. = 29y 4ot L = %.(\’),\g.—vg\

: 7

r(D\} Ty Ua
DL N
LIy 'S M)E-k

28



|

gx_ Loy VA !LQAA_% e \nst \a Mm oty

—_—

___m,,_ml_awcq_&a\r ,,‘\e.

2 . O
Vi = ViR, = V.\ﬂ\;?;‘ o
I ar
N et
i . N \ N = A{-_\
"‘v-\"'\L“r’U\lV\‘CL: \\,\;'\. \

g >

‘%J’\ Crdatinie, Comdind s V\“EL =0 y N

WA C\MaQQ—\ x/v\ &,u/\/\xoﬂ‘\'&—h m“‘kﬂz&h\_

¢ ]
S R i U
b

‘__,EM\L:L__,L%&’, C)A‘I\J\\\IW\I i &G@qu

- TV = [ o ~"\ oviz[a A WY\
* AP = pgil o v ¢ L |
W ¢ 4‘_1 4 o5 :lcj

29



&= Wi

S=u~2‘, =%y

A= Vy e = u?r 'Sf'='9'§:

’

W=Vy c=w A=0a
\ —~ =
zZ :.'\ = 5 |\ TR "'\XA""‘X Uy u)y"\ =z L]:L 6t £ ¢\l_\ e b
) o]
1
gty LVN Bt 5 N W
U h1} [e] :
Ortny  wiAey Twi | \_ é' Wooe!
: IR . L o
Ol =l © ’L&%—‘l})‘ WUy —WOx \ * 7—-( o ’S‘" %‘
A= O AG 2. = I -5 &) \«\“
& R " \
Wy = Uge b3~ By o M l
- <
: A’ =re $e A 5" 8-
S \ =20 <tz aab gVa o=\
. [4)
el A We Sxi Ws =
[
i e V-
| OV&?«M—L CA’V\ Niasr C:u\ Jwv.«"\tq_
oA ~ A )
N = @ +y @) + Ugeq W
i) o~ L ) Lo ,L‘:b,.o =
'q = A‘:A K—V;{:\ -* Y m:"yﬂ'é’k..l( \i\l'ﬁ\l%(x ey
A D A DA “ - ~ "&
g s [ A e at 5 Cr \415‘,{@3—[{%\6‘ 4908, & gy
L PN “ A N
= W, SN, \w\e\ A 98, A Ls;{a:\ e, |
s
; .;.S- ?ﬂ <
S RS 'DY;_( ) €o e
A~
o
A \41“ "b\l:s ( 3 ﬁ.ﬁ A

30



£ e 25 2. A ~ P\
z, ’t\-\ TV &’w—\e\\ Y XY K’“’L'eﬂl L %\ Q‘&S g \_l
3 | BTN (2 Q\ 'B\tlQﬁLel\ S N L"s‘ses\
R A1 B ) B ]
2 || we | S (84 XN Dxg 24
~ U Oy & 5o
= T\\\ ™€ LSy & Xy e,_.u},_e,_‘ \
e
+ o2 8y
~
4 V4 y 93 Gy,
t—D@ ~ N “‘\ 7 - Cd
s \"\Y— e e es\_
w \,\3
. 7
&R, A L\ ~ \
i —ﬁl 'Q'L +\$LK_’\Z:' e’\
! h,,
- ~ \
<+ = QJ o ’\55 K e
'S
1
Nl G..\.-— ((-D_El 1('\\7_, \\\ N
el Ty L\ py Ve —=F "\"9‘3—;\£\
1 { Y b~ 5 § 2 4 57~ VY * )
| \'\\1_ D& )
o R e S,
N
| LN
| : 20N y
| + (Cohe 2% e, |\
1; hz DX L

31



~ FEY A ) D\ g A A
e, —k\: X Yy =4 EEVE e "-D—s QLJ" 07’67—7—- s —‘35‘7_{5*&5 Qz:\
o v Z e
Ll ey o lf\r-\\’\ N8 S _ha s N "\
‘CK o A (’T“ S * ‘m‘m_‘b*"‘bk o M
v
o = es+u—3 T 6’7;
= b : =
20— B he ‘\o\ Q P uuy 2
€ 1'\7,\ T, — 0l M NGy LA B Rl F YR L
= b A% 1 ) P
Z
& P
=X
—As \'\13 —-“\ \\
_\-( t = Y . €
L2 % & J
y A A._ o) A ~ ey A e . 79 —\
T €y \'\\X o2 S\ it Tt 5. W Bxa g Y V2 €in Y2 23““"3@33__
v \\‘/ v Wi 3l
\ Dy S S\ Al o ~ BBz A
‘T\__,)‘ Tz o\ et T SR e Wl S v :\';\ 3 " Na8 —
A2 (- 8
SY3 \,\\ /'\
-—\.\33 e
- Ao
> +
w | 2\ x PO e [5
el My D= gy oty i\ ke,
& \AQY\\UV\ — — & LA o T £
YN QK W ’ “bl- L3
Wy \'\17_. 2225 \
~ ((U- B €.
= 23N cvs; iy
w»

32



" + g7
g = ‘:‘; ‘bfg - "*!k‘“\ vaﬁ‘j—\) =4
)\ hrid 3 T 4 b
=y 2.3 L‘ ‘% "‘}‘\%‘L\i\ ‘—\;1_.0‘%\,""“-\“%—‘) = Asl= b4l
& ——
K ‘g B '\T\' k.b—%%-\ ——194 L—‘f—j\’ * l‘;\-:a K\%s _b;i \A\_A‘;_\_) it ek
5
e e R L ] e
S S

LAY

{/5 »\, RLK W \I‘\TL'_‘C% \&&\

= _Z-_-b‘_‘i.\- T\“ \«\7,:\9-\ A %ﬂf_ DIB-L — \'n_ "\L\UL,

—
il k”\“b "‘\‘«s S Wihg
_ b\ﬂ':.. \-\\1.. \ SS9 ey \‘
‘f\\ 7o > T o ‘:——\( o T,.‘ \ Ve

= “:%n AR \‘%‘\,

33



C-}S,Qf\AV\AA»Q M‘,\\.{,“

ST z*-t\ N (‘/l@lz\

Lz
13\
DOV
Zy=jta=aw= =7
2 Y
{Q@:JZ:L&:-Q:—SV -—7—;—.\.@\(\
v /
= - D%
f-n—=L7_'L'1‘ o ;’—%E
L M%e L (e ‘\
zr@L=$_g.<:?r ¥ 2 \s= "9“\
AT mee v
€2 = ’-\ i '\"“"?._._X
LA (asx\ | o%e
far= T LV ()~ TF
\ __"Lﬂv } A NN\’ D™
[t L — S o
<fli= 5-A = "C’DG -—U‘La\— v = ¥ 35 Q‘%*sv
S .
b EVY 35, Lo e
v & S S o
S{\I - L,.\,\ = —5—:- ———-'b — 7—'.».3(9} v WV
‘-’\i%.y.-bl,ﬁ
v | D
DV ‘L_bﬁ%
t G~
\\‘ - v e 203\/‘ = —Z—(Df

34



6. Example: Incompressible N-S equations in cylindrical polar systems

6.1 Continuity equation v-V =0 in cylindrical coordinates (r,,z)
For cylindrical coordinates(r,6,z),h,=h =1, h,=h,=r, h;=h,=1

1[ o 0 0
vV.V==2| = = = =0
r[ar(rv')+ae(V9)+az(rVZ)}
19 10 0

_ 29 w)+Z(v)=0

6.2 Momentum equation 86—\:+(V-V)V:—1Vp+vvzv in cylindrical coordinates(r,6,z)
Yo,
For cylindrical coordinates(r,6,z),h =h =1, h,=h,=r, hy=h,=1andonly h,, =h, =1, all
others are zero.

6.2.1 The r-momentum equation:

2
N,y ey Vo vz%—v—ez—i@+v[v2vr—%v,—%%j
ot or r o6 oz r p or r r- oo

6.2.2 The -momentum equation:
%+£Vrve+Vr%+v—9%+vz%——i@+v(vzﬁ F2 +£%j
ot r o r 06 oz pr oo

r’ r?o0

6.2.3 The z-momentum equation:

ov, ov, V, 0V, ov, 10p 2
+V, +— +V, =———+Wy,
ot or r 06 oz p Oz
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7. Overview extensions for nonorthogonal curvilinear coordinates

The Reynolds, continuity, turbulent-kinetic-energy k, and its dissipa-
tlon-rate € equatlons for steady incompressible flow can be written in the

following vector form:

ZVEY - Txo = =7 p/o +9(7-T) - Vo)

-7 - Viv,j + (vi) Vev (IV-1)
V-V =0 (IV-2)
vt -
VeVk =0 (—Vk) + G - ¢ (IV-3)
- o
k
vt ~ E 92
VeVe =7 » (U‘Ve) +CelGE— CeEF (IV-4)

€

where V = (U,V,W) are the mean veloclty components, v = (u,v,w) are the turbu-

lent velocity components, p Is the mean pressure, w =V x V is the mean vorti-

elty, v,V j are the Reynolds stresses (the overbar denotes time averaging),
k = %ﬁ is the turbulent Xkinetic energy, vy = Cu kz/e is the eddy visco-
sity, and G ls the turbulence generation. Since the fluid is assumed to be
incompressible, the terms involving v - VandV » v in equation (IV-1) are
ldentically zero, but have been included since they ald in putting the trans-
formed equations into a more compact form. The usual values are used for the
constanis In the k-e¢ equations, namely, (Cu’ %2 O Cel’ CEZJ » (09 1es
1.3, 1.44, 1.92). The turbulence generation term is defined by
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~ 2 2 2 2 2 2
G = vtlz(ell + €55 * 533) + 4 (812 + €23 + 631)1 (IV-5)

where € is the rate-of-straln tensor

ij

o T &
eiJ-Zlv!frv!] (IV-6)

In (IV-6) vV 1s the deformation-rate tensor ey and vz? its transpose, 1l.e.

VEF =e The Reynolds stresses required in (IV-1) are related to k and e

i’
through the isotropic eddy viscosity concept:

<

R 2
1vJ = - theij + 3 k(hihjgij) (IV-7)

where the hl are the metric coefficients and g1y ig the inverse meitric tensor

both of which are defined below.
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Equations (IV-1) - (IV-7) can be transformed into any coordinate system
through the use of appropriate definitions of the gradient (V), divergence
(ve), and curl (Vx) vector operators. The details of this procedure for
orthogonal curvilinear coordinates are provided by Rouse (1959). For nonorth-
ogonal curvilinear coordinates the appropriate vector operator definltions are
not readily avallable. They were probably first derived by Weatherburn
(1926). Following Weatherburn, and referring to figures 1 and 2 for the pre-
sent notation, the unit vectors ;i = (;1,;2,;3) in the directions of the

nonorthogonal curvilinear coordinaties (x,¥,2) are defined in terms of the body

cartesian-coordinate position vector

o>

Rouse, H. et al., (1976), "Advanced Mechanics of Fluids", Robert E. Krieger
Publishing Company, Huntington, New York.

Weatherburn, C.E., (1926), "On Triple Systems of Surfaces and Nonorthogonal
Curvilinear Coordinates", Proc. Roy. Soc., Edinburgh, Vol. 46.
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R =X (x,y,2) i+ Y (x,y,2) :1 + Z (x,y,3) i{ (IV-8)

by

o = Ry/my, e, = R /g, e = R/ (1V-9)
where

hy = lR_x[, h, = [Ezl’ hy = IR_ZI (IV-10)

and a lettered subscript denotes a partial derivative. The angles (A,n,v)

between the (x,y,2z) coordinate axes are given by

cos A = ey €
cos u = ey eq (IV-11)
cos v = e* e,

and the unit normals to constant x- y- and z-surfaces are given respectively

by

- A

l ~ A~ A
e, X e3 = —hz—hg—s— [Ahle1 + Hl12e2 + Gh3e3]

1 5 X ~
&y X & = _h1h3s [the1 + Bh2e2 + Fh3e3] (IV-12)

A ~

o1 N i
e x e, = hlhzs [Ghlel + Fh2e2 Ch3e3]

A

15

39



where s is the triple product

s = (h1h2h3) (el- e, X e3)

= {Ah% + Hhyh, cos v + Gh1h3 cos u]l/2 (IV-13)
and
A = h§h§ 51n2A
B = hihg sineu
C = 1°K° siny (IV-14)
12
F = (hlh3 cos u) (h1h2 cos v) - hi (h2h3 cos A)

%]
]

(hlh2 cos v) (h2h3 cos A) - hg (hlh3 cos u)

2]
1

. (h2h3 cos 1) (hlhB cos u) - h%(hlh2 cos v)

The inverse metric tensor is defined by

_ > T |
gij = (hiei hjej)

(IV-14.1)

o =
@ o b
T
Qo

In terms of the above quantities, the gradient of any scalar Qx,y,z) and

divergence and curl for any vector Vix,y,2) = V’le1 + V’2e2 + V’Be3 are given by:

1 2 s
vQ = 5 (1A, + HQ v GQ,) hyey+ (HQ + BQ + FQ,) hye,

16
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+ (GQx * FQy + CQ ) h e } (IV-15)

v sV sV
15 B 5 2, .3 3 =
Y=g B ED tay 50 5 (e LRIl
1 2 3
VV=-]1{?-—[Vh + V,h X + V,h,)
XV =5 {35 [Vjhs cos v ohj cos 304

3 "
- [Vlh2 cos v + V2h2 + V3h2 cos Al} hlel

1.3
B (55-[V1 1t Véh cos v + V3h1cos ul
]
-3 {Vlhgcos u o+ V2h3cos A+ V3h31} h2e2
+ l'{a—'[V h,cos v + V,h, + V,h, cos A]
5 9x 172 272 372
- %"“IV hy+ Véhlcos v o+ V3h cos pl} h3 3 (IV-17)

The transformed equations are very lengthy and are provided in Appendix
I. The equations have been put in a form that is similar to that used by Nash
and Patel (1972) for orthogonal curvilinear coordinates. By comparison, it is
seen that, for the present circumstances, the coefficients in the governing
equations depend on terms related to not only the curvatures of the coordin-
ates but also their angular orientation. Due to the complexity of the deriva-
tion of the transformed equations it was desired to check their accuracy;
however, this was made difficult by the fact that no other presentations of

the governing equations in nonorthogonal curvilinear coordinates in a format

and notation similar to the present one are known to exist. The following
checks were made: for (A,u,v) » 90°, the orthogonal form of the equations was
recovered; for (A,v) + 90°, and subject to the boundary-layer assumptions the
boundary-layer equations of Cebecl et al. (1978) were recovered; and some of
the coefficients were compared with their corresponding counterparts in the

tensor form of the equations presented by Richmond et al. (1986).
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